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Loi mo dan

"Vi thé groi dugc thiét ldp mot cdch hoan hao

va vi ng la sdn phdm cuu ddng sdng tao tinh théng

nén khong thé tim thdy mot cdi gi ma khong mang tink chdt cuc dai hay cuc tiéu nao dé.”
Leonhard Faler

C4 nhiéu tinh hudng trong xa hoéi, tir cuée séng dori thudmg dén cac hoat dong kinh
t€, k¥ thuat, céng nghé va quan ly hién dai... nguoi ta phdi quan tAm téi bai todn tim
ra phurong 4n 6t nhit dé dat muc tiéu mong muén trong nhimg diéu kién rang budc
nh4t dinh, D4 1a cic bai todn 61 wu. Chinh nhitg né luc nhim gidi cdc bat todn t6i
wu d3 g6p phin kich thich sy phit trién cna Giai tich Todn hoc the ky XVII - XVIII
véi sy déng gbp to 1én cha nhing nha todn hoc 16i lac ctia moi thoi dai: Fermat',
Leibniz?, Euler®... Tuy nhién, phai dén nhimg nam 30, 40 cua thé ky XX, Quy hoach
todn hoc (Mathematical Programming) hay con goi la Todn Té6i wu (Optimization)
m6i hinh thanh véi tu cach 1a mot 1y thuyét déc 1ap véi nhiéu hudng nghién ctu khic
nhau: ddu tién 1a Quy hoach tuyén tinh (Linear Programming), ti€p d6 1a Quy hoach
16i (Convex Programming), Quy hoach toan cuc (Global Programming), Ly thuyét
diéu khién T6i uu (Optimization Control).

Ngay nay, véi sir trg gitp cia cudc cach mang cong nghe thong tin, quy hoach
todan hoc ngdy cang phat trién manh mé, Cac phuong phdp t6i wu da duge (ng dung
rong rdi trong moi [inh vuc khoa hoc, k¥ thuat, céng nghé, quan ly, kinh t&, khai
théc dir liéu (data mining). vién théng, v.v. .

Gido trinh ndy trinh bay cdc phuong phdp 161 wu tiéu bi€u va c6 nhiéu tng dung
dé giai quyét cic bai todn ndy sinh trong thuc t&. D€ ndm duoc ndi dung cha gido
trinh ngudi doc chi cAn ¢é nhimg kién thitc co ban cia dai s6 tuyén tinh va giéi tich
c6 dién. Gido trinh gém sdu chuong. Chuong 1 trinh by mét s6 khéi niém va két
qua co ban cua giai tich 16i cAn ding dén trong cac chuong sau. M6 hinh todn hoc

'Bierre De FERMAT (1601 - 1665): Nha toan hoe Phip. Ong néi tieng vé nhimg dinh 1y s6¢ hoc (khéng cé
chimg minh) duge dng ghi bén [ mot cudn sach. Dinh 1y 16n ciia Fermat “Phuwong trinh ™ + y™ = 2™ khong
¢6 nghiém nguyén khi n > 2" méi duoc ching minh nam 1995 bai nha todn hoe Anh Andrew Wiles,

*Gontfried Wilhelm LEIBNIZ (1646 - 3716): Nhi todn hoc Dijc. Odng véi Newton. ong duoc coi 1A cha dé
c(a phép tinh vi phan va tich phan,

?Leonhard EULER (1707 - 1783): Nha todn hoc va vat 1y hoc nguei Thuy Si. Ong la nha todn hoc c6 nhiéu
cong trinh nhat trong lich sir. Nk todn hoc thién ti ngudi Digc Gauss (1777 - 1855) néi ring: “Nghién ciu cac
cong trinh cda Euler 1A uudmg hoc 161 nhat vé nhimg Iinh virc khic ahau cda todn hoc ma khong gl ¢6 the thay

A2



via Car phuong phap 161 uu

cha bai toan tdi uu va diéu kién ton tai nghiém duoc trinh bay ¢ Chuong 2. Chuong
3 trinh bdy Quy hoach tuyén tinh. Mot trudng hop dac biét cua quy hoach tuyén
tinh nhimg duge img dung rdt nhiéu 1a Bai todn van tii duge trinh bay ¢ Chuong 4.
Chuong 3 danh cho Quy hoach nguyén. Cac phuong phdp giai bai todn quy hoach
phi tuyén duoc dé cap 0 Chuong 6. Phin cu6i ciia cudn sdch 1a Danh muc tir khéa,
trong d6 tén cac khai niém duge sdp xép theo thir tu chi cdi ddu kem theo trang cin
tim. Mot s6 k¢ hiéu va chir viét tit duoc dat ngay sau Muc luc.

Gido trinh dugc bién soan theo chuong trinh moén hoc "Cac phuong phap tét vu”,
vai thot luong 12 6 don vi hoc trinh, do Bé moén Todn tng dung xay dung va da duoc
Hai déng Khoa hoc cia Khoa Todn Tin tng dung, Truong Dai hoc Bich Khoa Ha
Noi thong qua. Téc giad trAn trong cam on Ban Chu nhiém Khoa Toén Tin dng dung
da luon tao diéu kién thuan loi, dang vién, khich 1¢ dé gido trinh nay duge hoan
thanh.

Téc gia xin bay t0 1ong bi&t on GS. TSKH. Lé Diing Mwu. GS. TSKH. D6 Héng
Tan va GS. TS. Tran Vi Thitu d3 dianh khong it thdi gian d€ doc ban thio va cho
nhiéu y kién quy biu vé not dung cudn sich. Chan thanh cam on c4c em sinh
vien Nguyén Xuan Quang (K42), Tang Thi Ha Yen (K46, 16p KSTN), Nguyé&n Thi
Ha (K46), Nguyén Thi Le Trang, Dang Dinh Cong (K48. 16p KSTN), Nguyé&n Thiry
Linh (K48), Nguyén Thi Mai Thuong (K49), giang vién Ta Anh Son, Nguyén Quang
Thuan va Le Quang Thily (Khoa Todn Tin \mg dung) di gitp d& tdc gia r&t nhiéu
trong qud trinh soan thao.

Gido trinh nay chic chin con nhiéu thiéu sét, T4c gia mong ring sé nhan dugc
nhilng g6p y cha cic d6ng nghiép va hoc vién, sinh vién nhim 1dm cho viéc trinh
bay néi dung cudn sich t6t hon. Moi ¥ kién d6ng gbp xin gl vé dia chi: Nguyén
Thi Bach Kim. Khoa Toén Tin img dung, Trudng Dai hoc Bach Khoa Ha Noi, 56 1,
dudng Pai C6 Viét, Ha Noi. Xin trAn trong cam on.

Ha Noi, thang 3 ndm 2008
Nguyén Thi Bach Kim



Chuong 1

A

Mot so6 khai niém va két qua co ban tir giai tich loi

Giai tich 161 dong vai trd rdt quan trong trong viéc nghién ciru, phan tich va xay dung
cac thuét todn gidi cac bai todn t6i vu. Muc dich chinh cia chuong nay 1a giéi thiéu
mét s& khdi niém va kié€n thitc co ban vé gidi tich 161 sé dung dén trong cdc chuong
sau. Nhimg ching minh khéng dugc dua vao chuong niy c6 thé tim thdy trong [42],
(43].

1.1 Khong gian Euclid R"

1.1.1 Diém hay véc to trong R"

Trong gido trinh nay chiing ta s& 1am viéc trén khéng gian Euclid' R™. Méi diém =
wong khong gian R™ 1a moét bod n 56 thue duoe sip cé thit ty va duge viet dudi dang
coOt s6

T
I
z .=
In
Méisé x;, 1€ {1, - ,n}, dugc goi 12 roa 46 thir i clia diém z. D& thuan tién khi
viét, ta qui uéc
I
T T2
Ir = (IIyIQs ‘. ‘sIn) =
:Efl

'EUCLID (330 truéc CN - 275 tnrée ON): Ngudi davi sau chi bi€t mo hé hinh nhu nha todn hoc thien i nay
12 ngudi Hy Lap, s6ng va lAm viec tai Athénes. Euclid adi ti€ng v6i bd sach "Co s¢" gdém 13 ¢ap trinh bay mot
cich h¢ théng toan ba ki€n thirc 1odn hoc thdi bay gid. Khong gian Euclid ban d4u duge hifn nhy khong gian
thire 3 chidu v6i he tien 48 Euclid. Sau dé nha todn hoc Ba lan 13 Banach (1892 - 1945) da m& rong né sang
khang gian nhiéu chidu trong luan 4n c&n sT (1920) cla ong.
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2 Cdc phuong phdp t61 uu

Ky hieu 0 = (0,0,---,0)7 € R"” 1 diém véi 4t ca cdc thanh phdn déu bing 0 va
goi n6 1A diém goc toa do. Mbi diém z = (z,,....r,)T € R™ cdn dugc déng nhat
véi mor véc to ma di€ém go6c 1a 0 vA diém ngon 1a £ (xem Hinh 1.1).

A

- _— =

Hinh 1.1, Véc to

ChodeRvaz,y e R*"Vv8iz = (21,22, ,Zn) VY = (Y1, 42, " 1 Un) -
T8ng z + y v tich clia s6 thuc A véi z duge dinh nghia 12

T+y:= (Il TYLTa+ Y2000, Tn +yﬂ)T, AT = (Axll )\132,‘ o ann)T'

3 y
(AI), ACL'Q)
A>1 T + y
AT '
(z1,72) (1, 32)
Ay Ayla Ay?)
D<Al .
@) “y ®)

Hinh 1.2. (a) - Tich cia mét véc 1o va mot s6 thur; (b) - Tdng va hiéu hai véc to

1.1.2 Véc to doc lap tuyén tinh

Mot véc to = € R™ ducc goi 12 18 hop tuyén tinh cta cic véc to zt,--- ,z* € R™
néu z c6 thé viet dugc dudi dang

I=)\1$l+“‘+)\kaV6'i/\1,"',)\kGIR.



Chuong 1. Mot s& khdi niém va két qua co bdn ti gidi tich 16 3

Néu A; > 0 (twong ing?, A; > 0) véi moi i = 1,--- , k thi ta néi z 12 t hop tuyén

tinh dwong (t.u.. khong dm) cha cdc véc to *, -+ - | z*,
Céc véc to z!, - -- =% € R duge goi 1a déc lap tuyén tinh néu
)‘]g;l+---+)\k1:k=0 V(flAl,"' 1Ak€R = A = =Ak=0
Cic véc to ', --- ,z" duge goi 1A phu thuoc tuyén rinh néu ching khong doc 1ap

tuyén tinh, tdc tén tai cic s6 thuc X;, -+, A\x khéng déng thai bing 0 sao cho
Mzt 4+ M2t =0

Ching han, hai véc to  va —z 12 phu thuéc tyén tinh vi 1.z + 1.(—z) = 0. Mét
véc to  # 0 bao gid ciing 13 doc 1ap tuyén tinh vi Az = 0 khi va chi khi A = 0. Néu
trong c4c véc to ', - - -, z* € R™ c6 mét vée to bing 0 thi chdng 12 phu thuéc tuyén
tinh.

1.1.3 Coso

Trong khdng gian R", n véc to doc lap tuyén tinh 1ap thanh mot co sd cha né. Gia
sir e, -+« ¢ 1a moét co sd cha R™, Khi d6 bat ky véc to z € R” déu 1a t6 hop
tuyén tinh cua cac vée 1o ¢t, c?, - - -, c™. Co sd lap nén bdi cdc véc to el e?, .-+ e?,
trong d6 ¢ = (0,-++ , 1 .+ .0)7 1a véc to dom vi thir i (v6i 1 dimg & vi trf thi i

va 0 & céc vi ai khic), dugc goi 1a co sd chinh tdc hay ¢o sé don vi cha R™.

1.14 Tich vé huéng

Tich v6 huomg clia hai véc td z = (2,22, - ,2Z,)T VAy = (v1, -+, ¥n)T 12 MOt 56
thuc, ky hiéu 12 (z, ), duoc x4c dinh nhy sau

<"D‘ y) =Ty + Ty + Tnln-

Véimoi x,z',y € R™ va X € R, tich v6 hudéng théa min:
(T,9) = (y,2),
(+2'y) = (z,y) + (', ),
(Az,y) = Mz, y),
(z,z) >0 va{z.z) =0 khivachikhi z =0.

Hai véc to z va y rruc giao (vubng gée) véi nhau néu (z,y) = 0.

Tir day dén het gido @inh, ta SE vi€t the chit “firong tng” I "tur.”.



4 Cdc phwong phdp 161 uu

1.1.5 Chuéan Euclid cua véc to

Chuan Euclid (hay d¢ dai) cha véc to z € R”, ky hiéu la ||z|, 12 mot s§ thuc xdc
dinh boi

ol = Vi) = (Y lal)

Khdi niém chudn mé& rong khdi niém do dai thong thudng 1én khong gian nhiéu
chidu (xem Hinh 1.3). Trudng hop n = 1, ky hiéu ||z|| duoc thay bing |z| va goi la
gid tri tuyét doi clia r.

r = (.’El, IQ)T

|

L X

Hinh 13. Chwin (hav do dai} cua véc 10 = € R?

Cé thé dé& dang thdy chudn clia mot véc to ¢ nhimg tinh ch4t co ban sau:
Izl > 0 va ||| = 0 khi va chi khi z = 0,
Azl = [Alllz] véi moi X € R,
iz +yll < llzll + llyll véi moi z,y € R™.

1.1.6 B4t ding thirc Cauchy-Bunjakowski-Schwarz

Cho r va y 14 hai véc to thude R™. Khi d6 ta cé bdt dang thitc Cauchy-Bunjakowski-
Schwarz®

(=, u)l < lill-liwll-

3Bt ding thiic nay duoe nha todn hoc Phip Augustin Louis CAUCHY (1789 - 1857) ching minh nam 1821,
nha todn hoc Nga Wiktor Jakowlewitch BUNJAKOWSKI (1804 - 1889) chiing minh nam 1859, nha todn hoc
Bitc Hermann Amandus SCHWARZ (1843 - 1921) chimg minh nam 1884, V1 vay, né duge goi & cdc nuée Phép,
Nga va Pife theo tén c4c nha todn hoc dé.




Chuong 1. Mot s6 khdi niém va két qud co bdn 1 gidi tich 16 5

1.1.7 Goc giira hai véc to

Cho z va y 1a hai véc to khidc khoéng thudc R™, Goc gifta hai véc to x va y 1a géc o
0 < a<mvéi

COSO = ~——— v

(z,y)
lz|l- gl

1.1.8 Su héi tu

Day cic diém z!, 22,13 ... trong R", ky hiéu 1a {z"}, dwoc goi 13 hsi tu dén mor
diém z* € R” néu, véi mdi s6 ¢ > 0, tim duge 56 tu nhién N sao cho [|z* — ™| < €
khi n > N. Khi 46 ta ciing néi ring z* 1 gidi han cua ddy {z"}, hay day {r"} ¢6
gioi han la x*, ky hiéu

lim z" =z° hoic {z"} — "

n—oe

Mot day duoc goi 1a Adi tu néu né hoi tu dén mot diém nio do.

1.1.9 Tap doéng, tap md, tap compac
Mot hinh cdu c6 tam z° va ban kinh € (0 < £ < +00) trong khong gian R™ 12 tdp
B(z° ) = {z e R™ | ||z — 2°|| < ¢}.

Hinh cdu ¢6 tAm r° va bén kinh ¢ ciing duoc goi 12 mot e-/dn cdn cha diém z°. Mot
tAp chita mot e- 14n can cha diém z° duge goi 1A mét Idn cdn cia z°. Dé don gian ta
coi mot £-14n can cia diém z° ]a mot 1an can cia né.

Xét mot tap A bat ky trong R" va mét diém Z € R". Ta goi 7 1a diém trong
cua A néu c6 mot £-1an can cva T nim tron trong A. Diém 7 duoc goi 1a diém bién
cua tap A néu bat ky mot £-1an can cla Z cing déu chira ca nhimg diém thudc A va
nhitng diém khong thuée A. Ta goi Z 12 diém tu cia A néu moi e-1an cén cia Z déu
chita v6 s6 diém cia A. C6 thé thdy ngay ring z 13 diém tu cha A khi va chi khi
mdi £-1an c4n cla I ¢6 chita it nhit mét diém clha A khic véi Z. Nhu vy, mot diém
bién hay diém tu cha A c6 thé thuée A hay khong thuéc A.

Mot tap A C R™ duge goi 1a md néu tdt ¢ céc di€ém clia A déu 1A diém trong
cla né. Hién nhién rang hinh cdu B(z°,¢) 1 thp md va ta goi né 1a hink cdu mo.

Neéu A 1a tap ma thi phan bii ciia A, tic tap R™ \ A, 1a tdp dong va nguoce lai. Tap
déng chira 14t ca c4c diém bién clia né. C6 thé chimg minh ring, mot tap A C R" 1a
déng khi va chi khi giéi han cia moi ddy hoi ty {77} C A déu thube vé A4, uic la:
{z"} € A va {z"} — z° luén luén kéo theo z° € A.

Tap réng 0 va R™ 12 hai tap vira md vira déng. That vay, vi moi diém thuoéc R”
déu 12 diém trong nén R™ 13 tap mé& va @ 12 tap déng. Nhung vi R” chia diém gidi
han cda moi ddy hoi ty {z"} C R™ nén R" 12 tap d6ng va 0 13 tap md.
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Hop cia tdt ca cic tap mé nim trong A C R™ goi 1a phdn trong cha A va duge
ky hiéu 12 int A. Bao déng ctia tap A, ky hiéu 14 cfA, 12 hgp cua A va cic diém bién
cha A.

Mot tap A C R™ duoc goi 1a bi chdn néu ton tai s6 duong A sao cho ||z|| < A
voi moi x € A. Tap A 14 tap compac néu n6 vira déng vira bi chan. Név A 1a tap
compac thi moi day {z"} C A déu chita mot ddy con {z™*} h6i tu dén mot diém
thuoc A.

Vi du 1.1, Xét cac tap

A={zeR|r<0}, A;={rzeR|1<z<3}
A ={reR|z<0}, A={zeR|1<z<3}
Ta c6 A; 1a tap md va khoéng bi chan; A, la tap déng va khong bi chan; Aj; 14 tap bi

chan va khong phai tap md ciing khong phai tap déng con A4 1a tap déng, bi chan
hay A4 1a tAp compac.

1.1.10 Thir ty

Nhu di biét, hai s6 thuc bat ky trong R 1udn so sadnh duoc véi nhau. Nhung trong R”,
v6i n > 2, hai véc tg bt ky khéng phai lic nio cling so sdnh ditge véi nhau. Chang
han, trong R? ta khong thé so sinh dugc hai véc to r = (1,2)T vay = (2,1)7. Théng

thudng, trong R" ngudi ta sit dung thit i sau: Cho hai véc to = = (21,2, -+ , Zn)T
vay = (y1,¥2 - ,¥n)" thugc R”, 1a viet
z=ynfuz;, =y;véimoiz=1,---,m;
z>ynfuz, >y véimoii=1, -+, n.

1.2 Ham nhiéu bién

1.2.1 Pinh nghia

Ham s6 f tr R™ vao R 1a mét quy tic ing méi diém z thudéc R™ véi moét s6 thuc ndo
d6 va ki hiéu s6 thue d6 12 f(r). Cich viet f: X — R, vdi X C R”, néi ring f(z)
chi x4c dinh véi cdc diém x € X, Khi d6, ta goi X 1a mién xdc dinh cba ham f. Vi
bién 56’3 day la cac phin tr thuoc R" nén né ¢é n thanh phdn va méi thanh phin cé
thé duoc xem nhu mét bién doc ldp. Do d6 ngudi ta thudng goi ham xdc dinh trén
R®, v6i n > 2, YA ham nhiéu bién.

D3 thi ciia ham n bién 1a tap

Graph(f) := {(I],.’EQ,"‘ ,a:n,f(x))T | z=(x), 2y, -~ ,2,)" € X} c R

trong d6 X 12 mién x4c dinh cia ham s§. D8 thi cia ham mo6t bién 1a mot dudng
cong trong R2. D4 thi clia hAm hai bién 12 m6t mat cong trong R3.
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Cho ham s3 f xac dinh trén tdp X C R, VGi mdi 50 thuc a € R, tAp L(a, f) :=
{z € X | f(z) = a} duoc goi Ia mot tdp nuic clia ham f ing véi gid tri a.
Trong trudng hop ham hai bi€n, ngudi ta quen goi tap mutc 13 dwong mitc. Qua mbi
diém 7 € X chi c6 duy nhdt mét tip mic cia ham f. Véi méi s6 thuc o, tap
L,(f) = {z € X | f(z) < o} dugc goi 1a tdp miic diesi cha ham f. Tuong tu, tap
L2(f)y:={z e X | f(z) > a} vii a € R dugc goi 1a tdp mitc trén cha ham f.

Ham f duoc goi la b chdn dudi (tu., bi chdn trén) trén X néu t6n tai s6 thuc
o € Rsaocho f(z) > e (tu., f(z) < ) véimoir € X. Him f dugc goi 1a bi
chdn trén X néu t6n tai s6 thuc ¢ > 0 sao cho |f(z)} < p v6imoi z € X.

Vi du 1.2. Xét ham hai bién f(z) = z} + z3. Mién xdc dinh ciia ham f 14 c4 khéng
gian R*. D6 thi cia ham s6 nay,

Graph(f) = {(z1, 7, f(z))T € R? | f(2) = 2} + 22},

la mat cong paraboloit tron xoay quen thudc (xem Hinh 1.4). D& thdy ham s6 nay
khong bi chan trén va bi chan dudi boi 0. V& méi s6 khong am o € R, ta ¢6:

- buong mic L(a, f) = {z € R? | f(z) = 22 + 22 = o} 1a dudng tron ¢6 tam
0 va ban kinh /o

- Tap mte dudi L,(f) = {z € R? | 22 + 22 < o} la hinh tron déng c6 tam 0 va
bdn kinh /o

- Tap mifc trén Lo(f) = {z € R? | 22 + 22 > «} 1a phén bl cda hinh tron md
c6 tAm 0 va ban kinh /o, tic {z € R? | 22 + 22 > o} = B2\ B(0, Va).

[

fir)

Lo

Puomg mic

Hinh 14. Dd thi cia ham f(r) = 7% + r}
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1.2.2 Tinh lién tuc

Cho ham s6 f xac dinh trén tap m& X C R", Ham f duogc goi 1a lién tuc tai diém
1° € X néu véi moic > 0.t6n tai § > 0sao cho |f(z) — f(z%)| < e véimoiz € X
théa min ||z — 1°|| < 6. Néi cach khdc, ham f 1a lién tuc tai z° € X néu véi moi
day {z"} C X hgi tu dén z°, ta c6 {f(z")} — f(z°)

Ham f duoc goi 1a nua ltén tuc dud (t.u., nia lién tyc trén) tai diéem z° € X
néu vai moi e > 0, ton tai § > 0 sao cho

flzy> (%) —e (tw, f(z) < f(z°) +¢€)

v6i moi z € X théa man ||r — z°|| < 4. N6i c4ch khéc, ham f 12 nira lién tuc duéi
(Lu.. nira lién tuc trén) tai z° € X néu véi moi day {z"} C X hoi tu dén z° va ddy
{f{z")} C R hoi t, ta cod

b f(2™) 2 f(=%) (ta, lim f(z") < f(z°)).

R& rang, néu f 1A ntra lién tuc duéi tai 2° thi — f 1A nira lién tuc aén tai . Ham f
vira nifa lién tyc trén vira nira lién tuc duéi tai z° thi lién tuc tai diém d6.

Ham f duoc goi 1a lién tuc (t.u., nua lién tuc dudi, mea lién ruc trén) trén X néu
n6 lién tuc (t.u., nira lién tuc duéi, mra lién tuc trén) tai moi diém coa X,
Vi du 1.3. i) Him mét bién

r? nfuz<l

fz)=<2r nduz>1 xdc dinh réen X =R
05 néuz=1

lién tuc tai moi diém trir diém r = 1, Tai £ = 1, ham f 12 nira lién tuc duéi.
11) Xét ham mét bién

1 nfuzx=0
f(@) {:c— néud<z<2 rén 10,2

Ta cé f(x) 1alién tuc trén X \ {0}. Him f 12 nira lién tuc trén tai = = 0.

1.2.3 Dao ham riéng

Cho ham s6 f x4c dinh trén tAp m& X C R™ va 2° = (20.-- -, 2%)T 1a mot diém
thuodc X. Khi d6 v6i mdi s6 h € R di nhd, di€ém

0 0 0 0 0T
(z1,- Ty, Ty + R T, Ty,
cling nim trong X . Giéi han
0 n 0 0 0 0 .0 0
f(xla"' T, 1,2 ,_—I—hI\+I,“',In)—f(1:1,“-, Ti_1: %, Ig+]»"'»xn)

h—0 h !
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néu t8n tai, duoc goi 12 dgo ham riéng ciia f theo bién x, tai diém z°, ky hiéu 1a

O 0
%) hay £

D6i v6i ham mot bién f : R — R, ky hiéu 8 duoc thay bing d. Vi vy, ngudi ta viét
dcd"” ma khong viét 2522
Pao ham riéng f. _(a:) cta ham nhiéu bi€n c6 thé tinh dugc bing cich 14y dao

ham theo bién z; nhu véi ham moét bi€n khi coi cac bién con lai 1a hing s6.

Gia sir dao ham riéng —B(—l t6n tai véi moi x € X. Khi d6, phép tuong ing
T —é&l xdc dinh mét ham 3—}‘_ : X — R. Néu tai z°, dao ham riéng theo bién z;
cta ham gzL.- 16n tai thi ta goi d6 12 dao ham riéng cap hai theo cdc bién z, va z, clia
ham f tai z° va ky hiéu 1a #{;;l hoic £, (z°). Mot cdch twdng ty, ta dinh nghia
dugc dao ham riéng cép k

8* £ (2"
0z, 0z;, - - - Ox,,

theo cdc bién z,,, Z,,, - ,,, cla f tai diém .

1.2.4 Gradient va ma tran Hesse

Cho ham f x4c dinh trén tAp m& X C R™. Gia sir ring tai z°, cdc dao ham rieng cha
ham f theo moi bién t6n tai. Khi dé, véc to

(af(zﬂ) 8f(z%) 6f(x°))T
6:51 ' 63:2 ' ’ afl?n

duoc goi 12 gradient ctia f tai z° va ky hiéu 1a V f(z°). Néu cdc dao ham riéng cdp
hai theo moi bi€n cha f tai z° déu tén tai thi ma tran

P . EY
0z,8z, 8z181,,
szgxol aif(z"g
8z 0T Oxndrn

dugc goi 1a ma dn Hesse* cha f tai 0 va k¥ hieu 1a V2 f(z9).

Vidu 14. Cho f(z1, z2) = 3z + 32322 + 623z + 52,. Ta cb

Vf(z) = ( %1) (15:131 + 9riz? + 122:1332)

i 6z3z, + 6z + 5

_‘Ludwig Oup HESSE (1811-1874): Nha todn hoc Diic. Hesse nghién ciu vé 1y thuy€t him dai s§ va Iy thuyst
b4t bign (theory of invariants). Ong IA ngudsi drs ra khéi nidm mu rdn Hesse.
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va

"

V2 f(z) = (fxm f;'l”) _ (6[].1:‘;4 + 18,22 + 122, 1822z, + 1‘2I1)

" " 2 ) 3
T2T1 ZaTy 181:11:2 + 1~$1 61:1

Tai z° = (1, 0)7,
vie = (1), ve= (5 5.

1.2.,5 Tinb kha vi

Cho ham s6 f xdc dinh trén tap md X C R". Ham f 1a kid vi tai 2° € X néu tdn
tai cdc dao ham riéng cta ham f theo moi bién va véi moi d € R®, ||d|| du nhd va
' +dec X,tacé

f(@® +d) = [(z°) + (Vf(z°),d) + olld]]), (1.1)

trong dé o(||d||) 12 mét v6 cung bé bac cao hon ||d|| khi ||d|| — 0. Biéu thic (1.1)
twong duong véi

o 120+ d) = [ —(95G"d) _ L2

Idi—0 2l

Ham f duoc goi la khd vi trén X néu f kha vi tai moi diém z € X . Néu ham f x4c
dinh trén tap md X C R™ ¢6 cdc dao ham riéng tai moi diém r € X va cdc ham
aQ;L‘_ : X —— R lién tuc trén X thi ta n6i ham f khg vi lién tuc trén X.

K&t qua sau dugc suy ra truc tiép tr dinh nghia.
Ménh dé L.1. Néu ham f khd vi tai z° thi lién 1uc tai diem dé.

Chi y 1.1. Trudmg hop ham mot bién, nén tai x° tén tai dao ham him han f’(z°)
thi ta ¢6 '
f@@® +p) = F(2") + f'(z%)p + o(lpl).

trong d6 o(|p|) 1a mét vo ciing bé bac cao hon |pj khi |p| — 0, tidc Ja f(z) kha vi tai
z = z°. Diéu nay khong con diing véi ham nhiéu bién (n > 2), nghia la sy tén tai
céc dao ham riéng hitu han theo moi bién tai z° khéng dam bdo cho (1.2) duoc thda
mén, tic chua chic ham f da kha vi tai z°. Hon nita, hAm c6 dao ham riéng hiiv han
ciing khéng nhit thiét la lién tuc.

Vi du 1.5. Ham hai bién f(z;, 12) = $Z122 ¢é dao ham riéng theo ca bién z; va
7, tai diém z° = (0,0)7 nhung khéng kha vi tai z° = (0,0)7. That vay, theo dinh
nghia,
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o1 . JO+h0)-J0.0)
o, h—0 h S
0zy  h—0 h o

Vé6i d = (g,e)T vae — 0, biing tinh toin tnrc tiép ta c6
fa®+d) — f(2%) - (Vf(z°),d) _ f(0+¢&,0+¢)— f(0,0)
Il Ve? +¢2

Ve? (e)a
\/QT fle

Diéu nay chimg 6 (1.2) khong thoa man, tic f khoéng kha vi tai 2° = (0,0)7.

Vi du 1.6. Ham hai bién

f(x) - { 23713:2 2 néu (xl,xQ)T ?é (Olo)T

Ty +$2
0 néu (II,IQ)T = (0, O)T

¢6 dao ham riéng tai moi diém. Tuy nhién ham khong lién tuc tai diém (z,,z,)T =
(0,0)T. That vay, néu chon day {z"} véi z" = (z},23)7 = (1, )T i

(2"} "= (0,0)7 nhumg lim f(25,75) = 5 # £(0,0) = 0.
Do khéng lién tuc tai (0, 0)7 nén hién nhién f ciing khéng kha vi tai dé.
Chid y 1.2. Ham f kha vi trén X chua chic di 13 kha wi lién tuc,
Vidu 1.7. Ham s6 mét bién s6
(@) = {a:zsiné néu z # 0
0 nénz =0

kha vi tai moi diém nhung dao ham f’(z) khéng Lién tuc tai z = 0. That vay,
) 1 1.
f(z) = 2zsin — — cos — khi z # 0.
by T
Tai diém z = 0, theo dinh nghia dao ham ta nhan dugc

JO+Az) = f(0) _ o (Az)singg e — o

AI—&D Az Az—0 Az Az—0 Az

f(0)=
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Vay

) = 22 sin ~ Tcos— néur#0

0 néuz = 0.

R& rang ham f’(z) lién tuc tai moi z # 0. Tai = 0, cic gidi han mot phia
1

1
lim 2zsin— —cos—
Ar—0% T x

khong tén tai. Vi vay, ham f’(») gian doan tai z = 0.

1.2.6 Kha vi hai ldn

Cho ham s6 f x4c dinh trén tap m3d X C R™. Ta néi ham f khd vi hai ldn tai z° néu
t6n tai cidc dao ham riéng cAp hai coa ham f theo moi bién va véi moi d € R™, ||d||
dinhévazl+de X, tacé

f@® +d) = 2% + (Vf(2%).d) + o(lidlI),

dTV? f(r%)d

+ _—
2

trong d6 (o(}|d||?) 12 vé ciing bé c4p cao hon ||d||? khi ||d{|? — 0. Ham f dugc goi
12 kha vi hai ldn trén X n€u { kha vi hai 14n tai moi diém z € X. Néu ham f xic
dinh trén t4p m& X C R" c¢6 cic dao ham riéng cap mot va cip hai tai moi diém
T € X vacicham 2L : X —ﬁsz‘ig—i-);df;:X — R lién tuc trén X thi ta n6i ham
f khd vi lién tuc hai ldn trén X.

Tuong tu, ham f x4c dinh trén tap md X C R"” duge goi 1a kha vi lién tuc k lan
trén X néu t4t ca cdc dao ham riéng cdc cfp nhd hon hoic bing k déu lién tuc. T4p
¢4t ci cdc ham kha vi Tién tuc k T4n trén X dugc ky hiu bdi C*(X).

Néu f 1a ham kha vi lién tuc hai 14n trén X thi ta ¢6 ma tran Hesse V2f(z) 1a
ma tran d6i ximg, tic

O f. O f .
aIian - 8:5_,-82:,- Vl,J - l’ 7

1.2.7 Khai trién Taylor

Khai trién Taylor® cho ta xdp xi mot ham s6 kha vi tai 1an can cia moét diém z° bdi
mot ham da thice. Xét ham n bién f : R™ — R kha vi lién tuc tai 1an can nao d6 cia
di€m z° € R™. Khi d6, v6i p € R" va ||p|| d& nhd, ta c6 thé khai trién
f(2° +p) = f(z°) +(Vf(z°),p) + o||p])),
$Brook TAYLOR (1685 - 1731): Nha todn hoc ngudi Anh. Ong khém ph4 ra cong thic mang tén 6ng nam

1715. Theo nhA to4n hoc ndi ti¥ng ngudi Phip Lagrange (1736 - 1813), khai trién Taylor I nguyén Iy co bdn
cuu phép tinh vi phan.
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trong d6 o(||p||) 12 mét vé cong bé bac cao hon ||p|| khi ||p|| — 0. Khai trién nay
dugc goi 1a khai trién Taylor cdp mét cia ham f tai z° . Néu f kha vi hai 14n 1ai
1an cAn ndy cua z° thi dai luong o(||pl|) c6 thé ddnh gid nhu sau

olllpl) = 55"V (E)p
voi £ =2z + (1 —A)p va0 < A < 1. Téng
F(2%) +(V £(2°), p)
duge goi 12 xdp xi Tavlor cdp mét ctia ham f tai z° va ta & viét
f(2° +p) = f(2°) + (V[ (z°),p)

1.2.8 Dao ham ham hop

Cho ham s6é f x4c dinh trén tap ma X C R"™ va cdc ham s6 mot bién cpl,gog, L Pn
x4c dinh trén khoang md I C R sao cho véc to z(t) := (p1(L), @a(t), -+ ,¢a(t)) €
X véi moi t € I. Khi d6, ta c6 ham hgp mét bién f(z(1)) x4c dinh trén 1.

Dinh 1y 1.1, Gid sw ham s6 f xdc dinh va khd vi trén tap md X C R™ va cdc ham
56 mot bién o1, pa, -+ ,@n xdc dinh va khd vi trén khodng mo I C R sao cho véc to
z(t) = (p1(t),pa(t), - ,on(t)) € X véi moi t € 1. Khi d6 ham hop f(2(1)) khd
vi trén I va dao ham cua né duoc tinh theo cong thic

D _ (o110,

trong do '(t) .= (1(t), ph(t), -, &h(t)).
Chimg minh. Xem (27], trang 49. a
Nhan xét 1.1. Tap céc diém {z(t) := (gp](t) \,,o(f) “yoa(t)) | £ € 1} 12 mot
duirmg cong trong X C R™, dé don gian ta goi né 1a dudng cong z(t). Gia sk
L(a, f) = {z € X|f(z) = )} 1a mot tap mic clia ham f va z° € L(a, f). Néu z(2)
12 moét dudng cong qua r°, x° = xz(ty), va nim tron trong L(a, f) thi f(z(t)) = «
v6i moi ¢. Lay dao hdm hai v€ va dp dung Dinh 1y 1.1, ta c6
df(z(t)) _ i\
20 = (Vf),2) = 0.

<v f(:z:o),a:'(to)> -0 (1.3)

Do d6
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Néu coi ¢ 12 bi€n thoi gian thi 2/(,) la véc fo vdn t6c bay con goi 1a véc to tiép xic
cua dudng cong z(t) tai 2°. Tap t4t ca cac véc 10 ti€p xic tai diém z° cha tat ca cdc
dudng cong nim trén tap mic L(c, f) di qua z° dugc goi 12 khdng gian tiép xic véi
L{a, f) tai z°. Nhu vay theo cong thirc (1.3) véc to gradient V f(z°) vubng goc
v6i khong gian tiép xic véi tap mic L(a, f) tai 7% Trong trudng hop ham hai
bién, tap mitc 14 mot dudng cong trong mat phang va véc to gradient V f(z°) vuéng
g6c vl tiép tuyén cba duong mifc di qua z°.

1.2.9 Dao ham theo huéng
Cho ham f xdc dinh rén R™ v mot véc to d € R™ \ {0}. Gidi han

Loy L0 td) = ()
r_l.%l+ t

)

néu tn tai (hiv han hoac vo cing), duge goi 1a dao ham theo huong d cua ham
f tai di€m 2° € R" va ky hiéu la f/(z° d). Néu véc to d = €', trong d6 ¢* =
(0,++, 1 ,+--,0)T, thi

i

O(%) _ . Tz +te) = f(z") _

W0 i
Ox; -0+ t fa, €.
D¢ thdy, néu f(z) la ham mét bién thi
0 . 0
£ty = tim SEFOTE gy
P

trong d6 f’ (z°) 1a dao ham phai cla f tai z°, va

f/(IO _1) — lim f(xo +i( 1)) - f(IO) = lim f(IO +t) — f(a"o)

{—0~ t f—(— —!

v6i 7 (z°) 12 dao ham trdi cua [ tai .

= _f'—(Io))

Ménh @é 1.2. Cho ham f i dinh trén R" va diém z° € R™. Néu f khd vi tai 2°
thi
f(«°,d) = (Vf(z"),d) VdeR"\{0}.
Chimg minh. Vi f kha vi tai z° nén véi moi d € R" \ {0} ta c6
- F(2® +td) = f(2°) = (V[(2°), td)
lim
=0+ tfid]|

=0.

Do d6
J'(2%d) = (V[(z),d)
=0
<]
va ta nhan duge diéu phai ching minh. a
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Nhan xét 1.2. Dat ¢(f) := f(z° + td). Khi d6, theo dinh nghia ta cé

‘P,(O) — de(t) lim M = lim f(l?” t td) B f(IO) — f’(.’l?n,d).

dt 70T Do ¢ Py t

Nhur vay dao ham theo hudng ca bam f tai r° phan 4nh téc do bién thién cia ham
f tai z° theo hudéng dé. Hon nira, theo bat ding thitc Cauchy-Bunjakowski-Schwarz,
trong tat ca cdc huéng d € R" ¢6 ||d| = 1, ta cé

(Y F(2°), d)] < |V FE)Ndl = IV (@0
= —|VS @) < (Vf(z%).d) < |[VfEM].
Do d6, dao ham theo hudng clia ham f tai diém 7° d4 cho 1a 16n nhat khi hudng

— V=™ s , Corrc g Yf(z%) s -
d = 15y va nho nhat khi d= [o7(z0] by gid tri ham tang nhanh nhit theo

budng gradient va gidm nhanh nhat theo hudng nguoc véi gradient.

1.2.10 Ham tuyén tinh, ham afin
Mot ham s6 f(z) x4c dinh trén R™ duge goi 12 ruyén tinh néu
fOz! + pz?) = Mf(2*) + pf(z?)

v6i moi &', r? € R™ va vdi moi A, g € R. Mot ham tuyén tinh xdc dinh trén R"
luon co dang f(z) = (¢, z), trong d6 véc to ¢ € R” cho trude.

Ham wyén tinh c6 cic tinh chit rat dac sic va hitu ich sau day:
Ménh dé 1.3. {) Cdc mdr misc cua ham tuyén tinh song song vot nhau;
ii) Gradient cua ham tuyén tinh f(x) = (c.z) tai moi diém la nhu nhau va bang

chinh véc to c. Véc to ¢ ciing chinh 1a véc to phdp tuyén cua cdc mdt mic.

Vi du L8. Xét ham hai bién f(z) = 3z, + 512. Ta ¢6 V.f{2) = (3,5)7 1a véc to
phédp tuyé€n cia mdi dudng mic

L(a, f) = {r € R*| 3z, + 51, = a} vdia € R.
V6ibat ky a; # aq, L(ay, f) va L{ay, f) 12 hai dudng thing song song véi nhau.

Ham s6 ¢6 dang f(z) = {¢,z) + a, trong A6 véc 10 ¢ € R" va o € R cho trudc,
duoc goi Ya ham afin hay ham tuyén tinh afin. D€ thdy, néu f(z) 12 afin thi

Ve, y e R*, VA, p € RmaA+p=1 tacé fOhz+ py) = AM(x) + nfly).
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16 Cdc phuong phdp t6i uu

1.3 Tap l6i

1.3.1 Tap afin

Cho z', 72 12 hai diém trong R". Puong thang qua z’ va z* 1a tap cc diém
r=2' + (1 - N2* =22 + M\=z' —2*) wsireR.

Tap M C R™ duoc goi 1a 1dp afin n€u M chita tron ca dudng thing di qua hai diém
bat ky cua M, tic 1a

Val.z’ € M, X eR = Az' + (1 - N2’ € M.

Néi cach khac M 1a tap afin n€u n6 chifa t§ hop tuy€n tinh cda hai diém bt ky thuoc
M véi tdng c4c hé s6 bang 1. Ta goi mot diém z € R* ¢6 dang

k k
=3 Az v6i A M ERVE D N=1

=1 =1

12 16 hap afin cha cac diém 1, z%, - ¥ € R™. Néu M C R" 12 mét tdp afin va
% € M thi tap
L=M-2>={z-2°|re M)

12 mot khong gian con, tic néu a,b € L thi moi diém ¢ = Aa+ pb véi M\, p € R
ciing thudéc L (L déng véi phép cong va phép nhan v hudng). Vi vay, mot tap afin
cé thé duge bifu dién bai

M=z"+L={x°+vlveL}

trong d6 z° € M va L 1a khéng gian con. Khéng gian con L tuong g v6i tap afin
M khong phu thudc vao céch chon z°, tirc z° 1a diém bét ky thuoc M. Hon pira,
khéng gian con L nay xic dinh duy nh#t (Bai tap). Ta goi L 12 khéng gian con song
song v&i M. Thir nguyén (dimension) hay con goi 12 s6 chiéu cia tap afin M 1a thi
nguyén cua khong gian con song song véi no. '

Buao afin (affine hull) cha moét 1ap E C R™ 12 giao cira tat ca cic tap afin chira
F. D6 12 tap afin nho nhit chira E, ky hiéu 1a aff E.

Vidu 1.9. Tap nghiém A cia hé phuong trinh tuyén tinh Az = b, trong d6 A 1A ma
tran c4p m x n va véc to b € R™, 1a mot tap afin. That vay, v6i hai di€ém tdy ¥ 77,
r?e M, vassthuc bitky A € R tacé

Az + (1 = N)z?) = AAz' + (1 - N Ar?
= Ab+ (1 — A
=b.
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Diéu d6 chimg td Az! + (1 — A)z? € M. Theo dinh nghia, M 1a mét tap afin. Khong
gian con song song v6i M 1a L = KerA := {z € R" | Az = 0}. Vi vy, thi nguyén
cta tip M bing thit nguyén cla khéng gian con L = KerA va bing n — rankA,
trong d6 rankA 1a hang cta ma tran A.

Vi du 1.10. i) Bao afin cba tap £, = {a,b} gém hai di€m phan biét a, b € R? 12
dudng thing diqua a va b, titc afiE; = {r € R | = da + (1 — A)b, X € R};
ii)Bao afinclatap E, = {z e R* |0< 7, €1, 0 <z, <1, 23 =0} laca
mat phing chia hinh vuéng E, cu thé aff £y = {z € R® | z3 = 0};
iii) Bao afin ¢cla hinh ciu E; = {z € R? | ||z|| < 1} 1A ca khong gian R®.

1.3.2 S6 chiéu va diém trong tuong doi

S0 chiéu (hay thit nguyén) cha mét tap M C R™ 12 s6 chiéu cia bao afin cua n6, ky
hiéu 1A dimM. Cho tap M C R” ¢6 dimM < n. Mot didm a € M dugc goi 1a didm
trong tuong doi (relative interior point) cua Af néu tén tai hinh cdu md B(a, €) sao
cho

(B(a,e) maffM) c M.

Phdn trong tuomg do6i cua tdp M, ky hieu 1a riM, la tip chia tit ca cdc diém trong
twong d6i cia M. Mot tap M C R™ duge goi 14 ¢6 thi nguyén ddy diinéu dimM = n,
Dé thdy rdng tap M c6 phan trong khdc réng (int M # 0) khi va chi khi n6 c6 thy
nguyén day dil.

Vi du LI Xét 4p E,, Ey, Ey nhu & Vi dy 1.10. Ta c6:

i) intEy =0, riE, =0, dimFE, =1;

i) intE, =0, riB,={zeR|0<z <1, 0<zy<1 13=0}va
dimF, = 2; '

iii) intEy = {z € R?| |[z] < 1}, dimE; = 3, tic tap E;3 c6 thi nguyén ddy

du.
1.3.3 Tap 16i va diém cuc bién

Cho hai diém z! va z? thuéc R™. Tép t4t ca cdc di€m cé dang
r=Ad'+ (1 - Nt =r2+ 2! -2?) vsi0<A<],

duoc goi la doan thdng néi z' va 22, ky hieu 1a [27, 2°].

Tap M < R™ duge got 12 tdp I6i (convex set) n€u né chira tron doan théng néi hai
diém bét ky thudc nd, tic véimoi ', 22 e Mva0 < A < ltacé dx' 4+ (1 —N)z? €
M. Hinh 1.5 cho ta mét s6 vi du don gian vé 1ap 16i va tap khong 16i.
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va két qud co ban tir gidi tich 16i

Nhan xét 1.3. S8 diém cuc bién ctia tap 16i c6 thé hitu han hoac v6 han (xem Hinh
1.7). Khi tap 16i c6 hitu han diém cuc bién thi ching thudng duge goi 1a cdc dinh.
Chi ¢ ring ta khong néi vé diém cuc bién cha céc tap khong 16i.

Ménh dé 1.7. Mot tdp 16i déng khdc réng M C R™ c6 diém cuc bién khi va chi khi
né khoéng chita tron mét duomg thdng nao.
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20 Cdc phuong phdp 16i uu

Mot dic tnmg rit quan trong cua tap 161 dong va bi chan 1a
Dinh Iy 1.2. (Krein®-Milman’) Mt rdp Idi ddng, bi chan trong R 1 bao 16i ciia
cde diém cuc bién cia né.
1.3.4 Siéu phang, nira khong gian
Choa € R"\ {0} via € R. T4p
H :={z € R"| (a,2) = a}

dugc goi 13 mot siéu phing (hyperplane). D6 12 moét tap afin c6 s6 chiéu bing n — 1.
Ta goi véc ta a 12 véc to phdp tuyén cia siéu phing nay.

(a,2) = a a

Hinh 18. Siéu phdng trong R? vdi véc to phdp tuyén a va mot diém x° thuée siéu phdng. Véc to
z — 20 (vér to in ddm) vubng géc véi a, rrong dé x la mér diém ity 9 thudc siéu phdng

Ta goi tap
{z e R" | (a,z) < a) (hodc {z € R" | (a,z) > a})
vdi a € R™\ {0} va a € R Ja niza khong gian dong va tap
{r e R" | (a,z) < a} (hoac {r € R" | {(a,z) > a})

12 nita khong gian md xé4c dinh boi situ phdng {z € R | (a,z) = a}.

®Mark Grigorievich KREIN (1907 - 1989): Nha taén hoc X6 Vigk géc Do Thii.
"David Pinhusovich MILMAN (1912 - 1982): Nha toén hoc nguti Ukraina,
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a

(a,z) > a

Hinh 1.9. Siéu phdng {z € R?|(a,z) = (a,2°) = a} xdc dinh hai maa khéng gian: i) niza khong
gian {z € R?|{a,z) > a} ndm vé phia theo hudng véc to a; ii) nua khéng gian
{z € R?|{a,z) < a} ndm vé phia ngugc huémg véc to a
Cho tap M C R™, véc to a € R"\{0} va s6 thuc a. Ta goi siéu phing
H = {z € R"|(e,z) = a}

1a siéu phdng ta (supporting hyperplane) ctia M tai z° € M néu z° € H va M nim
tron trong nira khong gian déng xdc dinh bdi H, nic

(a,2% =a va (a,7) < a véimoir e M.

Xem minh hoa & Hinh 1.10. Tap {z € R" | (a,z) < {a,z°)} dugc goi la nita khong
gian tia cia M tai z°.

Hinh 1.10. Siéu phdng {z | (a,z) = (a,z°)} 1d siéu phdng twa cia M tai z°

Khi 6 m6t siéu phing twa cia M tai z° € M thi z° phai 1a mot diém bién cia
M'leg‘iv



22 Cdc phuong phdp 161 uu
Pinh ly 1.3. Qua méi diém bién x° cria tdp 1oi M C R™ tén tai it nhdt mot siéu
phdng tva ctia M tai =°.
Pinh Iy 1.4. Mor tdp loi dong khdc rong M C R™ 1 giao cua ho cdc nwa khong
gian twu cua no.
1.3.5 Nén
Tap M C R” duge 2ot 1a ndn (cone) néu
reEM A2>0 = dre M

M6t nén luén chida diém g6¢c 0 € R™ Tap M C R™ dugc goi 14 nén 16i néu M vira
12 nén vira 12 tap 16, nghia 1 v6i bat ky z?, 22 € M va A\;, A\, > 0tacé

/\1$l + )\2$2 e M.

0 0

Hinh 1.11. (a) - non 16i; (b) - ndn khong 161

Ménh dé 1.8. Tdp M C R™ la non 16i khi va chi khi né chita tdt cd cdc t6 hop tuyén
tinh khong édm cua cdc phdn 1 cia né.

Cho tap k vec to {v!,--- ,v*} C R™. Tap

k
cone{vll..- ,vk} = {1!6R"|1)=Z,\ivi) A>0,1=1,--,k}

1=1

duoc goi 1a ndn sinh boi tap {v', -, v*}. Véc oo™ € {¢!, -, v*} 1 khong thiet
yéu (non essential) néu
cone{v! - "1 oM Lo 05} = cone{v?, - [ 0F)

Xem minh hoa ¢ Hinh 1.12,
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1Y ')

(b)

Hinh 1.12. (a) - Véc to v? [a khong thiét yéu vi cone{v',v? v*} = cone{v',v3}; (b) - Hodc véc
10 v2, hodc véc to v® la khong thiét yéu vi cone{v',v? v*} = cone{v!,v3} = cone{v*, v?}

1.3.6 Phuong lui xa, phuong cuc bién

Cho tap 161 khédc réng D C R™. Véc to d # 0 duoc goi 12 phuong li xa (recession
direction) ciia DD néu

{z+ M| X>0}C D véimbize D.

Moi nira dudng thing song song véi mot phuong I xa d xudt phét tir mot diém bat
ky cia D déu ndm tron trong D. RS rang ring tap D khong bi chan khi va chi khi
D c6 mét phuong lbi xa.

Tap tat ca cac phuong lbi xa cta tap 16i D € R cing véc to 0 tao thanh mot nén
16i (Bai tap). Nén 16i d6 duge goi d6 12 nén lii xa cha tap D va ky hiéu 1a recD.

Ta n6i hai phuong d' va d? Ia khdc biét (distinct) néu d' # ad? véia > 0. Phuong
lui xa d cta tap D duoc goi 12 phuong cuc bién (extreme direction) cia D néu khong
tén tai cidc phuong lbi xa khéc biét d' va d? cta D sao cho d = \d' + \d? vé6i
Al, Ag > 0.

Vi du L12. Xét tap
D:={z€R?| —x1+ 22 <5, + 215 > 10,2, > 0,2, > 3}.
Ta c6 recD = cone{(1,1)7, (1,0)T}; vécto d* = (1,1)" va &® = (1,0)7 1a hai

phuong cuc bién cia D. Véc to d® = (2,1)7 1a mot phuong 1di xa nhumg khong phai
12 phuong cuc bién cia D. Xem minh hoa ¢ Hinh 1.13.
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—I;+ Xy =5y
I2

3 p N
a' / /d3 To=3

Z yd .

d’2 \ Ty + 2172 =10 10 Zy

recD
Hinh L1.13. Tdp D va nén lii xa recD

1.3.7 Cic dinh ly tdch tap 16i
D’Ay 12 nhimg dinh 1y co ban nh4t cla gidi tich 161, 1a cong cu hi hiéu cda Iy thuyé&t
. l(rjuh'o hai tap C, D ¢ R™ vasitu phdng H = {z ¢ R* | {(a,z) = «a} véi
a € R™\ {0} va @ € R. Ta néi sieu phing H tdch hai tdp C vi D néu

(a,z)y <a<(ay Vrel, VYyeD,
tdch hdn (hay tdch chdr) bai tap C, D néu

(a,z) <a<{a,y) VreC, VyeD.

Pinh ly 1.5. (Dinh ly tdch I) Néu hai tdp 16i C, D C R™ khong rbng va réi nhau
thi ¢6 mot siéu phdng tdch chiing.

Pinh 1y 1.6. (Dinh ly tich 1) Néu hai tdp 16i dong C, D C R™ khéng réng, roi
nhau va mét trong hai tdp dy la compac thi c6 mét siéu phdng tach hdn ching.

Cha y 1.3. Néu thi€u gia thi€t “mot trong hai tap 1a compac™ thi Dinh Iy 1.6 khong
con ding. Vidu C = {(z1,72) € R?* | 22 > €™} vad D = {(z),z,) € R? | 13 < 0}
" 1a hai tAp 16i d6ng, ri nhau nmmg khong tich hin duge (xem Hinh 1.14(b)).

Hé qua 1.1. (B8 dé Farkas) Cho véc 1o a € R™ va ma tran A cdp m x n. Khi dé,
{a,z) > 0 vor moi r thoa mdan Az > 0
khi va cht khi

3 yeRT={yeR™|y>0}saochoa=ATy.
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BG6 dé Farkas c6 rdt nhiéu (ng dung. Vé mat hinh hoc, b8 dé nay chi ra ring: nén
K = {z € R"|Az > 0} nim hin trong nira khong gian {z € R"|(a,z) > 0} khi va
chi khi véc to phép tuyén cﬁasieuphgng{xek’ﬂ(a,z) = 0} ndm trong nén sinh
b&i céc hang clia ma tran A.

90 %

Hinh 1.14. (a) - Hai tdp I6i C va D dugc tdch hdn béi mot siéu phdng; (b) - Hai tdp 16i C va D
dupe tdch bdi siéu phdng {x € R? |z = 0} nhung khong tdch hdn duoc; (c) - Tdp C va D giao
nhau bdng réng nhiumg khong thé tdch duge vi D khényg phdi tdp 16i

Vi mot phuong trinh tuyén tinh c6 thé biéu dién tuong duong v6i hai bt phuong
trinh tuyén tinh nén tap nghiém ctia hé phuong trinh va bt phuong trinh tyén tinh
(Gi,ﬂ:):bi, i = 1,"' ,!1

(@', z) > b;, i=86+1,-- L

cling 12 mot tap 16i da dién.
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26 Cdc phuong phdp 161 uu

Hinh 1.15. Da di¢n nay la giao cia 5 nia khong gian {z|{c',z) > bii =1, 5}
Cho tap 16i da dién P xéc dinh bdi (1.4). Néu diém z° € P thda min
(a2 =by, ig€{l, - ,&}
thi ta néi diém z° thda man chdt rang budc 1. Tap
I(z°) :={i€{1,2,-+,€} | (a',2°) = &y}

1A tdp hop cdc chi s6 cuia nhitng rang budc thoa mdn chdt tai z° € P.

Mbi diém cyc bién cta tap 16i da dién dugc goi 1a mot dink clia né. MOt tap con
16i khdc réng F cta tap 16i da dién P dugc goi 1A mot dién cia P néu hé F chia
mot diém trong twong d6i cia moét doan thing nio d6 thuoc P thi F chita tron ca
doan thing d6, nghia 1a

YyEPzePz=Xy+(1-ANzeFvid<A<l = ye FzeF.

Meénh dé 1.9. Cho tap 16i da dién P xdc dinh bdi hé (1.4). Khi dé, tdp con 16i khac
réng F C P la mot dién cua P khiva chi khi tén tai mét tap chis6'l € {1,2,--- , €}
sao cho F la tdp nghiém cua hé

(a',x) =b;, tel
(a?,z) > b;, je{1,2,-- ,}\I.
Hon nita, ta ¢ dimF = n — rank{a',i € I}.

Nhic lai ring rank{a',7 € I} bing s6 véc to déc 12p tuyén tinh 16n nh4t trong
bo véc to {a',i € I}.

Dinh cla tap 16i da dién P 12 mét dién c6 thit nguyén bang 0. Canh cia P la
mot dién c6 thi nguyén bing 1. Mdi canh vo han cta tap 16i da dién P tuong ng
v6i mot phuong cuc bién cia né.
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Hé qua 1.2. Cho tdp 16i da dién P xdc dinh bdi hé (1.4).

i) Mot diém 2° € P la dinh cua P khi va chi khi z° thod man chdt n rang budc
doc lap tuyén tinh ciia hé (14);

ii) Mot doan thdng (hodc nia duong thdng, hodc dwomg thang) T C P la mot
canh cua P khi va chi khi né la tdp cdc diém cia P thod mdn chdt (n — 1) rang
buéc déc ldp tuyén tinh cua hé (1.4).

Hé qua L.3. Mot dién cda tap 16i da dién P ciing la mét tdp 16i da dién. Hon nita
méi dinh ciia mot dién cua P ciing la mét dinh cua P.

Cho z° 12 mét dinh chia tap 16i da dién P x4c dinh bdi he (1.4). Pinh z2° dugc
£0i 1a dinh khéng suy bién néu né théa man chit ding n rang budc cia he (1.4), tic
|I(z°)| = n. Tanéi z° 1a dinkh suy bién néu |1(z°)| > n. Hai dinh z' va 2% duoc goi
1 k€ nhau néu doan thing ndi ching 12 mét canh.

Vi du 1.13. i) Da diegn P C R? & Hinh 1.16(a) 12 giao cla 5 mira khéng gian, c6
dimP = 3, c6 mot dinh suy bién va bon dinh khong suy bi&n;

ii) Tam gidc (phdn gach chéo) & Hinh 1.16(b) ]a da dién x4c dinh bdi hé
I1+1‘2+I3=1, Iy ZO, I 20, 1320.

Tam gidc nay cé thit nguyen 1a 2 va ba dinh khéng suy bién;
iii) Pa dién xédc dinh bai he

I1+IQ+I3=1
1 + Zo =1
£y 20,2220, 23>0

chinh 12 doan thdng néi diém (1,0,0)T va (0,1,0)T (xem Hinh 1.16(c)). Da dién
nay c6 thi nguyén bing 1 va ca hai dinh cia né déu suy bién.
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3 1)

Dinh suy bién T3 T3
/

Dinh suy bién

A

Hinh 1.16. Dinh suy bién va khong suy bién

Dinh Iy 1.7. (Dinh Iy biéu dién tap 16i da dién) Gid sit {v", - - ,v™} la tdp cdc dink
va {d',--- ,d™} la tdp cdc phuong cuc bién cua tdp 16i da dién P. Khi d6, méi
diém x € P déu c6 thé biéu dién duci dang

N M
T=Y Av'+ ) wd, (1.5)
i=1

i=1

trongdé A\, >0,i=1,--- N, g, 20, j=1,-- Mva TN \=1

Nhan xét 1.4. Néu P ]a da dién 16i thi tap cdc phuong cuc bién bing réng. Do dé
trong (1.5) chi cdn lai tdng thit nhat, tic 12 mbi diém ctia P déu dugce biéu dién bing
t6 hop 16i clia c4c dinh clia né.

1.3.9 Don hinh

Ta néi k + 1 diém (hay véc to) v°,v',--- ,v* € R" 1A déc Idp afin (affinely inde-
pendent) néu k véc to v' — v°, - .-, v* — v° 1a doc 1ap tuyén tinh. Bao 16i cia k + 1
diém doc 1ap afin trong R" dugc goi 1a don hinh k chiéu hay k—don hinh. Tap

S={zeR"| ) x;€1,2>0,j=1,--,n)

J=1

duoc goi 12 don hinh chudn trong R™.



Chiong 1. Mot s6 khdi niém va két qud co bdn iy gidi tich 16¢ 29

Vi du 1.14. Mot diém 1a 0-don hinh, doan thang 13 1-don hinh, tam giac 1a 2-don
hinh va t1f dién 12 3-don hinh (xem Hinh 1.17). Pon hinh cbuén trong R? 12 i dién
véi 4 dinh 12 (0,0,0)7, (1,0,0)7, (0.1,0)T va (0,0,1).

AN

O-dom hinh ~ 1-dom hinh 2-dom hinh

3-don hinh

Hinh 117, Cdc don hinh trong R3

1.4 Ham léi

1.4.1 Dinh nghia

Ham f duge goi 12 ham 161 (convex function) xdc dinh trén tap 161 X C R" néu
FOZ + (1 =Nz < Af(zh) + (1= M) f(z?)

v6i bat ky 2!, 72 € X va s6 thuc A € (0,1]. Ta goi f 12 ham I6i char (strictly convex
function) trén tap 18i X néu

FOz + (1= N2?) < Af(z!) + (1 = N f(2?)
v6i batky z', 2% € X, 2' # 1’ va0 < A < 1. Mién xdc dinh hitu hiéu cha ham [ 12
| domf := {z € X| f(z) < +o0}.
Epigraph cha ham 161 f 1a tap
epi(f) i= {(z.€) € X xR [ £ > f(z)} C R™1.
Ham 161 f : X — R U {+o0} ¢6 thé duax md rong thanh mét ham 161 wrén toan

khong gian R” bang cich dat f(z) = +o0o néu z & domf. Vi vay, dé don gian, ta
thuomg xét f 12 ham 16i trén R”,

Ham f duoc goi 1a ham lom (concave function) (t.wr., fam lom chdr (strictly
concave function)) néu — f 1a ham 16i (t.v., hAm 16i chat).
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FOx! + (1= A)z?)
T~

MEY+ -y T

@) N

A+ (1= Nf(E?)

S

J06E + (1~ A)z?)

2! Al (1-nz2 g2 gt Azt 4+ (-2 g2

(a) (b)

Hinh L.1B. (a)- Ham I6i; (b)- Hom lom

D& chimg minh ring f 14 ham 18i trén tap 161 X C R™ khi va chi khi v6i moi
diém z° € X va moi huéng v € R”, ham mot bi€n p(t) := f(z° + tv) 1a ham 16i
trén tap 16i {t € R | 2° + tv € X} C R (Bai tap). Tinh chat nay rat hinu ich. N6
cho phép 1a ki€m tra mot ham c6 phai 1a ham 16i bay khong bang viéc han ché xét
né trén mot dudng thing.

Ménh @é 1.10. i) Ham s6 f xdc dinh trén tap [6i khdc réng X C R™ la ham 16i khi
va chi khi epi(f) la tdp 16i;
ii) Ham s6 g xdc dinh trén tdp loi khdc rong X C R™ la ham lom khi va chi khi
tdp hypograph cia né
hypo(9) .= {(2.£) € X xR | ¢ < g(z)} C R™!
la tdp 161,
Chimg minh: i) Do tinh tuong tu, ta chi cdn chimg minh khang dinh i).

(=) Gi sir f 1 ham 161 tren tap 16i X. Ly hai diém bat ky (2!, €,) va (2, &)
thuoc epi( f). Theo dinh nghia

&2 f(zh)vag > f(z?). (1.6)
Véimoi 0 < A< 1,tacé

FOT 4+ (1= Nz < Af(2') + (1= N f(z?) (do f la ham 16i)
<A (1= N, (do (1.6)).

Suy ra

(Axl + (1= Nz A+ (1 - A)&) = Az, &) + (1 - V) (=%, &) € epi(f)-
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(+<=) Nguoc lai, gia st epi(f) 1a tap 16i. Vi (21, f(z")) va (2, f(2?)) déu thude
epi(f)nénvéimoi 0 < A < 1,

)\(:cl, HESIEAIEDY (332, f(a:2)) -
= (,\zl + (1 = Naz?, Af(zh) + (1-— /\)f(zz)) € epi(f).
Theo dinh nghia ta c6

SO+ (1 -0 <A f(Z) + (1= N f(z?) YOS A< L

Diéu d6 chimg t f 13 ham 16i. O

(a) (b)

Hinh 1.19. (a) - Epigraph cia mdt ham I6i  (b) - Hypograph cua mét ham lom

Meénh dé 1.11. i) Néu ham s6° f xdc dinh trén tdp I16i X C R™ la ham 16i thi tdp
mitc duoi Lo(f) .= {z € X | f(z) < a} la tdp 16i véi moi o € R; .

i) Néu g la ham l16m xdc dinh trén 1dp 16i khdc rong X C R™ thi tap mic trén
L*(g) :i={z € X | g(z) > &} la tdp 16i vor moi a € R,

Chimg minh: Ta chi c4n chimg minh i). Ldy batky z!,z2 € L (f) va0 < A < 1.
Khi d6
FOL 4+ (1 =Nz < M@ + (1= A f(=?) (do f 1a ham 16i)
<da+(1-Na (do 2, 2% € Lo (¥))

= Q.

Suy ra Az! + (1 — A\)z? € Lo (f). Vay La(f) 12 mot tap 16i. O
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Chii y 1.4, Meénh dé 1.11 chi 1a diéu kién cin, khong phai 12 diéu kién da. Nghia
12 néu tap mic dudi L, (f) cha ham f 1a tap 16i véi moi @ € R thi ham f chua chic
da 12 ham 161. Néu tap mic trén L(g) clia ham ¢ 12 tap 16i v6i moi o € R thi ham
g chua chic di 12 ham 16m.

Mot ham ma moi tap mic duéi la tip 16i dugc goi 1A mot ham g 16i. Tuong tu,
mot ham ma moi 14p mic trén 12 tap 16i duge goi 1a mét ham rua lom.

Vi du 1.15. Ham mot bién f(r) = z* c6 tap miic dudi L, (f) = {z € R| 2* < a}
12 1ap 161 v6t moi o € R va tap mic wen LP(f) = {z € R| * > 3} 1a tap 16i vé6i
moi 3 € R, nhung f(z) khong phai 1a ham 16i ciing khong phai ham 16m trén R,
D6 1a ham vira tya 16i, vira tira 16m.

1.42 Cic phép toan vé ham 1oi

Cho ham 1681 f, x&c dinh &én tap 161 X; C R”, ham 16i f; xdc dinh trén tap 16i
X; C R™ vas@ thue A > 0. Cic phép todn A fy, fi + f2, max{fi, fo} dugc dinh
nghia nhu sau:

(/\fl)(.L) N Afl(:z:), T & Xl;
(fi + f2)(2) = fi(z) + fa(2), =€ X1 N Xy;
max{ f1, fa}(z) := max{fi(z), fo(7)}. =€ X;NX,.

Két qua sau dé dang suy ra tiy dinh nghia
Ménh dé 1.12. Cho f\ la ham 6 trén tdp 16i X, fy la ham 19i trén 1dp 10i X, va
cde 6 thue o > 0, 3 > 0. Khi dé cdc ham afi + 3f, va max{f, fo} la Idi trén
X N Xs.
1.4.3 Tinh lién tuc clia ham 16i

Mot ham 16i f xdc dinh trén tap 161 X C R™ khong nhat thigt 12 ham lién tuc. Tuy
nhién, khi X 1a tap 16i md ta cé

Dinh Iy 1.8. Néu [ la ham 16i xdc dinh trén tdp 16i mo X C R™ thi f lién muc trén
X. '

Chumg minh. Xem [28], trang 62 - 63. O
Nhan xét 1.5. Su gidn doan ctia ham I6i chi c6 thé x4y ra tai bién cha tap x4c dinh.
Vidu 1.16. Xét ham mot bign

2

¥ néuz <1
= ’ X = (—oc,1].
I { 2 néuz=1. fren tap X = (~oc, 1]

DE thay epi(f) C R? 1a tap 16i. Do d6, theo Ménh dé 1.10, f 12 ham 16i trén X.
Ham f I lien tuc trén X \ {1}. Tai 2 = 1, ham f 1a nira lién tuc trén.


DELL 7490
Highlight


Chuong 1. M6t s6 khii niém va két qud co ban nix gidi tich 161 33

144 DPao ham theo huéng cua ham loi

Dinh 1y 1.9. Néu f : X — R la mgt ham 16i xdc dinh rén tap 10i X C R™ thi né
¢6 dao ham theo moi huong d € R™\ {0} tai moi diém 1° € domf va

f'(@% d) < f(a" +d) - f(z°).
Chimg minh: Cho véc ta d € R™. Do f 1a him 16i nén ham mét bién ¢(t) = f(z°+td)
12 ham 161 trén {¢ | 2° + td € X}. Theo dinh nghia ctia dao ham theo huéng,

f(a® +td) — f(2°)

2 0 _
fia'.d) = tI—lr(Il}r t
el — o(0)
=0+ ¢
= ¢, (0).

Néu véi moi t > 0 ma r° + ¢td ¢ dom/ thi ta cé
F(2° +1d) = p(t) = +oo va ', (0) = +oc.
Do d6. két luan cta Dinh 1y 12 ding.
Néutdntait > 0dé z° 4 td € domf thi véimoi t; ma 0 < 1; < ttach
4

t ty
— <1l v = —t+(1—-—)0,
; va H P ;

V1 ¢ la ham 161 nén

p(t) < %w(t) + (1 - tt—l) v(0).

Suy ra
p(t) = ¢(0) _ ¢(t) = »(0)
t = t ’
tie day {240} khong ting khi t — 0*. Do d6 tén tai gi6i han (c6 thé hiu han
hoic —o0)
O 2 ()
lim 2T — ¢ (0).
t_l.%}* t ?+(0)

Diéu d6 c6 nghia 1a v6i t > 0 ta ludn c6

P09 5 40 = e, o).

Ldy t = 1 tacé (1) — p(0) = f(z° +d) — f(z°) > f'(z,d). a
Sau day 1A hé qua truc ti€p cia Ménh dé 1.2 va Dinh 1y 1.9.

Hé qua 1.4. Néu f la ham 161 kha vi xdc dinh trén tdp 16i mo X thi f ¢6 dao ham
theo moi hitomg d € R™ \ {0} rai moi diém 2° € dom f va

(Vf(z°),d) = f'(2° d) < f(z° +d) — f(2°).
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14.5 Tiéu chudn nhan biét ham 16i kha vi
Pinh V¥ 1.10. Cho f ld ham khd vi trén tdp I6i mé X C R". Khi dé:
i) Ham f 1a ham 18i trén X khi va chi khi
fly) - f{z) 2 <Vf z), y—r> Vz,ye X,
ii) Ham § Ia ham 16m trén X khi va chi khi

) - $@) < (VH(@)y-z) VryeX.
Chimg minh. Xem [28), trang 83-85. d
Véi ham mot bién f xdc dinh trén tap 16i X C R ta da bi€t: f la ham 16i trén
X khi va chi khi f*(z) > 0 voi moi z € X. Ching han: i) Ham f(z) = e* 12 16i

trén R; ii) Him g(z) = —Inz 12 16i trén (0, +0c0); iil) Him h{z) = sin z khong 16i,
khong 16m trén R. Tuong tu, véi ham n bién ta c6

Pinh ly 1.11. Cho f la ham khd vi hai ldn trén tdp 16i mo X C R™. Khi dd,
i) Ham f la ham 16i trén X khi va chi khi ma tran Hesse V2 f(z) la nia xdc
dinh duong trén X, tic véi méi z € X,

y'Vf(z)y >0 VyeR"

Ham f la ham 16i chat trén X néu V? f{x) xdc dinh diong trén X, tic véi moi
re X,
y'Vif(r)y>0 VyeR"\{0};

it) Ham f la ham lom trén X khi va chi khi ma trdn Hesse V? f(z) la nita xdc
dinh am trén X, tirc véi mbi z € X,

yTVif(z)y <0 VyeR"
Ham [ la ham lom chdt trén X néu V2 f(z) xdc dinh dm trén X, tic voi méi = € X,
y'V2f(z)y <0 VyeR™\{0}.
Chitmg minh. Xem [28). trang 90-91. a

Hé qua 1.5. Cho ham toan phuong
1
f(@) = 5(2,Q2) + (m.) + o,

trong dé Q la ma tran d6i ximg cdp n X n. Khi dé:

i) f la ham I6i (t.w., 16i chdt) trén R™ néu Q la ma trdn niza xdc dinh duong
(tw., xdc dinh duong);

i) f lalom (tae., Iom chat) trén R™ néu Q la ma trdn nua xdc dinh ém (1.u., xdc
dinh ém).
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Vidu 1.17. Cho f(z,,77) = 377 + 22,29 + 472. Ta c6
f; 61‘1 + 2.‘!‘-3

V = L p—
f(z) ( - 2z + 824

. " 12 6 .2
v = (i fe) = (5 5)-
I ijx: 2 8
Vi ma trAn Hesse V2 f(z) xdc dinh duong nén ham f di cho 12 ham 18i chit trén
R2,
Bai tap Chuong 1

I. Cho tap E C R". Chimg minh ring

k k
r€affE & =3 Ng 2ol e B Y A=l

i=1

2. Chitng minh ring khéng gian con song song vdi tap afin M 13 x4c dinh duy
nht.

3. Chung minh ring; i) giao clia mét ho hiru han céc ¢ip 161 1a tap 16i; ii) hop ciha
hai tap 161 chura chic d 1a tap 16i, cho vi du cu thé.

4. Cho AlAmatran cdp m X n va b € R™. Chimg minh rng, tap M = {z €
R*| Az = b, z > 0} Ia tap I6i.

5. Cho {d'.- - ,d*} 12 c4c hudng ldi xa cha tap
- D={zeR"| Az =b,z >0},
véiAlématrancﬁpmxnvébeIRm,Ch&ngmmhréngvécto

k
O#dzza'd‘ vaia; 20

i=1
ciing 1a mét hudng lui xa cua D.
6. Cho P = {z € R"|Az = b, z > 0}. Chiing minh ring néu d # 0 thoa min
Ad=0 va d>0
thi d 12 mot huéng i xa cua tap P.
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10.

11.

12.

13.

14.

15.

Cdc phuong phdp (i 1

. Cho p # 0 1a mdt hudng lhi xa cla tap

D={zeR"| Az = b,z > 0},

v6i A 1a ma trn cdp m x n va b € R™. Chimg minh ring —p khéng thé 1a mot
hwémg lai xa coa D.

.Chotap M = {z e R? |11+ 12> 1, —x; + 22 £ 2; 21,22 > 0}. Tim céc

phuong cuc bien cua M va xac dinh nén 1§ xa recM.

Cho vf du: i) tap 18i khoéng c6 diém cuc bién; i) tap 161 ¢é him han diém cuc
bién; iii) tap I6i c6 v6 han di€ém cuc bién; iv) Chilng minh ring 14p D = {z €
R"*| Az < b} khong c6 mot di€ém cuc bién nao.

Cho tap 16i da dién P = {z € R%|Az = b. z > 0}, rong d6

147100 12
A=|25 8 01 0| va b=|15
369001 18

Diém z = (1,1,1,0,0,0)T c6 phai Ia diém cuc bién cha P khong? Gii thich.

Cho tﬁp P= {I (S R2| - 3.131 + 212 S 30, —2.’81 + 2z S 12, Ty, X3 > 0}

i) VE tap P; i) Xdc dinh cdc diém cuc bién va chi ra hai hudng lui xa doc
lap tuyén tinh cha P,

Cho ham s6

1 1 1
flz1,z2) = 51? + 51? + 2z,77 + E:rg —x9+9

va diém z° = (1,2)7. Hay viét khai trién Taylor bac nh4t cha ham s6 nay tai
diém z°.

Hay biéu dién diém (2, 2)7 nhu mét t§ hop 16i cha ba diém (0,0)7, (1,4)T va
3,17,

V& bao 16i cta tap céc diém sau: (0,0)7, (1,0)7, (-1,2)7, (3,1)7, (2,6)7,
(-2,1)T, (-3,-2)T, (3,3)T. Chi 1o cdc diém cuc bién va cdc diém trong
caa bao 16i nay.

Chog,i=1,--- ,mlacichdmldiva h,, j =1.--,kla cic ham tuyén tinh
afin x4c dinh trén R”. Ching minh ring tap hop sau day 1a 16i

M={zeR"|g(z)<0,i=1,---,m hy(z) =0, j=1,-- ,k}.
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Céc ham s6 sau ¢6 phai ham 16i khong? Hay giai thich bing it nhat hai cch:
i) flz) =|z|véiz €R;
i) f(z) =€+ 1+ 5z v6iz eR;
iii) f(z) = —Inz + 323 v6i 0 < z < +o0;
iv) f(z) = arctgz v6i 0 < = < +00;

|z| néuzx <1l )
v) f(z) = (t—2)2—1 néuz>1 v z € R;
. e neur<0
vi) f(z) = 3 nduz—o0 & -0 <z <0

Trong cdc ham s6 sau, ham nao 12 ham 16i, ham 16m hay khong 16i, khéng
16m. Vi sao?

i) f(z1,22) = 2167 (1 F32);

i) f(xlx I?) = I% + 22129 — 1021 + 5x9;

iit) f(zy, 7)) = —22 — 512 + 27129 + 971 — 871;
i) f(z1, T2, T3) = 222 + 222 + 13 + 222 — 62,173 + 312235
V) f(z1,29,23) = —1} — 323 — 222 + 43125 + 22173 + 4T3,

Vi) f(z1,z2,23) = .’L‘% + 22129 + 47129 + 33:% + Tox3 + 6a:§;

vii) f(z1, T2, T3) = 7} + 42122 + 472 + 22273 + 42973.

Ching minh ring ham tuyén tinh afin bi chin trén (hay bi chin duéi) trén mét
tAp afin thi chi c6 thé déng nh4t bing hing s6.

Chimg minh riing hAm f : R" — R 12 ham afin khi va chi khi f vira 1a ham
16i, vira 12 ham 15m.

Cho tap 16i khic rdng D C R" va ham s6 f : D — R. Ching minh réing:

i) f 12 ham 16m khi va chi khi hypo( f) 1a tap 16i;

ii) Néu f 12 ham 16m thi tap Lo(f) = {z € D | f(z) > a}, véi o € R, 1a tap
16i.

Hay x4c dinh siéu phing di qua cic diém (1,1,1,1)7, (2,0,1,0)7,
(0,2,0,1)T va (1,1, —1,0)7 thue R*.

Cho C 14 tap 16i d6ng va y ¢ C. Chitng minh ring z* € C 14 diém gin 3, nhAat
khi va chi khi (z — y,z* — y) > ||z* — y||* v6i moi z thudc C.

Cho C; va C, 12 hai tap 16i trong R™. Chiing minh ring t6n tai mot siéu phang
tich chat C; va C; khi va chi khi

inf{|lz —y|| |z € Cy, y € C3} > 0.
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24. Cho A ]a ma tran cAp m x n va ¢ € R"\ {0}. Chiing minh ring c6 mét va chi
mot hé phuong trinh trong hai hé phuong trinh sau c6 nghiém
i) Ar =c¢;
iy ATy =0, {¢,y) = L.
25. Cho S 1a tap 16i khdc réng trong R™. Chimg minh ring ham f dugc dinh nghia
nhu sau
f(y) =inf{lly — z|| | € 5}

1a ham 16i.



Chuong 2

Bai toan toi uu

N6i dung chinh cva chuong nay 1a gidi thieu mé hinh toan hoc cia bai todn t6i wu
va diéu kién t6n tai nghiém. Trudc hét, ta xét mot s6 bai todn thuc 1€ c6 the dua vé
bai toan t6i w,

2.1 Mot so6 vi du

Vi du 2.1. (Bai todn thué lac da’)

Mot doan it hanh cin thué nhitng con lac da mét budu va hai buéu d€ chd hang
1ir Baghdad dén Mecca. Mdi con lac da hai budu ¢é thé chd duge 1000 1bs? hang va
méi con lac da moét budu ¢6 thé chd durge 500 1bs hang. Trong chuyén di, mdi con
lac da hai budu diing 3 b6 ¢b khoé va 100 galon® nudc, cdon méi con lac da mot budu
diing 4 b4 c6 kho va 80 galon nudc. Chi ¢ 1600 galon nudc va 60 b6 co kho duxe
du trir s&n & cdc 6¢ dao tren doc dudng di. Méi con lac da hai buéu thué vdi gia 1a
118, mai con lac da mot budu thué véi gid 1a 53. Néu doan lir hanh nay phai chg
it nhat la 10000 Ibs hang héa tir Baghdad d&n Mecca thi can bao nhiéu lac da mét
birdu vi bao nhiéu lac da hai budu dé s6 tién thué 12 it nh4t.

Goi z; > 0 la s6 lac da m6t budu va x, > 0 1a s6 lac da hai budu ma doan lir
hanh cin thué. DE thué s6 lac da nay ngudi ta phai mat s tién la:

f(z) =5x + 11y,
S6 lac da diroe thué phai cho dugc it nhat 10000 1bs hang, tifc
5002, 4+ 10002, > 10000.
Nudc va cd kho khéng duogc s dung qua trit lugng du trit trong cac 6¢ dao nén

4+ 3x2 < 60 (CO, khé)
80z, + 100z, < 1600 (nuoc).

" heo [4), trang 182.
2] kg = 2.205 Ibs,
M1 galon = 3.79 lit.

39
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Va bai todn duge phét biéu nhu sau:

min f(z)=  5z;+ 1lr,
véi didu kién 5001, + 1000z, > 10000
4z, + 3zy < 60
80z, + 100x, < 1600
ry,z9 2 0.

Vi du 2.2. (Bai todn lap ké hoach sdn xudt)

Mot xi nghiép du dinh san xu4t n loai sin phim tir m loai nguyen liéu. Bai todn
dat ra 12 x{ nghiép nén san xudt bao nhiév don vi san phdm méi loai d€ doanh thu 16n
nhal. Biét ring: Luong nguyén liéu loai i cAn thi€t d€ sin xuit mot don vi sdn phim
loai j la g, ¢t =1,---,m, 7=1, -+ n; Tri lugng nguyeén liéu loai i ma xi nghiép
c61ab;,i=1, -+ ,m; Gid bin mét don vi sin pham loai j lac;, =1, ,n.

Goi z; 1a s6 don vi san phdm loai j ma xi nghiép s& san xu4t, j = 1,--- ,n, Hién

nhién 1a z, > 0 v6i mgi j. Doanh thu cua xi nghiép 1a

f(z)=cax +- + ez,

Téng chi phi nguyén liéu loai i ma xi nghiép sé sir dung dé san xu4t khong duoc

vuot qua i luong, tifc
2%yt + Ty < by, i=1,--- ,m.

Sau day )2 mo hinh todn hoc cia bai todn 1ap k& hoach san xuAt

trong d6 "v.d.k." 1a viét tit clia cum tr "véi diéu kién".

Vi du 2.3. (Bai todn ldp ké hoach sdn xudt hai muc tiéu)

Ta xét bai todn 1ap k& hoach san xust véi cac s6 lidu duge cho nhu & Vi du 2.2.
Gia sir ngoai muc tiéu cuc dai doanh thu, ngudi ta cdn mudn cuc dai s6 lugng san
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phdm san xuét dugc. Khi d6, bai todn trd thanh

n
max Z CjT; (doanh thu)
j=1
max Z T (téng sdn phdm)
=1

n
v.d.k. Zaijiﬂj <b,i=1--,m
j=1
Z; 201 .7:15 s 1.

Vi du 2.4. (Bai todn xdéc dinh khdu phdn thiec an)

Mot néng trudng chin nuéi cdn mua n loai thic an cho gia sic. Ngudi ta cin
x4c dinh kh&u phin ré nhit cho gia sic ma vin dam bao duoc yéu cdu vé€ m loai
chdt dinh dudng cho bita an cta chiing. Biét ring: Trong khdu phén thic in cua gia
sic phai c6 it nhit b; don vi chat dinh dudng loai 7,7 = 1,-- - , m; Luong chéit dinh
dudng loai ¢ ¢6 trong mot don vi khéi lugng thic an loai j la a;;, ¢ = 1,--+ ,m,
j=1,-++ ,n; Gid mot don vi thic an loai j lap;,j=1,--- ,n.

Goi z; > 0 1a lugng thdc an loai j trong khdu phén cha gia sic, j = 1,-- -, n.
Mo hinh toan hoc cba bai todn nay 1a

n
min E DiZ;
j=1

n
v.d.k. Za;jfﬂj >b, i=1,--,m
=1
I, >0, .7:1) y T

V6i mdi i € {1,---,m}, rang budc 35_, a;;z, > b; nghia Ia lugng chat dinh
dudng loai : 6 trong khiu phén thifc 4n cla gia sic phai ddm béo khong it hon yéu
cdu t6i thiéu,

Vi du 2.5. (Bai todn vdn tdi)

Ngudi ta cdn van chuyén mét loai hing héa tir m kho chita hang (goi ia diém
phdr) d&n n diém tieu thy (goi 1A diém thu). Biét ring: Di€m phét thif ¢ chifa a; don
vi hang, i = 1, - ,m; Diém thu thif j cin b; don vi hang, j = 1,--- ,n. Chi phi
van chuyén mot don vi hang tir diém phét i d&n di€ém thu j A ¢, i = 1, ,m,
j=1,---,n. Vin dé dat ra 13 cdn x4c dinh luong hang c4n chuyén tit méi diém
phét d&n timg diém tieu thy nhu the n2o d€ chi phi van chuyén 12 cyc tiéu.
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Ky hiéu z,, 1a s6 lugng hang cén van chuyén tir diém phét thy i d€n diém thu tht
joi=1,-<,m,j=1,--- n.Cic dai lugng z;, tao thanh ma trdn phdn phoi hang
héa

Ty Ty 0 Tin
X =
ITmi IZm2 ‘' Imn
i €2 '+ Ciy
Vamatan C = : : : : ) duge goi Ja ma trdan chi phi.
Cml Cm2 " Cmn

Dé dom gian, ngudi ta thuong xét bai todn van tii véi gia thiét:

)zy; >20,i=1---,m,3 =1, ,n Diéu dé c6 nghia ]a hang héa dugc
chuyén theo mot huéng tir cdc di€ém phit dén cdc di€ém thu, tfc 13 cdc diém thu
khong duogc tra lai hang. DE thdy ring r,;, = O c6 nghia 1 hang khong dugc
chuyén tir diém phdt i3 dén diém thu jg;

ii) Hang c6 thé chuyén tr mot diém phat dén mot diém thu bat ky va nguoc lai,
mot diém thu cing c¢6 thé nhan hang tir mot di€m phét tly ¥ sao cho cic diém phat
phai phat hét hang va cdc diém thu théa man nhu cdu cin cé, nic

n
E I,y = a4, t=1,---,m
3=1

™m
ZI‘J =bj\ J=1-,n
=1

iii) Téng lugng hang & m diém phat diing bing t8ng luong hang cdn c6 & n diém
thu (16ng cung bing téng cAu), tic

Z a; = Z b_)
- =1

1=1

Ngudi ta thudng goi day 1a diéu kién can bdng thu phat.

Vi chi phi van chuyén hang tir diém phat i d€n diém thu j 1A ¢,;,; nén téng chi
phi van chuyén hang tir t4t ca cdc di€m phét dén t4t ca cic diém thu 12
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Vay, m6 hinh todn hoc clia bai todn van tii nhu sau:

m n
min E E CiiTy5

i=1 3=1

n
v.dk. E Iyy=a,1=1,--,m
J)=1

zm:z,j:b,.j= 1,---,n
i=1

z,; 20, i=1,---m, j=1,--,n

Nhu s& ching minh chat ché trong Chuong 4 (Dinh Iy 4.1), diév kién can bang
thu phét chinh 13 diéu kién c4n va dG d€ bai todn van tai c6 nghiém 161 wu.

Vi du 2.6. (Bai todn cdt got kim loai)

Gia sit c6 m mdy gia coOng cit got kim loai. M&i may nay c6 thé thuc hién duge
n cong viéc khic nhau (ching han: tién, phay, b3o ...) va ¢ nhiém vu gia cong mot
loat phoi d€ san xudt cdc chi ti€t mdy. Goi z;; 12 théi gian may ¢ thuc hién cong viéc
Jhyt=1,---,m, 3 =1,--- n Baitodn dat ra 12 phai phan phéi thoi gian cho timg
mady 1am c6ng viéc nao dé€ hiéu qua chung cha san xu4t 1a cuc dai. Biét:

i) w;; 12 hiéu qua (tinh bing tién) clia may thi ¢ thuc hién cong viéc thy j, ching
han tinh trong mot gid, va dugce cho duéi dang ma trdn ndng sudt

Wy Wy - Wia
W =
Wm1 Wp2 < Wmn
i) M8i may 4, i € {1,--- ,m}, trong thdi gian ma toan bod qui trinh dugc xem
xét (mot ngay dém chéng han) c6 mét thai gian cong tic cuc dai 12 a,. Nhu vay,

tdng thoi gian cong tic ctia may i dé thuc hién cdc cong viec j, j = 1, - - , n phai
bing a,, tic

n
E Tij=a;, t=1,---,m.
5=l

Néu dugc phép khong sir dung hét thdi gian tam viéc (cong tdc) t6i da cia mdy thi
ta c6 thé thay thé cic phuong trinh trén bdi cdc bit phuong trinh

n
E Tij S ap 1=1,--,m;
=1
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iii) Méi cong viéc loai 7, 7 € {1, -+ ,n} c6 thé dugc thirc hién trén bt cf may
nao nhung véi thii gian quy dinh trude 12 b;, tic

Zm"j =bj, j=1---,n.
=1

Vi dai luong do hiéu qua ciia méy i khi thye hién cong viéc 7 1a w,;;; nén hiéu
qué téng cong cia tht ca cdc may la

m n
E E W,y 5Ty -

=1 =1

M6 hinh todn hoc ctia bai todn nay la:

m n
max E E Wy, T,

=1 j=1

v.d.k. ZIU = (S)a‘ia 1= 1)' T,
1=1

Zlej=bj,j=1a“' y 1

1=1

z;;20,1=1,--- ,m, j=1,---,n

M0 hinh to4n hoc ndy ciing c¢6 thé 4p dung cho cic bai todn thue & khéc. chang
han bai to4n phan phéi dién tich d4t dai c6 do phi nhiu khéc nhau d€ tréng cac loai
cay khédc nhau nhur; lda, ngo, ca chua, sin, khoai tay...

Vi du 2.7, (Bai todn nguei du lich (Travelling Salesman Problem))

Gia sir mot ngudi du lich muén di thim n thanh phd, ddnh s6 tr } dén n. Cho
bi€t chi phi di tir thanh phé 7 dén thanh phé j 1a ¢;;. Ngudi du lich xuit phat wr mét
trong n thanh phé ndy, ching han thanh phé 1, dé di dén tham n — 1 thanh phé can
lai, méi noi chi dén diing mot 14n, sau d6 lai quay vé noi xu4t phit. Nhu vay, néu
coi méi thanh phd 12 moét dinh cua mot d6 thi vo hudng thi méi hanh trinh cliia ngudi
du lich 1a phai 12 mét chu trinh Hamilton®. Bai todn dat ra 1a tim mét hanh trinh sao
cho tdng chi phi 1a nhé nhét. Gia thi€t ring ¢;, > 0 v6i moi ¢ # j, ¢;; = 00 v6i moi
i va cd thé ¢, # cj,.

bat

{ 1 néu ngudi du lich di tr 7 dén j
I;; =

=1 .n (21
0 néu nguoi du lich khong di tri dén 5, 2~ 0™ (D)

“M61 dudnig di khép kin (chu trinh) trong mée dé thi va hudng lien thong duge goi 1A mot chu trinh Hamilion
néu n6 di qua moi dinh cita 46 thi, méi dinh ding mét (4n.
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Diéu kién ngudi du lich di dén moi diém va mbi di€m chi di qua ddng mot 14n c6
nghia la

Y oz, =1, i=1-,n (2.2)
1=1
dozi=1, j=1.,n (2.3)
1=1
1 2 3 1 2 3
6 5 4 6 5 4
(a) (b)
Hinh 2.1

Hinh 2.1 minh hoa hai cich di déu thda mian diéu ki¢n (2.1)-(2.3) trong trurang
hop ¢6 n = 6 thanh phé nhung cich di nhu & Hinh 2.1(b) khong thda man yéu ciu
cua bai todn. Vi vay, diéu kién sau day duge dua vao dé dém bao cho mdi hinh trinh
ctia nguoi du lich chi chira mot chu trinh duy nhat

u,-—uj-f-nrr]-an—l, 2SZ#]S1L, (24)

trong d6 cdc bi€n 1;, u, nhan cdc gii tri nguyén hay thuc. That vay, néu trong hanh
trinh n3o d6 cha ngudi du lich théa min (2.1)-(2.3) ¢é chita nhiéu chu trinh con
(Hinh 2.1(b)) thi phai c6 mét chu trinh con khong di qua thanh phé 1 (n€u cin thi ta
dinh s6 lai). Gia sir d6 1a chu trinh di qua cac thanh pho iy, iy, - - - , %, i1, trong d6
>1lvdimoik=1,---,7. Dod6

.13-,‘1,‘2 =Ty =0 = Iiri1_= 1.
Tr (2.4) ta c6

Uy — Uiy, +NTyp5, < —1
Uin — Uy + NTip0, SN — 1

Uy, — Uy + 01, Sn—1.

L4y tng cac bt ding thiic nay, ta s& nhan duge diéu mau thuén 1a nr < r(n — 1).
Vay méi hanh trinh théa man (2.1)-(2.4) chi chifa diing mot chu trinh duy nhat. Mat
kh4c, moi hanh trinh gém diing mét chu trinh duy nh4t déu thoa méan diéu kién (2.4).



46 Cdc phuong phdp 161 uu

That vay, xét mot hanh trinh nhur thé, Dat u; = ¢ néu thanh ph6 » duoc di t6i & budc
thit t (d4nh s6 theo thit tr cach di) rong hanh trinh, ¢ = 2,3,--- ,n. Ta co

U, —u, <n~1YV 27

Do d6 diéu kién (2.4) dugc thdéa man v6i moi @, = 0. Véi z;; = 1, diéu kién (2.4)
trd thanh dang thic vi

Uy~ +nz;=t—(t+1)+n=n—1

Vay, bai todn ngudi du lich duge phat biéu nhu sau

min Z Z Culy, (Lo phi caa nguoi du lich)

=1 ;==

vdk. Y zg=1. i=1--n
j=1

Zn:.’lflj:l, _)'21““,71
1=1 ‘

r,€{01}i=1-,n, j=1,--,n
u —u, +tne,, <n—1 2<i#j<n,

trong d6 cic bién u; nhan cic gid tri nguyén hay thuc.

Tir nhimg nam 80 cha thé ky 20, bai todn nay da trd thanh bai todn thudng ngay
trong cong nghé san xuit vi mach véi s6 diém phai di qua lén téi mdy chuc van,
tham chi ca triéu. Con nhiéu bai todn thuc t& ¢6 mo hinh toan hoc 14 ba) todn nay.
Chéng han: bai todn tim hanh trinh t6i wu cho viéc phan ph6i hay thu gom san phim
(thur tir, bédo chi, thu tién dich vu nio d6...), bai todn 1ap trinh tr kiém tra dinh ky
may mdc, 1ap trinh tr gia cong cic chi ti€t may...

Vi dv 2.8. (Bai todn ba 16 (Knapsack Problem))

C6 mot tap hop gém n loai d8 vat khdc nhau. D6 vat j ¢ trong luong la a, va
c6 gid m strdung la ¢;, 7 = 1,--- .n. Bai todn dat ra A c4n lya chon moét tap con
cdc db vat d€ cho vo mot céi ba 16 sao cho t6ng gia tri sit dung cla chiing la 16n
nh4t va téng trong luong khong duoc vuot qud tai trong b cho trudc clia ba 16. Sau
day la mot sé dang bai todn ba 16 thudmg gap.

o Bai todn ba 16 0 — 1: Néu méi loai d6 vat j chi c¢6 thé lya chon hoac mang theo
hoac khéng mang theo thi dat bién s6

o =11 néu d6 vat j duoc chon mang theo
“2 7 1 0 néu 46 vat j khéng duoc chon mang theo.
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Khi d6, bai todn ba 16 c6 thé dién dat thanh
max f(z) = cha:j
i=1

vd.k Zajxj < b
=1

r, €{0,1}, j=1,2,--- ,n.

o Bai todn ba 16 nguyén bi chdn: Néu dé vat j c6 thé chon véi s6 lugng t6i da 1a m;
thi bai todn tr¢ thanh

max f(z)= ch:cj
=1

v.d.k. Z a;z; <b

j=1
Ije{olls 1mj}1 J:112) N

trong d6 z, 1a s6 lugng d6 vat loai j duge chon xé&p vao ba 16 dé dugce gid tri ham
muc tiéu 16n nhat.

o Bai todn ba 16 nguyén khéng bi chan: Trong bai todn méi d6 vat ¢6 thé chon véi
s6 lugng khong han ché. Cu thé, bai todn duoc phét biéu 1A

max f(z)= i ¢z,
=1

n
v.d.k. Z a;z; <b
=1
z; > 0 vanguyén, j =1,2,--- n

Vi trong lugng cia mot d6 vat loai j 1a ¢; > 0 nén bién nguyén z; nao cla bai toin
nay ciing s& bi chan bdi tai trong b cha ba 16.

o Mot s6 dang khdc: Ngoai cdc dang vira trinh bay, con mét vai dang khac cia bai
todn ba 16 nhr: Bai todn ba 16 da lua chon (chon d6 vat j trong mot nhém a; nao do)
hay Bai todn téng trén tAp con (chon mét tAp con clia tAp cdc 86 ay,as,- - - , a, $ao
cho téng céc s6 thude tap con duge chon 1a 16m nhét, mién 14 khong vuot qué b cho
truée) ...

o Pham vi img dung: BAt ch4p tén goi, nhimg ting dung thuc tién chia bai todn ba 16
khong bi han ché trong pham vi c4c vin dé sip x€p. Ching han, bai to4n d6i tién:
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"Mét thi quy phai tra lai s& tién b cho khach hang bang céch diing mot s3 luong it
nh4t cdc 1o gidy bac véi tri gid 14n luot 1 a;, 29, - - -, a," cling ¢6 mo6 hinh todn hoc
labaitodn balo 0 ~ 1

n

min f(z) = Za:j

=1

n
v.d.k. E (LJCBJ' =
j=1

xr; > 0vanguyén, ;) =1,2,--- n

trong d6 a; 1a trj gia td bac loai j, z, la s6 1 gidy bac loai j cin st dung.

R4t nhiéu van dé ndy sinh trong mot s6 nganh céng nghiép nhu: x€p d& hang
héa én tau, pha cat nguyén liéu, diév khién ngan sdch, quin 1y i chinh... déu c6
thé dién dat nhur bai toan ba 16 & dang nay hay dang khiéc.

Ngoai ra, bai todn ba 16 xudt hien nhu bai toan con trong bai todn phan viéc md
rong (bai todn duge dung thudng xuyén khi giai cac bai todn tim hanh trinh t6i wu
cho cdc loai xe c6) trong cic bai todn x&p lich bay cho hang khong, trong cac bai
todn 14p k& hoach san xu4t, bai todn gop va tich trén d6 thi, trong thi¢t k&€ mot s6 vi
mach dién tr...

Vi du 2.9. (Bai todn phdn bé tai nguyén)

Cin phan ph6i mot loai tai nguyén nio 36 vdi trir luong b cho n nha may. Biét
rang néu phan phéi cho nha mdy thif 7 mot lugng tai nguyén [a z; thi hiéu qua mang
lai 1a ¢;(z;). Bai todn dat ra la nén phan phéi cho mdi nha mdy bao nhiéu tai nguyén
nay dé hieu qua thu duoc 1dn nhAt.

D€ thdy bai toan nay duge phét biéu nhu sav

max Z w;(z;) (Téng hiéu qud thu duoc)
i=1

v.d.k. 2933- <b:
=1

r; € {0.1}, j=1,-+ .n

Vi du 2.10. (Bai todn Heron® )
Cho hai diém a', a® va moét duomg thing ¢ trong mat phing R2. Tim diém z*
trén dudmg thang ¢ sao cho téng khoang céch tir z* dén «! va a® 13 nphd nhat.

SHERON (hoac HERON 0 Alexandria) (khodng 10 - 75): Nha todn hoc va k§ thuat ngudi Hy Lap. Ong néi
tifng vé cong thnie tinh dién tich tam gidc khi bi¢t do dai ba canh cba ré.
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Gia st phuong trinh cha dudng thing ¢ a 5z, + 6z, = 30. Khi dd6, bai todn c6
dang

min f() = [la* = ]l + la — 2|
vdk. 5z, + 62, = 30.

C6 thé xem bai todn nay nhu mo hinh todn hoc cia mét s3 van dé xu4t hién trong
thuce t&: Ta coi dudng thang ¢ 1a "mot doan thang" ciia mot tuyén dudng sét; hai diém
a' va a® 12 hai cum dan cu; diém z* 1a vi tri cdn dit ga xe Iira. Véan dé 1 cin xay ga
xe Hra & dau dé tdng quing dudng tir 46 dén hai cum dan cu a' va a? 12 bé nhét.

Vi du 2.11. (Bdi todn thiét ké mang dién®)

Gid slr ¢6 4 Xhu chung cu 1a K, K3, K; vd K4 nhu minh hoa & Hinh 2.2. Khu

K, ¢6 dang hinh trdn,
Ky = {(5y) € R® | (3= 1P+ (y — 4)° < 4.
Khu K cbng ¢é dang hinh tron,
Ky ={(z.y) €R* | (z - 9"+ (y - 5)" < 1}.
Kbhu K7 ¢6 dang hinh chir nhat,
Ky={(z,y) eR*|6<5<8 -2<y<2)
Khu K, ¢6 dang hinh vuéng,
Ki={(r,y)eR*)2<z<4, -3<y<-1}.

Bai toan dat ra 1a c4n x4c dinh vi tri d€ x4y dung mét tram bién 4p téng dé cung

c4p dién cho 4 khu chung cu nay va vi tri (z,, ) € K, dé dat tram bié&n 4p phan phéi

cva méi khu chung cu K, i = 1.+ -+ , 4, sao cho téng s6 day din dién néi tir tram
bien 4p t8ng dén tram bién dp phan phéi cha bén khu chung cu nay 1a nhé nhit.

Stheo (32], trang 11.
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K, (Iz,?b K>

(r1.) W

Wy
Zo, Yo)

u'z K3
W4 (3,3

0 (I4,?)4)/

Ky

Hinh 2.2

K¢ hiéu (z4, o) 12 vi tri s& x4y dung tram bién 4p tdng va (z,, ;) € K 1a vi tif
dat tram bién 4p phan phdi cta khu chung cu K, i = 1, - - - , 4. Nhu vay, do dai cta
day din dién n6i tr mdi diém (z,, y;) dén (2o, yo) 12

W, = \/(It ~-/1:(])2-#'(3/‘5 —yﬂ)Qi 1=1, 14‘
Bai toan nay c¢6 mo hinh to4n hoc nhu sau:

min z = wy 4+ wy + wz + wy

vdk, w, = V{2, — 202+ (h - w)? 1=12,34

(£1 - 1%+ (3 -9 <4
(22 —9)2 4+ (g —5)* < 1
6 < 73 <8
—2<y3 <2
2 < 14 <4
—3 < ys £-L
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Vi du 2.12. (Tim tdm cum)
Cho tap hop k di€m {a',- - - ,e*} C R". Tim diém z* € R" sao cho tng khoing
céich ty mdi a*,i=1,--- , k, dén " 1a nhd nhat.

M0 hinh todn hoc cla bai todn nay nhu sau
min f(z), vdk. z € R",

trong dé
f@)=lz—a'|+--+ |z —af|

12 ham téng khoang c4ch.

Neéu ta coi mbi a' 12 mét trung tam dan cu cdn z* 12 dia di€m cin x4y dung mot
co sd dich vu (trudmg hoc, siéu thi, bénh vién, v.v...) thi day 1a bai todn lra chon dia
di€ém x4y dung moét co s& dich vu sao cho téng d6 dai cdc dudng di tr méi khu dan
cur dén co sd dich vu dé 1a ngin nh4t c6 thé.

2.2 Bai toan t6i wu va cac khai niém co ban
Bai todn t6i uu t6ng quat duoc phat biéu nhu sau:

min f(z) vdk. z € D, (P)

hoac
max f(z) vdk. z¢€ D, (P7)

trong d6 D C R™ duoc goi 1a tdp nghiém chdp nhdn dwoc hay tdp rang budc va
f: D — R 1a ham muc tiéu. Mbi diém = € D dugc goi 1a mét nghiém chdp nhdn
duoc hay mot phuong dn chdp nhdn duoc (cé thé goi tit 1a mét phuong dn).
Diém z* € D ma
' f(@") < f@) Vs eD

dugc goi 1a nghiém 161 uu, hoic nghiém t6i wu toan cuc, hodc nghiém cuc tiéu todn
cuc (global minimizer), hodc chi don gian 1a nghiém ctia bai todn (P;). Nguoi ta
con goi mot nghiém t6i wu 12 mot phuong dan t6i uu hay 161 gidi ctia bai todn di cho.
bDiém z* € D duge goi 1a nghiém cuc tiéu toan cuc chdt (strictly global minimizer)
néu

f(z*) < f(z) Yz e D va ¢ # z".

Khéng phai bai todn (P;) ndo ciing c6 nghiém cuc ti€u todn cuc va néu bai todn cé
nghiém cuc ti€u toan cuyc thi ciing chwa chic ¢6 nghiém cuc ti€u toan cuc chit. Xem
minh hoa & Hinh 2.3 (trvdng hop ham muc tiéu f(z) 12 ham mot bién).
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< | I

Nghiém cuc tiéu Khong 6 nghiém Nghiém cuc tiéu
1oan cuc cha cuc 1iéu todan cuc toan cuc khong chdt
Hinh 23

Gid tri 161 wu (hay gid tri cyc tiéw) cia bai todn (P,) duge ki kiéu 1a
gy}} f(z) hodc min{f(x)|z € D}.
Néu bai todn (F1) cd nghiem t6i wu ka z* thi
f(z") = min{f(z) | z € D}.

Ta ky hiéu Argmin{ f(x)|z € D} 1a tdp nghiém t6i un cha bai todn (Py). Néu bai
toan chi c6 mot nghiém t6i wu z* thi c6 thé viét z* = argmin{ f(z)|z € D}.

Diém z* € D duoc goi 1a nghiém t6i wu dia phuong hoac nghiém cuc tiéu dia
phuong cha bai toan (P)) néu t6n tai mot -1an can B(z', <) cla diém z* € D sao
cho '

f(z") < f(z) Vz € B(z",e)ND.

Diém z* € D duoc goi 14 nghiém t6i wu dia phuong chdgt hoic nghiém cuc tiéu dia
phuong chdt coa bai toan (P;) néu tén tai mot -1an can B(z*, ¢) cia diém r* € D
sao cho

f(z") < f(z) Vx e B(z™,e)ND va r#z".

Hinh 2.4 minh hoa vi du vé nghiém cuc ti€u dia phuong, nghiém cuc ti€u dia phuong
chat va nghiém cuc tiéu toan cuc chat ciia hAm moét bién f tréntap D C R.
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Chuong 2. Bai todn t6i wu

/ N\ / \

Nghiém cu tic Nghiém cuc tiéu Nghiém cuv tiéu
toan cuc char dia phuong chds dia phugng khéng chdt
Hinh 24

Luu ¥ ring, ngudi ta ciing thudng phdt biéu bai todn (P;) duéi dang
min{f(z) |z € D}  hoic f(z) — min hoac 1InEiB flz).
vdk.z e D
Tuong tu, bai todn () cling thudng duoe phét biéu dudi dang
max{f(z) |z € D} hoic f(z) — max hoac max f(z).
vdk.z € D

Céc khdi niém tuong nr ciing dugc dinh nghia cho bai todn (P,). Cu thé, néu ton tai
mot e-1an can B(z*, ¢) cla diém z* € D sao cho

f(£7) > f(x) VzeB(z",e)ND

thi ” duge goi 1a nghiém 61 wu dia phuong hay ng)riém cutc dai dia phuong cua bai
todn (P,). N&u t6n tai mot -1an can B(z*, ¢) cha diém r* € D sao cho

f(z¥) > f(z) Ve B(z",e)ND va z #2"

thi z* duge goi 1a nghiém 61 uu dia phuong chdr hay nghiém cuc dai dia phuong
chdt cua bai todn (F).

Diém z* € D théa man f(z*) > f(z) véi moi z € D duoc goi 1a nghiém t6i

1, hoac nghiént 181 wu toan cuc, hoac nghiém cuc dai toan cuc (global maximizer)
hoac chi don giin 12 nghiém cla bai todn (P,). Néu =™ € D théa man

f(z*) > f(x) YVxe D va ¢ # 1"
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54 Cdc phuong phdp o 1u
thi ta goi z* 1a nghiém 61 uu toan cuc chdt (strictly global maximizer) ciia bai toan
(P,). Gid tri 16 wu (hay gid tri cuc dai) cha bai todn (Pa) duge ki kiéu )a
max{f(z) | z € D} hoic max f{x).
z
Tuong tu atnr d6i véi bai todn (Py), ta ky hieu Argmax{f(z)|z € D} \a tdp nghiém

161 uu cuia bai todn (F,). Trudmg hop bai todn chi c6 moét nghiém t6i wu z* thi ta
ciing c6 thé viét z° = argmax{f(z)|r € D}.

Chii § 2.1 i) Bai todn (P;) twong duong véi bai todn
max —f(z) vdk. zeD

theo nghia tAp nghiém t61 wu cha hai bai todn nay 12 tring nhau va gia tr t6i wu cea
chidng thi ngugc diu, nic

min{ f{z) | ¢ € D} = —max{—f(z) | z € D}.

Vi vay, khong gidm t6ng quit, ta chi cdn xét bai todn (P;) hoic bai toan ( Py).

ii) Néu D = R™ thi ta n6i (P;) 12 bai todn 167 wu khong rang budsc. Nguac lai,
néu D C R thi ta néi (F;) 12 bai tedn 16i uu c6 rang brudc. Trong cdc bai todn t6i
wu c6 rang budc, tap D thuong dugc xdc dinh bdi

D= {IER”‘Q‘(I)SO, 7‘:1» )p}1 (25)

vl ¢, ¢ = 1,--- ,p, l1a cdc ham thuc x4c dinh trén tap A D D (thoéng thuong
A=R").Tagoig(x),i=1,--,m,acic ham rang busc. Mbi hé thic g, (z) < 0,
i€ {1, ,p}, ducgc goi 1a moét rang budc cha bai toan. Vi rang buse

a(z) 20 & -—g(z)<0
va

gi(z) <0
- gi(z) <0

gi(ﬂ:) =0 & {
nén 3 rang biéu dién (2.5) bao gém hét cc loai rang budc.

Chii y 2.2, Nghigm t6i uu toan cuc cing 13 nghiém t6i wu dia phuong nhung diéu
nguoc lai chua chic ding. Tuy nhien, néu D 1a tap 16i va f(z) la ham 16i thi nghiem
t6i wu dia phrong cha bai todn (P;) ciing 13 nghiém t6i wu toan cuc. Cu thé,

Ménh dé 2.1. Cho ham 16i | : R™ — R va tdp 16i khdc réng D C R™. Xét bai todn
min{ f(z) |z € D}. Khi dé:

i) Néu ™ la mor nghiém 161 wu dia phuong cua bai todn nay thi x~ cung la nghiém
t61 wy toan cuc,

i) Néu z* la nghiém 161 wu dia phuong chdt hodc f la ham 161 chdt thi t* la
nghiém 161 uu todn cuc duy nhdt cia bai todn.
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Chimg minh. 1) Gia sir ° € D 12 m6t nghiém 161 wu dia phuong cGa bai todn
min{f(z)|z € D}. Theo dinh nghia, 16n tai mét ¢-1an can B(z", ¢) cuadiém z* € D
sao cho

f(z®) < f(x) Vz € B(z",e)ND.

Véibatky z € D, tacd
=z +(1-Nz"=zx"+ Az —-1z*)€ B(z*,e)N D

khi 0 < A < 1 va A\ di nhé. Do z* 12 nghiém cuc ti€u dia phuong va f 1a ham 16i
nén
f(2°) < J(@) < M=)+ (1= N f(=*) = f(z") < f(a)-

Diéu d6 chimg to x* 1a nghiém t6i wu toan cuc cta bai todn dang xét.

i1) Gia sir r* la nghiém t6i wu dia phuong chat. Theo i), z* ciing 1a nghiém t61
uu 10an cuc. Bay gid, ta gia thi€t phan chiing ring z* khong phai nghiém t6i uu toan
cuc duy nhat cba bai todn, tic tn tai T € D, T # z* vd f(Z) = f(z"). Ky hiéu
£y = A2+ (1 — A)z" v6i 0 < A < 1. Vi D 12 tap I8i va [ 13 ham 16i trén D nén

zy €D va f(x,) < Af(Z)+ (1= A)f(z") = f(z") voimoi 0 < A <1. (26)

Cho A — 0,. Ta c6 thé chon dugc 5 € B(z",e) N D vé mot £ > 0. Diéu nay va
(2.6) mau thudn v6i gia thiét 2* 1a nghiém t6i wu dia phuong chat. Vi vay z* phéi la
nghiém t6i wu toan cuc duy nhat.

Cuéi cling, gia st ring z* 12 nghiém 16i wu dia phuong va ham muc tieu f 1a 16i
chat. Vi ham 16i chat 12 ham 161 nén tir i) ta c6 z* 12 nghiém 16i wu todn cuc. Ta ciing
gia thiét phan ching ring z* khéng phai 12 nghiém 16i wu toAn cuc duy nhdt, tic tn
tai £ € D, T # z* va f(Z) = f(z*). Do f 1a ham 18i chat nén

1 1
f(37+35°) < 35(@) + 3 16) = f@)
Do D la tap 16i nén (3Z + 3z*) € D va bét ding thic trén mau thuln voi gia thist
r* 12 nghiém t61 wu toan cuc cla bai todn, chimg td z* 1a nghiém t6i wu toan cuc
duy nhét, Q

Chi ¥ 2.3. Néu bai todn ( P;) khong ¢4 nghiém t6i wu thi gia tri t8i wu cla bai todn
nay, ky hi¢u 1a inf f(D), la can dudi lon nhét (hay gia tri infimum) ham f trén D.
Gia str to = inf f(D) véi tg € RU {—o0}. Khi d6,

f(z) >ty Yze D va I{z"} C D saocho lim f(z") = ¢,.

Tuong tu, néu bai todn () khong ¢6 nghiém t6i vu thi gid tri t6i wu cla bai todn
nay, ky hiéu 1a sup f(D), 1a cAn trén nho nh4t (hay gid tri supremum) ham f trén
D. Néu t, = supf(D), t, € RU {+0o} thi

f(x) <t, Vz € D va 3I{z"} C D saocho "anolo f(z*) =t..
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Vidu213. i) Cho f(z) = cosz, D = R. Khi d6, bli todn (P,) twong tng cé vo
s6 nghiém t6i wu toan cuc,

Argmin{cosz |r € R} ={Z = (2k+ )7, k=0,41,£2,.--}

va gid tr t6i wu 12 min{cosz | z € R} = —1.
Tap nghiém t6i wu clia bai toan (7,) tiong ng 1a:

Argmax{cosz |z € R} = {Z = 2km, k =0,£1,%2,---}
va gia tri t6i vu [a max{cosz | z € R} = L.
i) Cho

flz) = |z] néuz <1 D—R
o (z-2)2-1 néuz>1, o

D6 thi ciia ham nay dugc minh hoa & Hinh 2.5(a). D& thiy = = 2 1a nghiém cuc tiéu
toan cuc duy nhit. Diém z = 0 13 nghiém cuc tiéu dia phuong clia £ trén D. Gi4 tri
t6i wu min{ f{zr)]z € D} = f(2) = —-1.

Diém z = 1 12 nghiém cuc dai dia phuong. Khéng t6n tai nghiém cuc dai toan
cuc cua f trén D va supf(D) = +o0,

Af(z) ‘r
/2
1 ) N -
o] "3 ;
—n/Z
(a) (b)

Hinh 2.5

tif) Cho f(z) = arctgzr vd D = R, Dé thdy, trén R, hdm f khong c6 mot nghiém
cuc tiéu dia phuong, cuc dai dia phuong, circ tién toan cuc hoic cic dai toan cuc
nao. Vata c6 inf f(D) = —§ vasup f(D) = +5 (xem Hinh 2.5(b)).

iv) Cho f(z) = z; va
D={zeR?*|zt4+22<4, 51>1}).

Hinh 2.6(a) biéu dién tap D (phdn gach chéo). Him f c6 mét nghiém cuc tidu toan
cuc tren D 1a r = (—2.0)T v2 v6 s6 nghiém cuc tiéu dia phwong, d6 1A ca doan
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théng néi (1,v/3)7 va (1, —v/3)7. Gi4 tri t6i wu cha bai todn (P;) tuong tng la
mingep f{z) = -2.

Tuong tr, £ = (2,0)7 14 nghiém cuc dai todn cuc duy nh4t cha bai to4n (P,)
tuong tmg; tat ci nhimg diém nim trén doan thing néi (—1,v/3)T va (-1, -v3)7
déu 12 nghiém cuc dai dia phuong va gia tri t6i vu max,cp f{z) = 2.

v) Cho f(z) = 1 va D = {z € R? | 117, < 0} (xem Hinh 2.6(b)). Khi dé,
bai todn (P;) twong img cé vo s6 nghiém cuc tiéu dia phuong, d6 1 tap cdc diém
{z € R? | z, = 0, 72 < 0}; khong cé nghiém cyc tiéu toan cuc va inf f{D) = —oo.

Bai todn (P;) twong ing c6 vo s6 nghiém cyc dai dia phuong, d6 1a tap céc di€m
{z € R? | z; = 0, z» > 0}; khong c6 nghiém cuc dai toan cuc va sup f(D) = +oo.

‘I‘Z 4 1:2
/""'\
-2 0 7 2 0 T
N~
(@ (b)
Hinh 2.6

2.3 Cac loai bai toan to6i vu

Pé tien cho viéc nghién cttu, ngudi ta thudng chia c4c bai todn t6i vu thanh mét s6
16p dira trén tinh chit cia ham muc tiéu va tap chap nhan dwogc.

e Quy hoach tuyén tinh: hAam muyc tiéu f(z) 12 ham tuyén tinh va t4p ch4p nhan
dugc D C R™ 1a tap 16i da dién (tic cdc ham rang budc ¢;(z), ¢ = 1,--- ,m lacéc
ham afin).

e Quy hoach nguyén (hay Tdi uu roi rac (16 hop)): tap chip nhan dwoc D C R™
cé cdu tnic roi rac. Mot truong hop riéng quan trong ctia quy hoach nguyén 12 bai
todn quy hoach tuyén tinh nguyén, d6 1a bai todn quy hoach tuyén tinh ma cic bién
s chi 14y gia tri nguyén,

o Quy hoach phi tuyén: hAm muc tiéu f(z) hoic mot trong c4c ham ring budc
gi(z),i=1,--- , m khong phai ham afin. Trong cdc bai todn t6i uu phi tuyén cé hai
16p dac biét quan trong, d6 1a:



58 Cdc phuong phdp 161 uu

+ Quy hoach 16i: 12 bai todn cuc t1éu mot ham muc tiéu f{z) 12 ham 16i trén tp
chfp nhan dugc D C R" 1a tap 16i (hay cuc dai mot ham 16m trén tap 161). Theo
Ménh dé 2.1, cic bai todn quy hoach 161 ¢6 mot tinh chat rat dep 1a nghiém t6i uu
dia phuang (n€u cé) ciing 12 nghiém t61 wu toan cuc.

+ Quy hoach lém: 12 bai todn cuc tiéu mét ham muc tiéu f(z) 1a ham 13m trén
tap chdp nhan dugc D C R" 1a tAp 16i. Pay 12 l6p bai todn tiéu biéu cua Quy hoach
toan cuc. Mot bai todn 12 bai todn quy hoach toan cuc n€u nghiém t6i wu dia phuong
cta né chua chic 13 nghiém t6i wu toan cuc.

o Quy hoach déng: bai toan quy hoach ddng xét cac dé1 tuong 1A cac qué trinh
c6 thé chia ra thanh nhiéu giai doan hoic cic qud trinh phét trién theo thdi gian.
Trong nhiéu trudng hop, nguoi ta dua bai toan quy hoach déng v& dang bai toan quy
hoach tuyén tinh vai kich thudc 16n.

® Quy hoach da muc tiéu: bai todn nay khong phai chi c6 mét hdm muc ti€u
duy nhat nhu bai todn (P;) (hoic (P;)) ma ta phai cuc tiéu (hoac cuc dai) déng thoi
p (v6i p > 2) ham muc tiéu trén tap chip nhan duge khic rong D C R™ va cdc mue
tiéu ndy c6 thé khong tuong thich véi nhau,

e Ngoai ra con c6 Quy hoach d.c (ham muc tiéu hay cdc ham rang buéc 1a hieu
cia hai ham 161), Quy hoach ngdu nhién (cdc tham s6 cla bai todn khong c6 gia tri
x4c dinh ma né duge mo ta boi cdc phan phéi xdc suslt), Quy hoach tham s& (cic hé
s6 ctia hAm muc tiéu hay ham rang budc phu thudc vao mot hay nhiéu tham s6) ...

Trong gido trinh nay, ching ta trinh bay co s& 1y thuyét va mét s6 phuong phap
gidi cdc bat todn thudc:

- Quy hoach tuyé&n tinh (Chuong 3) va mot trudng hop riéng quan trong ciia né
12 Bai todn van tai (Chuong 4);

- Quy hoach nguyén (Chuong 5);

- Quy hoach phi tuyén, bao ham ca bai todn t6i wu khong c6 rang budc, bai todn
t6i wu ¢6 rang budc va quy hoach 161 (Chuong 6).

2.4 Diéu kién ton tai nghiém

Muc dich cia Quy hoach todn hoc la nghién citu céc tinh chat cta tap nghiém va
x4y dung céc thuat todn dé tim nghiem cia bai todn t6i wu. Cau hodi ddv tien dit ra
12 ""bai todn cAn gidi c6 nghiém t8i vu hay khong?".

Xét bai todn t8i
min f(z) véi diéu kién z € D, (F1)

trong d6 D C R” va f(z) 1a mot ham thuc xdc dinh trén mot tdp ma chita D. Khi
d6, c6 mot trong bén kha nang sau cb thé xay ra:
i) Bai to4n (P;) khéng c6 phirong 4n chdp nhan duge, tic D = §;
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ii) Bai todn c6 nghiém t6i wu, tic tén tai z* € D sao cho
flz*) < f(z) VzeD,

va gia tri t61 uu coa bal todn 1a f(z*) = mingep f(z) (Vi du 2.13(), 2.13(11) va
2.13(iv));

ii1) Bai todn khéug c6 nghiém t6i wvu va gid tri him muc tieu f(z) giam vé han
trén t4p chdp nhan dwgc D, tirc gid tri t6i wu inf{f(z)|z € D} = —oo (Vi du
2.13(v));

iv) Bai todn khong c6 nghiém t6i tu va gid tri t6i wu inf{f(z)|r € D} 1a hiru
han (Vi du 2.13(iii)).

Nhur vay. trir trudng hop tap chép nhan duoe bing rdng, gi4 tri t6i wu cia bai todn
(P1) luén t6n tai nhamg nghiém t6i wu thi khong nhat thi€t 16n tai. Viec tim kiém
diéu kién dAm bio dé bai toan c6 nghiém t6i wu 1 vén dé quan trong.

Ménh dé 2.2. Diéu kién cdn va di dé bai todn (P,) ¢6 nghiém t6i wu 12 rdp
f(D)y ={teR|t> f(z),vdi z € D}
dong va c6 mot cdn duoi hitu han.
Chimg minh. (=) Gia sir z° ]a nghiém t6i wu cha bai toan (P;). Khi dé, ta cé
S = min f(z) A (D), =1f(z°), +o0).

Hién nhién f(D), 1a tap déng va nhan f(z?) 12 mét can duéi.

(<) Nguoc lai, né€u tap f(D), c¢6 mot can dudi hitu han thi can dudi 16n nhat
(hay infimum) cia tAp nay 1a hitu han va ta ky hiéu né 12 5. Theo dinh nghia coa
infimum, ¢t > 1o v6i moi ¢t € f(D), va t6n tai mot ddy {¢,} C f(D), héi w dén
to. Vi f(D)4 1a tap ddéng nén to € f(D),. Theo dinh nghia cla tap f(D)., tén tai
z® € D sao cho to > f(z°). Hién nhién 13 f(z°) cling thuoc f(D), va vi ¢, 1a can
duéi 16n nhdt cha tap f(D), nén ta cé f(z°) > to. Suy ra, t; = f(2°). Diéu d6
chiing t6 z° 1 nghiém t6i wu cia bai toan (P,). O

Dinh Iy 2.1. Cho D la tdp compac khdc réng. Khi dé:
i) Néu ham f nua lién tuc dudi trén D thi bai todn (Py) c6 nghiém 101 1u;
ii)y Néu ham f nua lién tuc trén trén D thi bai todn (Py) c6 nghiém 16i wu.

Chimg minh. Do tinh tuong tu, ta chi cdn ching minh phén (i). Gia sir gid tri t81
uu coa bai todn (P;) 13 ty = inf f( D). Theo dinh nghia,

f(z) >tV € D (2.7)

va
Jddy {2"} C D saocho lim f(z") =t.
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Do D 1a tap compac nén cé mét day con cha diy {z"} hoi tu d€n mét diém z° € D,
D€ don gian, ta c6 thé gia thi€t ludn ring Jim, .. " = z° € D. Do f nia lién tuc
du6i tai 0 € D nén f(z°) < limy—~y f(z") = to. K&t hop su kién ndy véi (2.7) ta
co

to = wf f(D) = f(z"),
chimg t6 z° 12 nghiém t6i wu cha bai toan (Py). 0.

Hé qua 2.1. (Dinh 1y Weierstrass’) Néu tdp D la compac va ham f lién tuc trén
D thi ¢d hai bai todn (P,) va {P,) déu ¢6 nghiém t6i wu.

Chimg minh. Ham lién tyc 1a ham wira aira lién tuc trén vira nira lién tuc dudi. Két
luan ciha Hé qua duge suy truc tiép tir Dinh ly 2.1. O

Né&u tap khéc rdng D chi déng ma khéng bi chan v ham f nira lién tuc dudi trén
D thi, néi chung, c6 thé ham f khong dat cuc ti€u trén D, nic bii todn (P;) khong
¢6 nghiém t6i wu. Tuy nhién,

Dinh Iy 2.2, Cho tdp dong khac rong D C R™. Néu ham f la nita lién tuc duoi
trén D va thoa man diéu kién buc (coercive) trén D,

f(z) = +ookhiz € D, va ||z|| — +oc
thi bai todn ( Py) c6 nghiém 161 wu.

Chimmg minh. LAy mét diém bat ky z° € D. Truée hét, ta chimg minh ring tAp miic
duéi

D={zeD| /)< f(z")}

la tap compac. That vay, do f 1a nita lién tuc duéi trén D nén véi mbi day {z"} C D,
{z"} — T ma day {f(z")} hoi tu, ta c6

fE) < lim f(2") < £(z°).

Suy ra Z € D, ching t D la :g.p déng. Hon nira, néu D khong bi chan thi phai t6n
tal mot day {o*} C D, e f(2*) < f(z"), sao cho ||z*|| — +o0. Do diéu kitn bic
nén f(z*) — +0o, mau thulin véi su kien {z*} c D. Vay D 1a tap compac. Theo
Dinh 1y 2.1(G), ham f dat cyc tiéu trén D, tifc t6n tai z* € D sao cho f(z*) < f(z)
véi moi z € D. D8 thdy, r* ciing chinh 12 nghiém cuc ti€u cda bai todn (P;). O

"Karl Theodor Wilhelm WEIERSTRASS (1815 - 1897): Nha todn hoc Déc, Ong néi ti€ng vé su cdn than
trong c4c ching minh todn hee va duge ménh danh 13 “cha 47 cia Gidi tich hién dai*, Ong Id ngudi phdt hien
ra khéi niem hoi tm déu va gidi thich mot cach chat ch& cic khéi niém him s6, cuc tri, dao ham, va dic biet 1
kh4i niém giéi han.
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Bai tap Chuong 2

1.

Cho vi du vé ham s6 f va tap D C R" sao cho: i) Ham f c¢é mét cuc tiéu dia
phu‘ong nhimg khong c6 cuc tiéu toan cuc trén D; ii) Ham f khong €O ca cuc
tiéu dia phuong va cuc tidu toan cuc trén D; iii) Ham f c6 céc diém cuc tiéu
dia phuong va mot diém cuc tiéu toan cyc véi gid tn ham muc tiéu khac nhau
trén D; iv) Ham f ¢6 nhiéu diém cuc tiéu toan cuc trén D. Dat cau héi tuong
tir cho cuc dai.

Xét mot bai todn t6i vu ¢6 tAp chidp nhan duge xdc dinh bdi cic rang bude
l—a:f~a:§20, l1—2y—-2,2>0, 2, > 0.

Xic dinh trong céc diém sau day, diém nao 13 khong chip nhan duge, diém
ndo 1a chdp nhan dugc va néu 1a di€ém chip nhan duge thi d6 13 di€ém trong
hay diém bien: z, = (3,5) .5 = (1L,DT, 2. = (-1,0)T, 24 = (-1.0)T va

L= (7151 VIE)T

. Cho ham mot bién

f(z) = 2% — 62% + 322 + 10z.
i) VE d6 thi cia ham s6 nay?

ii) Xac dinh nghiém t6i wu dia phuong va nghiém t6i vu toan cuc cia bai todn
{min f(z)|z € R}.

Xét bai todn
min z; vdk. (z1 - 1)*+25=1, (x;+ 1) +ai=1
1) VE tap ch4p nhan dugc;
i) C5 hay khong cuc tiéu dia phuong va cuc tiéu toan cuc ?
. Cho f 1a ham 16i (tar., ham 16m) trén tap da dién D. Chimg minh ring ham |

dat cuc dai (t.u., are tiéu) toan cuc tai it nh4t mot dinh cha D.
Gidi bAj todn sau

max{z? + 22 | 3z; + z, < 15, 2z, — 3z, < 6, x5 < 10, 24,72 > 0}.
(Goi y: Xem bai tdp 5)

Xét bai todn min {f(z) | z € D}, trong dé D la tap céc s6 nguyé.i. Ching
minh ring m&: di€ém z € D déu 1A nghiém cuc tiéu dia phuong.

. Cho X = [a,b] € R va f 12 ham thuc xé4c dinh trén X. Ching minh ring:

1) Néu f dat cyc tiéu dia phuong tai » = a va tn tai f1.'(a) thi f}(a) > 0;
ii) Néu 7 dat cuc tidu dia phuong tai = = b va tén tai £ (b) thi f(b) < 0.
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9.

10.

Cdc phuong phdp 161 wu

Piém (0,0)T c6 phai 1 nghiém cuc tiéu dia phuong, nghiém cue tiéu toan cuc
ctia bi toan min{ f(z)|z € R?} khéng, trong d6

1) f(zy,22) = /2 + 23
i) f(zy,72) = 23 + 122 — )%
Giai thich?

Mot x{ nghiép co thé st dung t6i da 550 giy may cdn, 430 gidy mdy tién va 200
gidy may mai d€ san xudt ba loai san phdm. Biét ring: D€ san xu4t mot don vi
san pham loai thit nh4t cdn 9 gidy miy cén, 5 gidy mdy tién va 1 gid mdy mai.
D¢ san xuidt mot don vi san phim loai thi ba cdn 8 gidy mdy cdn, 3 gid may
tién va 3 giy mdy mai. M4t 5 gioy mdy cdn v3 3 giy mdy tién d€ san xust mot
don vi san phim loai thit hai. Gid b4n mdi sin phdm loai thi nht, thit hai va
thd ba twong tmg 1a 1008, 1203 va 558. X{ nghiép c4n quyét dinh san xudt mbi
loai san phdm bao nhiéu don vi dé doanh thu 16n nhat. Hay thi€t 14p mé hinh
todn hoc cho bai todn trén?



Chuong 3

Quy hoach tuyén tinh

Nam 1939, nha xuit bdn cia Dai hoc Leningrad d3 in cuén sdch [14] cia Kan-
torovich! v6i tura d8: "Phuong phdp todn hoc vé t6 chirc va ké hoach héa sdn xudt”,
trong d6 tap trung vao xay dung cong thic cha cdc vin dé kinh t& co ban, nhimg
biéu thifc todn hoc clia chiing, mot phic thdo vé& phuong phdp gidi va thdo Juan vé y
nghia kinh t€ cia n6. V& thuc chit, né chita dung nhimg y tudng chinh vé ly thuyét
va thuat todn gii quy hoach tuyén tinh. Tuy nhién, phuong Tay di khong biét dén
cong trinh ndy trong nhiéu nam. Sau d6, nim 1947, Dantzig? va cic cdng su phit
hién lai mé hinh quy hoach tuyén tinh khi nghién ciu bai toin 1ap k&€ hoach cho
khong quan My. Cung nam 1947, Dantzig da cong b6 thuat todn don hinh (simplex
algorithmn) néi ti€ng d€ giai bai todn quy hoach tuyén tinh.

Quy hoach tuyén tinh 1a mot b6 phan quan trong cua quy hoach todn hoc. Theo
ban tin cla Lién doan Toan hoc th€ giGi 1/2003: Mot trong cc thanh tuu vi dai cha
the ky XX la da phit minh va phét trién 1y thuyét quy hoach tuyén tinh. Day la
mo hinh todn cia nhiéu bai todn thyc t€ thudce cic inh vue khic nhau nhu kinh t€,
vién thong, x4y dung... Hiéu qua cha viéc ting dung quy hoach tuyén tinh gidi quyst
cdc bai todn trong kinh t€ di dugc ghi nhan béng su kieén L.V. Kantorovich va T.
C. Koopmans duoc nhan giai thuéng Nobel danh cho khoa hoc kinh t€ (1975). Hon
nita quy hoach tuyén tinh 12 mot mo hinh toédn don gian va dé& gidi. Cac thuat toin
giai quy hoach tuyén tinh cdn & cong cu d€ giai cac bii todn phic tap hon nhit t6i
uu phi tuyén, t6i vu da muc tiéu...

1=o0nid Vitaliyevich KANTOROVICH (19/1/1912 - 7/4/1986): Nh todn hoc va kinh t& hoe ngudi Nga. Qing
véi Tjalling Koopmans, 6ng duge nhan giai thudmg Nobel dinh cho Khoa hoc Kinh (& nam 1975 “vi nhing dong
¥0p ciia ho cho ly thuyét phdn b t61 wu cde nyudén hae.”

Geogre Bernard DANTZIG (8/11/1914 - 13/5/2005): Nha todn hoc ngudi My. Nam 1975, 6ng 12 ngudi ddu
tien duce nhan gidi thudng mang t2n nh todn hoc John von Neumann vi déng g6p guan trong cho Iy thuyé&t van
trd hoc (operations research) va khoa hoc quan tri (munagement sciences).

63



64 Cdc phuomg phdp t6i uu
3.1 Pinh nghia quy hoach tuyén tinh
Bai todn quy hoach tuyén tinh téng qudt ducc phét biéu nhir sau:
min{ f(z) = {(¢,z) | z € D}, (LP)

trong 46 ¢ = (c1,¢2,- - ,¢,)T € R va D C R™ 1a tap 16i da dién dugc xic dinh bdi
hé phuong trinh va bat phuong trinh tuyén tinh

anz) + aprs+ -+ anz,=b;, i€ L
1Ty + a2+ + @inT, < by, 1€ Ly
1Ty + BpTo + -+ CinTn 2 b;, 1 € L3

trong d6 Ly U Ly U Ly = {1,2,---,¢} 12 tap cdc chi s6, cdc hé s6 a;; va b, 1 =
1,---,¢ 7 =1,-+ ,nlacic hing s6 cho tnréc.
Nhéc lai ring, trong bai todn trén, ta goi

f@)=(c,z) =z + -+ caZn 1a ham muc tiéu;

cj. j=1Y---,n  lacdc hé s6 cua ham muc riéu;
r,j=1-,n 1A cdc bién,
(a',2) = (<, 2)b; i=1,---,€ acdc rang budc;

Tap 181 da dién D dugc goi 1a tdp nghiém chdp nhdn dugc hay tdp rang buéc. Mbi
diém z € D dugc goi 12 mét nghiém chdp nhdn ditge hay moét phuong dn chdp nhdn
dvgc (c6 thé goi tit 1a phuong dn). Di€m z° € D ma

(&) ={c,z°y < f(z) = (c,z) véimoi z €D

duoc goi 12 nghiém 167 wu hodc phuong dn 161 wu hay 191 gidi cua bai todn. Gid tri
t6i wu cha bai todn nay duoc ky hitu A min{(c,z) | z € D}.
Tanéi phuong 4n z = (T1, - -+ , T, )T thda mdn chdt rang buéc 1o, io € {1.- -+ . €}

néu
n
E a,oj;i,- = bgo.
=1

Mét phuong 4an thda man chat » rang budc doc 1ap tuyén tinh duge goi 1a mét phuong
dn cuc bién. Nhu vay, phuong 4n cuc bien chinh 14 mét dinh cua t2p 16i da dién chdp
nhan dugce (xem Muc 1.3.8, Chuong 1). Phuong dn cuc bién thda man chit ding n
rang buée dugc goi 1a phuong dn cue bién khéng suy bién; thda man chat hon 7 rang
budc goi 12 phuong dn cuc bién suy bién.

Khi nghién cttu quy hoach tuyén tinh ciing nhu khi 4p dung n6, ngudi ta thudng
dung hai dang dac thi sau:
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Chuong 3. Quy hoach tuyén tinh 65

3.1.1 Dang chudn tic

min f(z) = 1z14 -+ + cnZa

n
vd.k. Za,,-z,- > b", 1= 1, sy,
j=1
z, 20, j=1-"-,n
MB&i rang buge 37 a,z, > by, t € {1,- ,m} dugc goi 12 mot rang budc chinh.
Rang budc z; > 0, j € {1, - ,n} duoc goi la rang budc ddu. Pat A 1a ma
tran cp m X n véi cdc hang 1A @' = (aj1,am, ,8im) @ = 1,--- ,m; véc tg
b= (b, - ,bm)T € R™. Bai todn quy hoach tuyén tinh chuén tic dugc viét lai duéi
dang ma tran nhu sav
min f(z) =(c, z)
vdk. Az > b
x> 0.

3.1.2 Dang chinh tic

min f(z) = ca1z1+ -+ + Ty

n
v.d.k. E aijT; = bi, 1= 1, RN (1]

i=1

IjZO, j=1,---,n.

Tuong ty nhu dang chudn tic, ta goi rang buéc 37 a;;7; = by, e € {1,--- .m}
rang buéc chinh va rang buéc z; > 0, j € {1,--- ;n} 12 rang budc dju. Dang ma
tran ciia bai todn quy hoach tuyén tinh chinh tic 1a

min £(z) =(c, )
vdk. Az=1%
>0,

trong d6 ma tran A va véc to b duge dinh nghia tuong tu nhu & dang chudn tic. Tuy
nhién, cdn chii y ring, trong bai to4dn quy hoach tuyén tinh dang chinh tic ta luén
viét cdc rang budc chinh & dang sao cho b = (b;,- -+ ,bm)T > 0, tidc b; > 0 v&i moi
i=1,---,m, Néutbn tai b;; <0 v&iig € {1,---,m)} thi ta nhan hai v& cla rang
buoc chinh 3°7_, 0,57, = by, V6i L.
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66 Cdc phuomg phdp 161 uu

Vi du 3.1. Bai todn

min f(z) = 5z1 — 6z, + 323
vd.k 8z1+ 06z + 623 =5
3z, — 219+ T3 =7
Zy, Tz, T3 20

12 mét bai todn quy hoach tuyén tinh chinh tic, trong d6

I 5
8 6
) )()b(
T3 3

5
K
Bai todn nay c6 n = 3 bién va m = 2 rang budc chinh.

Chi y 3.1, Trong bai todn quy hoach tuyén tinh dang chudn tic va chinh tic, t4t
ca cdc bi€n déu khong am. Do dé tap chip nhan dugc cuia bai todn khong chira mot
dudmg thing nlo. Theo Ménh dé 1.7, tap chdp nhan duge cla bai todn quy hoach
tuyén tinh dang chufn tic va chinh tic luén c6 it nhat mét dinh.

3.13 Chuyén bai toan quy hoach tuyén tinh bat ky vé dang chudn tdc hay
chinh tic

Moi bai to4n quy hoach tuyén tinh déu c6 thé dira vé bai todn quy hoach tuyén tinh
dang chinh tic hoac chuén tic bing c4c phép bién ddi so cdp sau:

o Mot bién z; khong bi riing buée ddu c6 thé thay béi hiéu cia hai bién khéng
Aam bing cich ditz; = %, — I; v6i &; 2 0Va Z; > 0;

¢ Thay bién z; < 0 bdi bi€n z; = —z; > 0;

o MB&i rang buoc bat ding thirc

ZO;JIJ < b‘ hOﬁC Za,-ja:j > b,'
c6 thé chuyén vé rang budc ding thic nhd dua them vao mot bién phu T,,; > 0O:
Zauzj + Zapi = by hoic Zatjrj — Tpyi = bi;

o Mdi réng buOc E Q5T < b.‘ c6 thé viét lal thanh — E ai;T; > —b‘-,'
o M&i rang buoc ding thitc Y a,,z, = b; c6 thé thay bing hai rang buoc bat

dAng thic
Z a;x; > biva — Z ai;T; > —by,

¢ Bai todn tim cyc dai
max{f(z) | z € D}
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Chuong 3. Quy hoach tuyén tinh 67

dugc dua vé bai todn tim cuc ti€u twong duong 1a
min{~ f(z) | z € D}

theo nghia: tip nghiém t6i vu clia hai bai todn nay 12 nhir nhau nhung gid tri t61 wu
tral ddu nhau,

max{f(z) | z € D} = —min{—f(z) | z € D}.
Vi du 3.2. Xét bai todn quy hoach tuyén tinh

min f(.’D) = 31‘1 + 51‘2 - 4133
vdk., 3z, —5xy+ 3z <5,
22y + 4x5 + 623 = 8,
—4z) — 9z9 + 423 < —4,
x1 2 =2, 0< 2z, <4, z3 twdo.

D€ chuyén bai todn quy hoach tuyén tinh nay vé dang chinh tic, truéc hét thuc hién:
- Nhan hai v& cua rang budc chinh thit ba v6i —1 ta duoc

4z) + 929 — 423 2> 4
- D4i bién z; thanh Z; véi
Ly =51+220 = z,=1, -2
- Rang budc can trén cia bién thit hai z, < 4 duge xem nhu rang buéc chinh tha
o - Bién thu ba duge d6i thanh
T3 = I3 — T3 v6iZ3 > 0, 5 > 0.

Sau khi thay th€ cdc bién déi trén vao bii todn ban ddu ta nhan dugc bai todn

min z = 351 + 5172—453 + 453 -6
v.d.k. 3531 - 5I2+35¢3 - 353 S 11,

21‘1 + 43’:2+6J—33 - 6(?,'3 = 12,
4%y + 9x9—473 + 4%, > 12,
i) S 41

zl) Ta, 5:35 1_;3 ZO
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Cuéi ciong, sau khi bé hing s§ —6 & ham muc tiéu va thém cic bién phu
T4, s, Te > 0 14n luot vdo cic rang budc chinh tht nh4t, thit ba, tht tr coa
bai todn nay ta nhan dugc bai todn quy hoach tuyén tinh dang chinh tic sau

min f’(l‘) = 3:2_31 + 51‘2 - 4573 + 4573

v.dk. 3%, — 5z9 + 373 — 3Z3 + x4 =11,
2% + 4x9 + 673 — 613 =12,

4T, +Oxy — 4T3+ 423 — z; =12,

T + Ig = 4

T, Tg, I3, I3, T4,°T5, Z6 > 0.

Gia s¥r (Z§, a3, T, 25, =5, 5, zg)T A nghi@m 16i vu cta bai toan quy hoach
tuyén tmh chmh tic nay. Khi d6 nghiém t6i wu coa bai todn ban ddu 1A 7Pt =
(x‘;P‘, 257, )T va gid tri t6i wu A f(z?!) = 329 + 5257 — 4z, trong d6
z’ —11—2 1: —z2va:r3'-—a:3 Iy

3.2 Su ton tai nghiém va tinh chit tip nghiém coa quy hoach
tuyén tinh

Xét bai todn quy hoach tuyén tinh tdng quit
min{(c, z) | = € D}, (LP)

trong d6 ¢ € R™ va D C R" 1a t4p 14i da dién khéc rong.

3.2.1 Su ton tai nghiém

Pinh Iy 3.1. Néu tdp nghiém chdp nhdn dugc D khdc réng va bi chan thi bai todn
quy hoach wyén tinh (LP) lubn c6 nghiém 161 wu.

Chimg minh. Theo dinh nghia, tap 161 da dién 12 tip d6ng. Theém tinh bi chin nén
ta c6 D la tAp compac. Ham tuyén tinh 12 ham lién tuc. Theo Dinh Iy Weierstrass
(He qua 2.1) ta c6 diéu phai ching minh. O

Trong trudng hop tap nghiém chdp nhan dugc D khac réng va khong bi chin,
bai todn (LP) c6 thé khong c6 nghiem. Tuy nhién, n€u ham muc tiéu f(z) = (¢, z)
bi chan duéi trén D thi bai todn (L P) luén cé nghiém t6i uu.

Dinh ly 3.2. Néu tdp chdp nhdn duoc D khdc rong va ham muc tiéu f(z) = (c, z)
bi chdn dudi trén D thi bai todn quy hoach tuyén tinh (L P) ludn cé nghiém to1 wu.
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Chuong 3. Quy hoach tuyén tinh 69

Chimg minh. Vi moi quy hoach tuyén tinh déu c6 thé chuyén vé dang chuin tic
hoic chinh tic nén khéng giam téng quat ta gia thiét tap D ¢ dinh (Chi y 3.1).
Theo Dinh Iy biéu dién tap 181 da dién (Pinh 1y 1.7), bit ky z € D déu ¢6 thé duoc

biéu dién duéi dang
N M
T=) A+ pd, (3.1)
i=1 =1

N
/\{_>.0\izls“‘stU-JZO;].:L‘“‘M: ZA\_l

1=1
trong 46 v!, - -, oV la cdc dinh va d',- - ,d™ 13 c4c phuong cuc bién coa D. Do
ham muc tiéu f{x) = (c, ) bi chan dudi trén D nén

(c,dy>0 VYd'. j=1,--,M. (3.2)

That vay, gia st ton tai jo € {1, -, M} sao cho {(c,d’*) < 0. Vi d’ a2 m&t phuong
cuc bién nén A
r+td®eD Vr €D, VI>0

va
(c,z + td®) = (¢, z) + t{c,d”) — —oco khi t — +o0.
Diéu nay mau thuin véi tinh bi chan dudi cia ham f(z) = (c, ) va ching t6 khang
dinh (3.2) 1a dting.
Chon mét dinh v™® cia D sao cho (¢, v"*) = min{{c,2') | i = 1,--- , N}. Theo
(3.1) va (3.2), véi bit ky = € D, ta c6

3 N N

N M
(c,z) & ZMC, ') + ZMC, &) % > hile vy = D Ae,v®) = (e,v).

=1 i=1

Diéu d$ chiing td v* 1a nghiém t6i wu cta bai toan (L P). a

Chi y 3.2. Két luan cua Dinh ly 3.2 néi chung khong con diing d6i véi bai toin
phi tuyén. Vi du:

1) Bai todn
inf{ f(z) = z; | z € D},

trong d6 D = {z € R? | z1z3 > 1, 7y, 7 > 0}, c6 ham muc tiéu la tuyén tinh
va bi chan dudi bdi 0. Tap nghiem chép nhan duge D 1a tap 16i khic rdng nhung
khong phai tap 16i da dién. Day khong phai 1a bai todn quy hoach tuyén tinh va dé
thdy, z = (x,,0)” € D v6i moi z; > 0. Vi th€ bai todn nay khong cé nghiém t6i wu
(Xem Hinh 3.1(a)) v inf f(D) = 0;
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ii) Bai todn
min{ f(z) = e* | z € D},
trong d6 D = {z € R | z < 0}, ¢6 tap ch4p nhan duoc 1a tap 16i da di¢n nhung ham
muc tiéu 13 phi tuy&n va ciing bi chan dudi bdi 0. R rang cling khong tén tai mét
diém z € D 3€ € = 0 vA bai todn nay khong c6 nghiém téi wu (Xem Hinh 3.1(b)),
gid tri t6i wu inf f(D) = 0.

1 \ y f(J:) =e*
1 __//‘—‘
ol 1 P ]‘ T
D
(a) (b)
Hinh 3.1

3.22 Tinh chat tAp nghiém

Pinh 1y 3.3. Néu bai todn quy hoach tuyén tinh (LP) ¢ nghiém t6i wu thi tap
nghiém 161 wu cia né Ia mor dién cua tdp 16V da dién chdp nhdn dugc.

Chimg minh. Nhic lai, tap con 18i khic rdng F' C D duoc goi 1a mét dién cia tap
16i da dién D néu

yz€DvareF, z=My+(1-XN)2, 0<A<1l =yeF z€F
Ky hiéu tap nghiém t6i wu cha bai toan (LP) 13 F. = argmin{{c,z) | z € D}.
Choy,ze€ D,z € F,v6iz =dy+ {1 —A)zva0 < A < 1. Ta phdi ching minh
y€ F,, z€ F,.Giasir {¢,y) > {c,z). Khi d6

(e,z) = Mey,y) + (1= A)e, 2) > Mg, 2) + (1 — A){c, 2) = (¢, 2). (3.3)
Vi z € D va z € F,, arc z 12 mot nghiém t6i vu cia bai todn (L P), nén

(c,z) < (¢, 2). (3.4)
Tir (3.3) va (3.4) suy ra (¢, r) = (¢, 2), hay : € F,. Hon nita ta c6
(e,x) = Me,y) + (1 = A){e, 2) = Me,y) + (1 = A){c, 7).

Do d6 (c,y) = (¢, ) , hay y € F.. Theo dinh nghia, F, 12 mot dién cia D. O
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Hé qua 3.1. Néu mor quy hoach tuyén tinh ¢6 nghiém r6i wu va tdp 16i da dién
rang budc cé dinh thi nghiém 167 wu phdi dat tai it nhdt mét dinh, tiec dat 1ai it nhdt
mgt phuong dan cuc bién.

Chitmg minh. Theo dinh nghia, phuong dn cuc bién chinh 1A mot dinh cta tap 161 da
dién chip nhan dugc cua bai 104n quy hoach tuyén dnh. Hé qua duge suy truc tiép
tir Dinh 1y 3.3 va su kién 1a dinh cha mo6t dién cia mot tap 161 da dién ciing chinh la
dinh cna tap 16i da dien d6 (He qua 1.3). O

Pinh Iy 3.4, Néu =~ la nghiém t6i wu dia phuong cua bai todn quy hoach tuyén
tinh (LP) thi =* ciing la nghiém 161 wu toan cuc.

Chitng minh. Hién nhién ring dinh |y nay 1a moét trudng hop dic biét cha Dinh 1y
2.1. Tuy nhién, d€ ngurdi doc tién theo dbi, & day ta vin trinh bay ching minh truc
1i€p.

Gia sir z* € D 12 nghiém t6i wu dia phuong cia bai todn (L P). Theo dinh nghia,
ton tai mot hinh cAu md B(z*,¢) sao cho

(c,z”) < {e,x) Vz € B(z",e)ND.

Gia su phan ching ring z* khong phai nghiém tSi wu toan cuc cha bai todn (LP).
tic t6n tai T € D théa méan (¢, Z) < (¢, z*). Do D 12 tap 16i da dién nén né chifa ca
doan thing n6i z* va z. Ldy diém z° nim trong doan thing nay va z° € B(z",¢),
e 28 = Ar* + (L= N)Zv6i0 < A< 1.Taco

(0,2% = XMe,2%) + (1= e, 2) < Me™) + (1= X){e,77) = {e.27).

Diéu ndy mau thuin véi tinh cyc ti€u dia phuong cla z* va ching td gid thiét phan
chimg la sai. ([

3.3 Giai bai toan quy hoach tuyén tinh hai bién bing phuong
phap hinh hoc

Xét bai todn quy hoach tuyén tinh hai bién
min{ f(z) = {c,z) | z € D}, (LP?)

trong d6 ¢ = (¢),¢2)T € R?\ {0} va D C R? |2 1ap 16i da dién,

Nhir d3 biét, qua méi diém z = (7;,7,)7 € R? chi c6 duy nh4t mot dudmg mitc
L(e, f) = {zr € R? | {¢,z) = a} cba ham f(z) = (¢, z) v6i mifc & = {c, z). Do
f(z) 12 ham tuyén tinh nén gradient V f(z) = c tai moi z € R? vA ¢ ]a véc to phdp
tuyén ciia moi dudmg muic.

Bai todn (L P?*) ¢6 thé dugc phat biéu theo ngon ngir hinh hoc nhu sau: Trong
s6 cde dwomg mikc cdt tdp D, hdy tim duomg mitc cé gid tri mitc nhd nhdt.
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72 Cdc phuong phdp 161 wu

Thuét toan hinh hoc (Thuat toan 3.1) giai bai todn (L P?) dua trén hai su kién
la:

i) Cac duong mifc cha ham tuyén tinh song song véi nhau;

ii) Gid tri ham f(z) = (c, z) tAng theo hudng véc to gradient V f(x) = ¢ va giam
theo huéng ngwac véc to ¢ (Nhan xét 2.1).
Thuat toan 3.1
Buoc I.  VE tap chip nhan dugec D, véc tg ¢ va dudmg muc L(0, f) = (z €
R2 | (¢, z) = 0} di qua diém g6c 0 va vudng goc Vi c.
Buoc 2. LAy mot di€m bat ky Z € D. VE duong thing L di qua T va song song véi
duong muc L(0, f). (Duong thang L la duomg mirc {z € R? | (¢, z) = (¢, Z)}).

Budc 3. Dich chuyén song song duong mic L theo huéng nguoc véi hudng véc to
c d&n khi viéc dich chuyén tiép theo lam cho dudng mitc khéng con cit D nita thi
dimg. C4c di€ém cha D nim trén dudng miic cudi cung nay la cic nghiém t8i wu cua
bai ton (LP®), con gid tri mac ndy chinh 12 gi 11 61 vu cla bai todn.

Nhan xét 3.1. D¢ giai bai todn quy hoach tuyén tinh hai bién
max{{c, z) | z € D} (LP%

véi D C R? 1a tap 16i da dien khdc réng vA ¢ € R? \ {0}, ta vAn ding Thuat toin
3.1 véi Bude 3 duge thay boi Bude 3' nhur sau:
Bugc 3' : Dich chuyén song song dudng mitc L theo huong véc to ¢ dén khi viec dich
chuyén ti€p theo 1am cho dudng miic khong cdn cit D nira thi dimg. Cic diém cia
D nim trén dubng muc cudi ciing nay la cdc nghiém t6i wu cha bai todn (LP2 ),
cdn gi4 tri mifc nay chinh 12 gi4 tri t6i wu cna bai toan (LPZ ).

Sau diy 13 mot s6 vi du minh hoa cho Thuat toédn 3.1.

Vi du 3.3. X¢ét bai todn quy hoach tuyén tinh

min f(z) = -2z + =y
vdk, —z:+21;<4
Z1+ 23<5
T <4
T1, T3 2> 0.
Téap chdp nhan dugc cla bai todn nay 1a da dién D = conv{v',- . %} véi v =

(0. 0)T,v* = (0, 2)T, v* = (2, ). vi= (4, DT, v = (4, 0)7; hudng cla véc to
c=(=2,1)T; duomg miic Ly va L (di qua mot diém 7 € D) cha ham muc titu [
duoc minh hoa & Hinh 3.2(a).

Theo Thuat todn 3.1, dich chuyén song song dudng miic L theo hudng nguoc véc
to c ta thdy dudng mic cubi cing cha ham f ma cdn cit tAp D 13 dudmg mic di gua
dinh (4,0)7. Vay, bai todn ndy cé mét nghiem t6i i duy nhat 13 dinh (4, 0)7.
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Chuomg 3. Quy hoach tuyin tinh 73
Néu thay ham muc tiéu cva bai toan nay bdi ['(z) = z; — 2z thi ta nhan duoc

tAp nghiém t6i wu 1a ca canh [(0,2)7, (2, 3)T]. Trudng hop nay, bai todn c6 vo s6
nghiém. Ta c6 thé 14y moét nghiém t5i wu dai dién 1a dinh (0,2)7 (Xem Hinh 3.2(b)).

xp Ty

N

2
ol . 4 5 \z1

. S}
o1l

(a) (b)
Hinh 3.2. (a} - Bai todn c6 duy nhat nghiém; (b) - Bai todn cé v6 s6 nghiém.

Vi du 3.4. Xét bai todn quy hoach tuyén tinh

min f(z) = z1+ =,
v.d k. T + 2.’82 2 2
—I + 2.’132 < 4
Ty, T > 0.

Cic thong tin vé bai todn nay nhu tap chip nhan duge, huéng cla véc o muc
tieu ¢ = (1,1)7, duong mirc Ly va duong mic L di qua diém T € D dugc minh hoa
& Hinh 3.3(a). Tap chap nhian duoc ciia bai todn 1a khong bi chin. Theo Thuat toin
3.1, ta thdy bai todn c6 nghiém t6i wu duy nhét 1a z* = (0, 1)7.

Néu thay ham muc ti¢u cua bai todn nay boi f'(z) = —z, — z, thi bai todn vé
nghiém, ham muc tiéu giam vé han trén tAp phuong an (Xem Hinh 3.3(b)).

Vidu 3.5. Xét bai todn quy hoach tuyén tinh

min f(z) = 2z; — 3z
v.dk. —2x; + 3z, <6
21?1 - 31‘2 < 6.

Tap nghiém t6i wu cta bai todn 1a ca dudng thang (xem Hinh 3.4(a)) xdc dinh
bdi phuong trinh
—21, + 31, = 6.

Néu thay ham muc tiéu cia bai todn nay bdi f'(z) = z;+ 2> thi bii todn vo nghiém,
ham muc tiéu giam v6 han trén tap phuong 4n (xem Hinh 3.4(b)).
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74 Cdc phuong phdp t6i uu

A

Sl s

(a) (b)

Hinh 3.4. (a) - Tdp nghié¢m t61 uu la cd duomg thdng; (b) - Bdi todn vo nghiém

Nhan xét. Qua cic vi du trén ta thdy:

i) Néu tap ch4p nhan duoc kh4c rdng vi bi chan thi chéic chdn quy hoach tuyén
tinh c6 nghiém t6i wu;

ii) N&u quy hoach tuyén tinh c6 nghiém t6i wu va tap chdp nhan duoc D cé dinh
thi nghiém t6i wu dat trén it nhdt mot dinh cia D (Vi du 3.3 va 3.4);

iii) Trudng hop bai toan khong c6 nghiém t8i wu va tap chdp nhan duoc khic
rbng, ta c6 ham muc tiéu khong bi chan dudi trén D (Vi du 3.4);

iv) Néu tap chdp nhan dugec D khong c6 dinh thi quy hoach tuyén tinh ¢6 thé
khong c¢6 nghiém hoac c6 nghiém. Trudmg hop c¢6 nghiém thi nghiém t61 vu khéng
phai 1 dinh (Vi du 3.5).
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Chuong 3. Quy hoach tuyén tinh 75

3.4 Phuong phap don hinh gidi quy hoach tuyén tinh dang chinh
tic

Nhu d3 bi€t, phuong phip don hinh gidi quy hoach tuyé&n tinh do G.B. Danzig dé
xudt vao nam 1947. Mac di, vé mat 1y thuyét, thuat todn don hinh ¢6 d6 phic tap
mil (xem vi du cda Klee-Minty [20]) va cho d€n nay, da c6 nhiéu thuat todn véi
do phic tap da thic dé giai quy hoach tuyén tinh nhu thuat todn elipsoid [17) clia
Khachiyan®(1979), thuat todn diém trong [15] cia Karmarkar* (1984), nhung trong
thuc &, don hinh vin 12 phuong phdp duge sir dung nhiéu nhat trong viéc giai céc
bai toan quy hoach tuyén tinh. Theo bdo SIAM (5/2000), thuat toan don hinh dugc
dinh gid 12 m6t trong mudi thuat todn c6 dnh huémg nhét trong su phat trién va img
dung cia khoa hoc ky thuat trong thé ky 20.

Vi moi quy hoach tuyén tinh déu c6 thé chuyén vé dang chinh tic (Muc 3.1.3)
nén, khong gidm téng quat, muc ndy s& trinh by thuit todn don hinh gidi quy hoach
tuyén tinh dang chinh tic. Ban doc quan tAm dén céc thuat todn khic gidi quy hoach
tuyén tinh nhu: phuong phdp don hinh d6i ngiu, phuong phép don hinh cai bién,
phuong phdp g6¢c - d6i ngav va cdc phuong phap diém trong ... ¢6 thé tham khao
trong [2], [8), [15], {16}, [17], [19], [33], [36] va [39].

Xét bai toan quy hoach tuyén tinh chinh tic
min{({c, z) | ¢ € D}, (LP)
trong d6 ¢ € R™\ {0} va D C R" 12 tap 161 da dién x4c dinh boi
Az =b, >0, (3.5)

Vii Alamatdncipm xn, m<nvab= (b, - ,by)T >0.

K&t qui sau cho phép ta xét bai todn (LP) véi gia thiét ring: Ma tran A ¢6
rank A = m, titc m véc to hang cua A 1a doc 14p tuyén tinh.

Dinh 1y 3.5. Cho tdp 16i da dién khdc rong D = {z | Az = b, = > 0}, trong dé
A ld ma trén cdp m x n véi cdc hang al,-- - | a™. Gid sit rdng rankA = k < m va
cdc hang a¥, - - - , o' déc ldp tuyén tinh. Khi dé D = D', trong dé D’ 1a tdp 16i da
dién xdc dinh boi

D' ={z|(a" z)=b;, - ,{a*, z)=b,,z >0}

YLeonid G. KHACHIYAN (3/5/1952 - 29/4/2005): Nha to4n hoc Nga. Ong néi tigng vt 12 ngudi ddu tien
(1979) x8y dung dugc mot thuit todn of dd phifc tap da thife (thuat todn elipsoid) dé gidi bii todn quy hoach
tuyén tinh. Mac dd thujt todn khong ¢4 nhidu ¥ nghia ving dung W1 né tinh todn rit nhanh so véi thuat todn don
hinh trong tnidng hgp x4u nh4t nhung lai r&t cham khi gidi cAc M todn ndy sinh tiy thuc € namg phét minh ndy
di gidp cic nhi todn hoc vimg tAm trong viéc x4y dung cac thuat todn da thic khic.

#Narendra KARMARKAR (sinh nam 1957): Nha toan hoc An DY da dua ra phuong phap didm trong giai
quy hoach tuyé&n tinh.
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76 Cdc phuong phdp 16f uu

Chimg minh. D€ don gian viéc trinh bay, gid strdng i) = 1,-- - , %, = k, tirc k véc
t¢ hang dau tién cia ma tran A doc 1ap tuyén tinh.

Hién nhién radng D C D’ vi bit k¥ diém nao thuéc D ciing thoa man hét cac rang
budc ciia D', Ta chi c¢dn chimg minh D' C D.

VirankA = & nén khéng gian sinh boi & véc to hang a',--- ,a* c6 thit nguyén
1A kvacosa{a',---,a"}. Do d6, mbi véc to hang @' cia A déu c6 thé bicu dién La
16 hop tuyén tinh cia a!, - - -, a*.

k
a' = Z/\,Jaj, véi A, €ER.
j=1
Véhz € Dtaco
| k
b= (a',z) = Z/\MGJ,I) = ZAiijs =1 ,m
5=1

J=1

Bay gid, ta xét mot diém bat ky y € D', Ta s& chi ra ring y € D. That vay, v§i bit
kychiséi€ {1,--- ,m}, tacé

- k
o =Sl = Ay =
=1 i=1
cmimgtoy e DvaD C D. -
Vi du 3.6. Xét t4p 16) da dién khdc rong xac dinh boi he

I, + 2y =1
r+ 2z + 13=2
In+r3=1

Iy, Ty, r3 2 0.

Dé thdy ma tran 4 tuong ung véi hé nay ¢6 rankA = 2 vi véc to hang thir nhat
déc 1ap tuyén tinh vdi véc to hang thit ba, nhung véc to hang thit hai 13 t6ng cha véc
to hang thit nhat va thi ba. Do d6, ta c6 thé bd rang budc chinh thit hai ma khong
1am thay déi tap 16i da dién D dang xét.

Phuong phip don hinh cta Dantzig giai bai todn quy hoach tuyén tinh dua trén
hai su kién sau:

i) Néu bai todn (L P7) c6 nghiém t6i wu thi nghiém t6i wu phai dat trén it nhét
m6t dinh cua tap 16i da dien chdp nhan duoc D (He qua 3.1);

ii) Nghiém t6i wu dia phuong cta bai todn (L P*") 1a nghiém t8i vu toan cuc (Dinh
1y 3.4).



Chuong 3. Quy hoach tuyén tinh

3.4.1 Mo ta hinh hoc cua phuong phip don hinh

Thuét todn don hinh xu4t phét tir mét dinh z° € D. Tai dinh z° chi ¢6 mét trong ba
tredng hgp sau cé thé xay ra:

i) Trén moi canh cha t4p nghiém chdp nhan duge xuit phat tir £° gid tri ham
muc tien déu khong giam. Khi d6 z° 12 nghiém t6i wu toan cuc cta (LP) (Bai tap)
(xemm Hinh 3.5(a));

ii) Moi canh xudt phét tir z°, theo d6 gid 1 ham muc tiéu giam, déu 1a canh
hitu han. Di theo mét canh nhu the, ta s& d¢n mot dinh z! € véi 2% ma

{c,z") < {c,x%.
Gan «° := x! va lap lai qu4 trinh tinh toan véi dinh z° méi (xem Hinh 3.5(b));

iil) C6 mot canh vo han xuét phét tir z°, theo d6 gid tri ham muc tiéu giam. Khi
d6 gid tri ham muc tieu s€ hén dé€n —oo theo canh nay va bai todn khéng c6 nghiém
t61 wmu (xem Hinh 3.5(c)).

(@) (b) ©

Hinh 3.5

3.4.2 Co s ly thuyét cia phuong phip don hinh

a. Phuong an cuc bién

Do quy hoach tuyén tinh chinh tic dat nghiem 6i vu tai it nhat moét phuong én
cuc bién nén ta quan tAm dén céc tinh chat cia né.

Xét tap nghiém chip nhan duge D (xdc dinh bdi (3.5)) cba quy hoach tuyén tinh
chinh tic (LP*). Ky hiéu A; 1A cot tht j chamatran 4, j = 1, -- ,n. Khi dé hé
(3.5) duoc viét duéi dang véc to nhu sau

A].Zl +A2I2++ AnIn = b, z, Z 0,_} = 1, s 1. (36)

Xét miot phuong 4n chdp nhan duge 20 = (19,23, .-+ ,28)T € D, tic z° thoa
min (3.6). Ky hiéu

J(z%) = {j€{1,--,n}| > 0}.
Sau day 13 diéu kién c4n va di d€ z° 12 phuong 4n cuc bién.

71
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78 Cdc phuong phdp t3i uu
Dinh Iy 3.6. Phwong dn chdp nhdn dwoc x° € D la phuong dn cuc bién khi va chi
khi cdc véc to {A; | j € J(z®)} déc ldp tuyén tinh.

Chimg minh. Khoéng gidm téng quat, c6 thé gia thiét ring J(z°) = {1, - , k}, tic
2% =(af,---,20,0,---,0)" v6i ) >0v6imoij=1,--- k.

(=) Gia sir z° € D la phuong 4n cuc bién. Ta c6

n k
=1 j=1

Gia thiét phan ching ring cac véc to Aj, - - -, Ax phu thuoc tuyén tinh, Theo dinh
nghia, tén tai mot t6 hgp tuyén tinh clhia cdc véc to ndy bing véc to 0, tic

d1A1+"'+dkAk:0,

trongdéd; e Rvéij=1,-- ;kvacoitnhdt mét he¢ s6 d; # 0. Véimoit > 0ta
luén c6

Tir (3.7) va (3.8) suy ra
(17? - tdl)Al + o0+ (332 - tdk)Ak = b,

(29 + td)) Ay + --- + (2% + td ) Ap = b,
hay
Ay=1>b va Az =,
trong d6
y= (2 —tdy, - 20 — tdy,0,--- ,0)T € R"
zz(x?—l-tdl,--- ,zg—l—tdk,O,-A- ,O)TEIR".

Viz) > 0v6imeij=1,- -, knéncéthé chont > 0 dil nhé sao cho k thanh phin
ddu cta y va z khong am, tdc y > 0va z > 0. Dodé y,2 € D va y # 2. Hon nira,
dé thdy ring z° = 1y + 32, titc z° 1a t3 hop 16i chat ctia hai diém phan biét thu6c
D. Piéu nay mau thuin véi gia thiét z° 13 phuong 4n curc bién cha D. VAay céc véc
to A;,---, A phai doc 1ap tuyén tinh.

(< ) Bay gi0 ta gia sir cac véc to Ay, -, Ay doc 1ap tuyén tinh. Gia thiét phan
chimg ring z° khong phai phuong 4n cuc bién, tic ton tai y, z € D, y # z sao cho

O=dy+(1-Nz, 0<A<1. (3.9)

Két hop (3.9) v6i sukién y > 0,2z > 0 vA (n — k) thanh phan cuéi cha z° déu bing
0ta c6 (n — k) thanh phin cu6i chia y va 2 ciing phai bing 0. Viy, z € D nén


DELL 7490
Highlight


Chuong 3. Quy hoach tuyén tinh 79

yl‘41+“'+ykAk=b,
2 AL+ A =b

Do cdc véc to Ay, - -+ , Ax d6c Mp myén tinh nén chi ¢ duy nhit mot bidu dién cha
b qua ching. Vi vay y;, = z, v6imoi j = 1,--- | k, ttic ¥ = z. Diéu ndy mau thun
véi gia thiét phan chimg 12 y # z va chimg t 20 phai 12 phuong 4n cyc bien. [

Theo Dinh 1§ 3.6, mét véc to z° € R™ 1a phuong 4n cuc bién cba bai toan quy
hoach tuyén tinh (L P**) néu né thdéa man déng thoi hai didu ki¢n sau:

i) z° € D (tic z° ¢6 thod man he (3.6));

ii) Cdc véc to {A, | j € J(z°)} 1a doc lap tuyén tinh.

Vi du 3.7. Cho bi toan quy hoach tuyén tinh dang chinh tic véi tap ring budc dugc
xac dinh bdi he

Ty + 2x9 — I3 =2
—I1 + 212 + x4 =4
ol +I5=0
- Ty, To, 2520

va cdc véc to ! = (0,2,2,0,5)7, 22 = (1,1,1,3,4)T va 2% = (2,0,0,6,5)7. Can
x4c dinh xem céc véc to d6 c6 phii 1a phuong 4n cuc bién cba bai todn da cho khong?

Gidi. o Xét ' = (0,2,2,0,5)7T. DE thdy z' 13 mét phwong 4n chap nhan duge vi
né théba man moi rang budc cua bai todn. Ta cé

J(£')={je{1,---,5} | 7} >0} = {2,3,5}

va ba véc to
2 -1 0
AQ = 2 y AJ = 0 y A5 =
0 0 ' 1

doc 14p tuyén tinh. Vay z' 1a mot phuong 4n cuc bién cia bai todn dang xét.

o Xétz? = (1,1,1,3,4)%. Ta ciing c6 z? 1A mét phuong 4n chdp nhan duge vé6i
J{z?) = {1,2,3,4,5}. Nhung hién nhién 12 nam véc to A;, -, As € R3 1a phu
thuoce tuyén tinh, Vay z? khéng phii 13 phuong 4n cuc bién cla bai to4n.

o Xét z® = (2,0,0,6,5)T. Vi z° vi pham ring budc chinh thit ba cha bai todn

nén né khong 13 phuong dn chap nhan duge. Do 46 z3 cbng khong phii 14 phuong
dn cyc bién clia bai todn.

Sau day 1a cdc hé qua tnyc tiép cia Dinh ly 3.6.
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80 Cdc phwong phdp t6i wu

Hé qua 3.2. S6 thanh phdn duong trong méi phuong dn cuc bién cua bai rodn quy
hoach tuyén tinh chinh tdc khong vuot qud m.

Chimg minh. Vi A 1a ma tran c4p m x n va rankA = m nén s6 véc ta cot doc lap
tuyén tinh ctia A khong thé vuot qua m. Két lugn ctia HE qua duge suy ra tnuc tiép
tr Dinh 1y 3.6. 0

Hé qua 3.3. S phuong dn cuc bién cua bai todn quy hoach tuyén tinh dang chinh
tdc g hitu han.

Chimg minh. Theo Dinh 1y 3.6, mbi phuong 4n cuc bién cha bai todn tuong ng
véi k < m véc to doc lap tuyén tinh cia A va k véc to doc 1ap tuyén tinh cia A
xdc dinh nhiéu nhit mét phuong dn cuc bién. Vi ma tran A ¢6 n c6t nén s§ hé gém
k véc to cot cia A 1a CF. Vay s6 phuong 4n cuc bien cha bai toin khéng 16n hon
Sl Ch =2 s

Nhan xét 3.2. Két hop He qua 3.2 va dinh nghia phuong 4n cuc bién suy ra: phuong
4n cuc bién z° cla bai todn quy hoach tuyén tinh chinh tic (LP) 1a phuong du
cuc bién khéng suy bién néu né c6 diing m thanh phdn duong, tic |J(z°)} = m va
phuong 4n cuc bién z° \a phuong dn cuc bién suy bién néu né c6 it hon m thanh
phdn duong, e |J(z%)] < m.

Bai to4dn quy hoach tuyén tinb (L P) duge goi 1A khdng suy bién néu tat ca cic
phuong an cuc bién cua tap chip nhan duoc 1a khong suy bién, duge goi 1a suy bién
néu ¢6 it nhat mot phuong 4n cuc bign suy bién.

Vi du 3.8. Xét quy hoach tuyén tinh cé tap chdp nhan duoc la tap nghiém cila hé
sau

3z, +4x5+ 18z3 = 10
Ty — To + 3= 1
r; 20, 7=12,3.

Tacén =3 vam = 2 D& thdy v' = (2,1,0)T va v = (0,0, 1)7 12 hai phuong 4n
cuc bién clia bai todn nay. Vi

J") = {7 €{1,2,3) | v} >0} ={1,2}

c6 s6 phan tir |J(v')] = 2 = m nén ! Ia phuong 4n cuc bién khéng suy hieén. Con
v 12 phuong 4n cuc bién suy bién do

J(*) ={5 €{1,2,3} | v} > 0} = {3}

6 s6 phin tir |J(v?)] = 1 < m. Bai todn niy la bai todn quy hoach tuyén tinh suy
bi&n.
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Chuong 3. Quy hoach tuyén tinh

Nhan xét 3.3. V& bai todn quy hoach tuyén tinh c6 s6 rang buéc m va s6 bién n
nhd, theo Dinh 1y 3.6 ta c6 thé€ xdc dinh duoc t4t ca cac phuong 4n cuc bién cua
bai toan dé. Vi nghiém t6i wu cua bai todn quy hoach tuyén tinh dat tai it nh&t mot
phuang 4n cuc bien (Hé qua 3.1) nén néu thém gia thi€t 1a tAp chdp nhan duoc bj
chan, tc né 1a da dién 16i, thi ta c6 thé tim nghiém t6i uu cha bai toan bing cich so
sdnh gid tri cha hAm muc tiéu tai cdc phuong 4n cuc bién vira tim dugc.

Vi du 3.9. Xidc dinh tét ca cac phuong 4n cuc bién cia bai todn quy hoach tuyén
tinh véi tAp chdp nhan dugc xdc dinh boi he

171+’-11'2 - IE3=3
ory + 23,'2 + 313 =4
7,20, ;=123

Gidi. Bai todn ndy ¢6 n = 3 bi€n va 7n = 2 rang budéc chinh.
o Xdc dinh cdc phuong dn cuc bién khong suy bién: Theo dinh nghia, mét phuong
an cuc bién khong suy bién cé diing m = 2 thanh phdn duong. Vi vay, tir hé trén ta
co

-Néuz, =0thiz, = 3. ra=32vaz' = (0,8 2)7 1a mot phuong 4n chap
nhan duoc; .

- Néu z; = 0 thi hé trén vo nghiém;

-Né,l.ll';q =Ot.hi$1 Z%, I2=%V\3I
nhan dugc.
Vi J(z') = {2,3} va hai véc to A, = (4,2)T va A3 = (—1,3)7 doc lap tuyén tinh
nén r! 1a phuong 4n cuc bién khéng suy bién. Twong tu, =2 ciing 1a phuong 4n cuc
bién khong suy bién vi J(z?) = {1,2} va hai véc to A, = (1,5)7; A, = (4,2)7
déc 1ap tuy€n tinh.

1.

2

(2.2,0)T 1a mét phuong 4n chap

o Xdc dinh cdc phuong dn cuc bién suy bién: Mot phuong an cyc bién khong suy
bi€n c6 it hon m = 2 thanh phén duong, titc né phai ¢6 it nhat n — m + 1 = 2 thanh
phén bing 0. DE th4y bai to4dn n2y khong c6 phuong 4n cuc bién suy bi€n. Vi vay,
né 1a bai todn quy hoach tuyén tinh khong suy bién.

b. Diéu kién ti vu
Ta dang xé1 bai toin quy hoach tuyén tinh chinh tic

min{(c,z) | z € D}, (LPY)
trong d6 ¢ € R™ \ {0}, va 14p ch4p nhan dugc
D={zec R"| Az = b,z > 0},

trong dé b = (by, - .bw)T >0, A la ma tran cdp m X n v6i cdc cdt Ay, - | A,
rankA =mvam < n.

81


DELL 7490
Highlight

DELL 7490
Highlight


82 Cdc phuong phdp t61 uu

Dinh nghia. Mot bo g6m m véc tacot ddc Jap tuyén tinh B = {A, , Aj,,- -+ A4,,.}
cua ma tran A ¢dp m x n ¢6 rankA = m duge goi 1a mot co s clia ma tran A.

Cho z° = (2%, - ,2%)7 12 mot phuong 4n cuc bién cha bai todn (LP<). Theo
Dinh ly 3.6, c4c véc to {4, | j € J(z°)} déc lap tuyén tinh. Vi rankA = m nén:

o Néu z° 1a phuong 4n cuc bién khéng suy bign, tic |J(z%)] = m, thi B =
{4, | j € J(z°)} 12 co s& duy nhit cha A tuong img v6i z°.

o Néu z° 14 phuwong 4n cuc bién suy bi€n, tie |J(z%)| < m, thi ta bd sung thém
cic véc to cot cia A thude tap {A; | j ¢ J(z°)) vao bo véc to {4, | j € J(=")} dé
nhan duge b6 m véc to doc 1ap tuyén tinh {4; | j € J} v6i J D J(z°) va |J| = m.
Khidé, B = {4; | y € J} 1amot co sd ciia ma tran A. DE thdy, img v6i mot phuong
4n cuc bién suy bién z° c6 thé c6 nhiéu co s clia A. Day chinh 12 1y do 1am cho
thuat todn gidi quy hoach tuyén tinh tré nén phiic tap khi xudt hién cic phuong 4n
cuc bién suy bién.

Vi du 3.10. Xét quy hoach tuyén tinh nhu & Vi du 3.8, Ta 44 biét v! = (2, {,0)7,
véi J(v!) = {1,2}, 12 phuong 4n circ bién khong suy bién nén c6 duy nhit mét co
s& twong tmg véi n6 1a {A,, Az} = {(3, 17, (4, -1)T}.

Phuong 4n cuc bién suy bién v? = (0,0, 1)7 c6 tap J(v?) = {3} chi c6 mot phan
tr (1 < m = 2) nén ta bd sung thém mot véc to cot cha A dé nhan duoc co s& cha
A tuong ing v6i v2. DE thiy twong tmg véi v? c6 hai co si 1a:

i) Co s B = {41, 45} = {(3,1)7, (10, )7} ;
ii) Co 58 B2 = {Ay, As} = {(4, ~1)T,(10, )7} .

Bay gid, d€ don gidn viec trinh by, ta xét bai todn quy hoach tuyén tinh chinh
thc (LP) véi gia thiet them ring: Bai todn (LP®) la khong suy bién va biét trucc
mot phuong dn cuc bién cua bdi todn nay. Cach xic dinh moét phuong dn cuc bién
xust phat duoc trinh bdy & Muc 3.5. Chd ¥ 3.6 s& chi rd déu hiéu nhan biét va cich
khic phuc khi gap phdi cdc phuong 4n curc bién suy bien.

Gia sir ta da biét phuong 4n cuc bién khong suy bién z° = (29, 28, -, )7
c6 |J(z°)| = m. He cdc véc to doc 1ap tuyén tinh {A; | j € J(z°)} 1a co s& duy
nh4t cla ma tran A4 twong img véi z°. Ta goi:

J(z°) = {j | 2§ > 0} 1atdp chi s6'co sd,

{1,-- ,n}\ J(z°) 1a tdp chi s6 phi co 50,

{zj| 1€ J(=} 1a céc bién co sa,
{A;]7€J(=%} 12 cic véc to co 9,
{z; 7 ¢ J(x®} 14 cic bién phi co s,

{A; 17 ¢ J(E0) 12 céc véc to phi co sd.
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Chuong 3. Quy hoach tuyén tinh

Do {A;]j € J(z°)} 1a co 50 cha ma tran A nén méi véc to cot Ax, k € {1,2,--- ,n},
duge biéu dién dué dang

A=) zpAj, (3.10)
1€J(=9)
nhic Z aiJkaza{k) lzl! » TR
1€J(x9)

vabo s8 thue 2,x, j € J(x°) 1a duge xdc dinh duy nht. Vi 22 = 0 véimoi j ¢ J(z°)
nén

83

Y 234 =0 (3.11)
JjeJ(z9)
Gi4 tri hAm muc tiéu tai z° 12
f@) = (e = ale= Y ol (3.12)
j=1 JEJ(29)
Dai lugng
Ay = Z zjkC; — ¢k, k€ {1,2,--- ,n}, (3.13)

J€J(=0)
duoc goi 12 uoc Iuong cua bién zi.
Nhan xét 3.4. D& chimg minh duge ring Ay =0 véi moi k € J{z°) (Bai tap).

Ky hieu: B 1a ma tran c6 cdc oot 1a cic véc to {A4,, j € J(z°)},
Zp, 12 véc tocot c6 cée thanh phin 1A 25, j € J(29),
Cp 1 véc to hang c6 c4c thanh phdn 1a ¢,, j € J(z°),
Xp 12 véc tocotcod cic thanh phdn 1a 25, j € J(2°).

Khi d6 céc céng thic (3.10) — (3.13) duge viét lai duéi dang ma tran nhu sau

A= BZB,: = ZB;, = B_lAk, (310’)
BXg=b = Xz=B"b (3.11))
f(z%) = CpXp, (3.12)
va
Ay =CpZp, —Ck=CBB_1Ak—Ck. (3.13')

Nhu vay, cac dai lugng 2;x, {z;,7 € J(2°)} va Ax déu duge tinh thong qua ma tran
nghich ¢ddo B~!. Trong nhiéu viéc tinh todn, cich bi€u dién nay rét tién loi.

Sau day 12 diéu kien di dé phuong 4n cuc bien z° 12 phuong 4n t6i wu cha bai
todn (LP?).


DELL 7490
Highlight

DELL 7490
Highlight


a4 Cdc phuong phidp 161 uu
Dinh Iy 3.7. Néu phuong dn cuc bién x° théa man
Ay <0 vdi moi k & J(z°)

thi z° la mor phuong an 163 wu ciia bai todn quy hoach tuvén tinh chinh tdc {LP).

Chimg minh. Vi phuong an cuc bién 2° = (29,--+ ,22)T ¢6 22 = 0 véi moi k ¢
J(z%) nén
f(.’l;o) = (C. .TD) = Z CJ'CII?
jeJ (=)
va
b= Y zl4; (3.14)

JES(29)

D€ chimg tb z° 12 phuong 4n 61 uu, v6i phuong dn chdp nhan duoc bat ky y € D,

ta s€ chimg minh ring
f(z) = (e,2%) < f(y) = (e, ).

That vay, vi ¥ € D nén

=S nd, = 5 uAt Y nA
i=1

jeJ(x%) kgJ(z0)
(3.10)
Ty A+Zyk(ZkaA)
JjEJ(29) kgJ(x®) jeJ(z)
= Z (yj+ Z yijk)Aj. . (3]5
JEJ(2°) kg J(z0)

Do phép biéu difn b qua co s& 1a duy nh4t nén tir (3.14) va (3.15) ta ¢6

=y + Y ez Vi€ J(@0).
k& J(z0)

Suy ra
y,- = .’II‘? — Z ykzjk, Vj S J(IO) (316)

k@ J(z0)

)
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Chuong 3. Quy hoach tuyéh tinh
va
fy) = z ¢iy; + z CrYk
jeJ(z9) kgJ(z0)
EDINICEIDY
= Z; YeZjk | + z CkYk
jed(2®) kgJ(z0) kg J(z0)
S o 3 (8 am-a)
jeJ(z0) kgJ(z%) eJ(z")
313
i - Y A (3.17)
k@J(z°)

Theo gia thigt Ay < 0v6imoi k ¢ J(2°) vayy > 0 v6imoi k = 1,---,n nén
> kgs(z0) Dryr < 0. Do d6 f(y) > f(z°). Ta c6 didu phai ching minh. O

Heé qua 3.4. Gid siz 1° la phuong dn t6i uu cia bai todn quy hoach tuyén tinh (LP%).
Néu Ay < 0 voi moi k & J(z°) thi z° 1a phuong dn 161 wu duy nhdt. Nguoc lai, néu
t6n tai k & J(x°) sao cho Ay = 0 thi z° khong phdi la phuong dn t6i wu duy nhadt.

Chimg minh. Gia st z° 1a phuong 4n t6i wu thda man A, < 0 véi moi k ¢ J(z0).
Khi dé z° 12 phuong 4n t6i wu duy nhat cla bai todn (LP<). That vay, gia thi€t phan
chimg riing z° khéng phai phuong dn t6i wu duy nhét, tic bai toan (LP%) c6 thém
it nh4t mo6t phuong 4n t6i wu z! # 2° Ta ¢6

fe') = f(°). (3.18)
Theo (3.17) trong ching minh Dinh 1y 3.7, vi z! 13 phuong 4n chdp nhan duge nén
f@) =)~ Y Az (3.19)

kg J(z0)

Két hop (3.18) va (3.19) suy ra
z Akzi =0
kgJ(z9)

Do Ay < 0vazi > 0 véi moi k ¢ J(2°) nén phai c6 z}. = 0 véi moi k ¢ J(z7).
Vi z° va 2! déu 1a cdc phuong 4n ch4p nhan dugc nén

Xn: 34, = i z,) A,
j=1 i=1
hay

z A, = Z z) A;.

7€J(=z0) j€J (=0

85
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86 Cdc phuong phdp 161 wu

Do {A;,j € J(z°)} 1a co s& nén phai c6 5 = z; véimoi j € J(2°). Vay, z; = =0
v6imoi j =1, - .nhay 2% = z'.
biéu ngugce 1ai 1a hién nhién. 0

Dinh 1y sau day cho 1a biét d€u hiéu bai todn khong c6 10 gidi hoac tir phuong
dn cyc bién z° c6 thé chuyén dén phuong 4n cuc bién méi t6t hon.

Dinh 1y 3.8, Cho 29 la mot phwong dn cuc bién cua bai todn quy hoach tuyén tinh
chinh tac (LP%). Khi dé,
i) Néu ton tai k ¢ J(r°) sao cho

Ay >0 V()ZJkSO VjEJ(IIIO)

thi ham muc tiéu gidm v6 han trén tdp chdp nhdn duoc va bai todn khéng c6 loi giai;
ii) Néu t6n tai k ¢ J(z°) sao cho

A >0 va 3j € J(z°) sao cho zjx > 0 (3.20)

thi ta co thé chuyén duoc 16 phwong dn cuc bién ' t6t hon phuong dn cuc bién z°
nghia la {c, z') < {c, z°).

Chiing minh. Xét chi s6 k ¢ J(z°) sao cho Ay > 0. Ta c6

Xn:x?AJ = Z z‘}AJ- =b (3.21)

J=1 jeJ(z%)

Y zAi=A =) OzjpA; =04 v6i 6> 0. (3.22)

j€J(°) 3€J(z0)
Trir (3.21) cho (3.22) va chuyén v& 64, ta ducc

D (2] - 624)A; + 04, = b, (3.23)
€%
Dat z* = (2F,- -+, 20T, véi
~ Zjk, vj € J(z®)
2 = 0, JgJE)vai#k (3.24)
1, j=k

va
Z(0) = ° + 82~
Khi d6 (3.23) c6 thé vi€t duoc dudi dang

AZ(8) = b. (3.25)
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Chuong 3. Quy hoach tuyén tinh
Ta xét hai truong hop:
o Truong hop 1: C6 z,x < 0 véi moi j € J(z°). Trong truomg hop nay
Z(6) =1+ 6z >0, V8 > 0. (3.26)

Hé thuc (3.25) va (3.26) ching O t4t ca cdc diém Z(#), v6i 6 > 0, ndm trén tia xvit
phit tir z° theo huéng 2* déu thubc 1ap chdp nhan duge. Do Ay > 0, tinh todn tnrc
tiép ta cé

fEB) = D (25— 0zn)e, + bex

j€J(z0)
= Z z?cj—ﬁ( Z ZJ'kCJ'_CI;)
jEJ (=) JEJ(20)

= (¢, 2% ~ 02, = f(2°) — 62 — —o0 khi B — +0o,

tirc gid tri ham muc tiéu gidm vo han trén tip phuong 4n. Bai todn khéng cé nghiém
t61 .

o Truomg hop 2: Tdn tai zj, > 0 voi it nhdt mot j € J(z%). RS rang ring, trong
trudng hop nay ta khéng ¢6 £(0) > 0 véi moi § > 0. Tuy nhién, ta vin c6 he thirc
(3.25) va Ay > 0 nén

f(Z(9)) = f(z%) — A, < f(z%) véimbi @ > 0. (3.27)
Vin 4 12 c4n chon s6 6 > 0 d€ Z(6,) > O, nic Z() 1a phuong 4n chdp nhan dugc,
va hon nira né cdn phai 12 phuong 4n cue bien ké véi z° theo hudng z*.
bat
0
6o = min {I—J

ZJk

0
Zik > Q, ] € J(:IZO)} = :_r Vair € J(IU). (328)
rk
Viz(8) = z2°+8:* nén 2(A) > 0v6i 0 < 6 < ;. K&t hop sy kitn ndy véi (3.25)
ta ¢6 céc véc to Z(0) véi 0 < 6 < 6, 1a cic phuong 4n chip nhan dugce cia bai todn
(LP%). Cu thé, ching thudc canh hitu han cia tap chdp nhan dugc xudt phét tir 2°
theo huéng z*. Pat 2! := z(8,). Cdc toa d6 cha z! duge x4c dinh béi

ZB? - 002jk, V] € J(ZO)
x; = 0, VigJ®)vaj#k
00, J - k

Két hop cong thite trén vA (3.28) ta ¢6
I,l.=l'2—902rk=0 va $t=00>0.
Ky hin J(z') = {j € {1,--+ ,n} | zj > 0}. D& thdy J(z') = (J(°) \ {r}) U {k}

va |J(z1)] = |J(z%)| = m. CS thé kiém tra duogc hé {A; | j € J(z')} doc 1ap tuyén
tinh. Theo Dinh 1y 3.6, ta ¢6 2! 1 phitong 4n cuc bien vé6i bo chi s6 co sé J(z'). O

87



RB Cdc phuong phap 61 uu

Cha § 33. Tir ching minh Dinh 1y 3.8 ta thdy, néu tn tai chi s6 k ¢ J(z°) sao
cho (3.20) théa man thi ta ¢6 thé chuyén dugc dén phuong an cuc bién méi z! 6t
hon z°. Khi dé, bién z,, (bi€n phi co sd dsi véi z°) trd thanh bién co s& d6i v 1!
va bi¢n 7, (bi€n co s& d6i véi 2°) trd thanh bién phi co sd d6i véi z!. Hai phuong dn
cuc bién z° va z! ké nhau néu co s cua ching chi sai khdc nhau ding mét véc to.

Khi c6 nhiéu chi s6 & ¢ J(z") ma (3.20) dugc thda mian thi, v& nguyén tic, ta
c6 thé chon mot chi s6 & thy ¥ trong s6 d6 déu c6 thé cai thién duge gia tri ham
muc tiéu. V&i mbi chi s6 & nhur vay, theo (3.27), gid tri hAm muc tiéu tai phuong dn
cuc bien méi giam mot lugng so véi gis tri ham muc tiéu tai 2° 13 8y A, trong dé 6
duoc xdc dinh ¢ (3.28). Nhu vay mirc 46 giam gid tri ham muc tiéu tai phuong dn
cuc bien méi phu thudc vao ca 6y va Ax. V6i mong mudn chon duge chi s k sao
cho gid tri A, 16n nhat c6 thé (tic gia tri ham muc tiéu gidm duge nhidu nhat) va
dé don gian trong tinh todn, ngudi ta thudng chon chi s6 k& = s v6i s Ja chi s6 thoa
man

A; = max{Ag | &p > 0}.

Ta goi s 1a chl s6 cua véc 10 dua vao co s moi.

Khi d6, dua véc to A, vao co sO va dua A, ra khdi co sd, véi chi 56 r (chi 56 clia
véc to diwa ra khoi co sd cir) duoce xac dinh boi
0

20 o
6o = min {% 23>0, j € J(ID)} =L wire J{z% (3.29)
~)8 T3
va nhan duge phuong 4n cuc bien méi ¢! = (2!, zl,--- , 21)T véi
( o T : 0 1
xj — Z:zj,, Vj € J(z") (trong d6 z, = 0)
=< 0, VigJ(z®)vaj#s (3.30)
z° )
— j=s.
Chiy 3.4, Gia sir bai todn quy hoach tuyén tinh cén gidi 1a
max{(c,z) | Az = b, z > 0}. (LProx)

Khi d6,

i) Hoac ta gidi bai todn quy hoach tuyén tinh chinh tic trong duong

min{(—c,z) | Az = b, z > 0}

v6i luu ¢ ring tap nghiém cda hai bai toin nly 1A ming nhau nhung gid tr t6i wu
phéi trdi dau;

il) Hodc giai truc ti€p bai todn quy hoach tuyén tinh (L P,,,,) khi 43 bi€t mot
phuong 4in cuc bién z° va co sd twang tng {A4; | 7 € J(z%)} véi J(z°) = {j €
{1,2,--- ,n} | 20 > 0}. Khi d6, véi céic k¢ hiéw nhr da minh bay & tren,



Chuong 3. Quy hoach tuyén tinh 89

o Néu Ay > 0 v6imoi k ¢ J(z°) thi z° 14 nghiém t6i wu cha bai todn (LP,,,.);

o Néu tén tai k ¢ J(z°) d€ A, < 0 va zj, < 0 vdimoij € J(z°) thi gid tri ham
muc tiéu ting vé han trén mién chdp nhan duge. Bai todn khong c6 nghiém t6i
una;

o Néu tén tai k ¢ J(2°) sao cho Ax < 0 vA t6n tai j € J(z°) sao cho z;x > 0
thi ta chuyén 61 phuong 4n cuc bién z! t6t hon phuong an cuc bién z°, tic

(c,z") > (¢, z°).

343 Thuoat toin don hinh giai bai toin quy hoach tuyén tinh chinh tic

Muc ndy danh dé trinh bay thuat todn don hinh (Thuat todn 3.2) gidi bai todn quy
hoach tuyén tinh dang chinh tic

min{ f(z) = (¢,z) | Az = b, > 0}, (LP%)

trong d6 ¢ = (c1,¢a,--- ,cq)7 € R*\ {0}, A la ma tran cdp m x n va véc to
b= (b, - ,bm)T > 0 v6i céc gia thi&t® nhr dd néu & Muc 3.4.2,
Thuat todn 3.2

Budc khdi tao.  Xuft phét tr mot phuong 4n cuc bién z° va co s& {4;, j € J(z°)}
tuomg ung cha né (Cdch xdc dinh phuong dn cuc bién ndy sé dugc trinh bay 0 Muc
3.5).

Bugc 1. Tinh gia tri hAm muc tiéu

f(z%) = Z ciTy.

j€J(20)

Buoc 2. Véi mbi k € J(z°), x4c dinh c4c s6 z;, bing viéc giai hé
Z ijAj = Ak
j€J(9)

va tinh cdc u6e luong
Ak = z ZjkCj = Ck.
)

jeJ (20

Gia thiet: i) rankA = m; i) m < n; iii) Bai todn quy hoach tuyén tinh {LP<*) khong suy bifn v iv)
Bi€t trudc mot phuong én cuc bign z°.
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50 Cdc phuong phdp 167 uu

Buoc 3. (Kiém oa diéu kién 167 uu).
If Ay <0v6imoik ¢ J(z°) Then Dimg thuat todn (z° la nghiém 61 uw)
Else Chuyén sang Budc 4.

Buoc 4. (Kiém tra bai todn khong cé I gidr)
If Tén tai k ¢ J(z°) sao cho Ay > 0 va z;; < 0 vé6i moi j € J(20)
Then Dimg thult todn (Bai todn khong c6 nghiém t6i uu hay
ham muc tiéu gidm vé han trén tdp chdp nhan duov).
Else Chuyén Buéc 5.

Buoc 5. (Xdy dung phuong dn cuc bién moi)

o Tim véc to A, d€ dua vao co s& méi, trong d6 chi s6 s dugc chon theo tiéu
chuin
A, = max{A | A > 0},

o Tim véc tg A, d€ dua ra khoi co s& cG v6i chi s6 r dugc x4dc dinh boi (cong
thiic (3.29))

() 78

00=m1n{:_i 24 >0} = .

o Xay dimg phuong 4n cuc bién mdi 1A z! theo cong thirc (3.30) vé6i co s& méi
la J(z") = (J(z°) \ {r}) U {s}.
o Dit z° := z! va quay lai Buée 1.
Trong Thuat toan 3.2, sau khi ta tinh duge phuong 4n cuc bién méi 2! & Budc 5
ta s€ quay lai Bu6c 1 va phai tinh cic dai luong zj, va A} twong \ing véi co s& méi
cia x'. Cong viec nay trd nén d€ dang hon rét nhiéu néu ta thuc hién theo thuit to4n

don hinh dang bing (ThuAt todn 3.3) dua trén cong thic déi co s& dugc trinh bay &
muc ti€p theo day.

3.4.4 Cong thic d8i co s& va thuat tosn don hinh dang bang

a. Cong thire ddi so sd
Gia st phuong 4n cuc bién z° c6 tap chi s6 co s 12 J(z°). Phuong 4n cuc bién
méi z! ké véi z° va duoc xé4c dinh bdi (3.30) c6 tap chi s6 co sd 1a

J(z') = (J()\ {rPu {s}.

Bay gid ta trinh bay céch tinh c4c hé s6 trong biéu dién céc véc 1o Ax qua co s méi
{4, [j € J(z")}. Theo (3.10), ta c6

1
A= Z Zj,Aj = A, = -z—- (As - Z ZJ,AJ-). (3.31)

jeJ(z0) e JES(20),5#r
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Chuong 3. Quy hoach tuyén tinh o1
V& mbi k € {1,2,-- ,n},

Ak = Z ZJkAJ‘ = E ijAj -+ z.-kA,-» (332)
jeJ(z9) JEJ(20) g#r

Thay A, dugce tinh theo (3.31) vao (3.32), ta duac

Ak = Z ZJkAJ‘ + % (A, - Z Z“AJ)

JEH ) )#r JEJ(P)5#r
Zr z
= Z (z_,k - Z_ijs)Aj + ‘Z"—kAB
EI(=P) %7 " "
= 2 Zds,
jed (=)
trong 46 J(z') = (J(z°)\{r}) U {s} 12 co s& méi tuong ving véi z' va
2y : )
Zjp — ;—kljs, jEJ(T)vaj#s
=< a0 | (3.33)
- j=-s.

Day chinh 12 céng thic biéu dién A, qua co s&é méi {4,]j € J(z')}.
Cic uée lugng méi (tuong dng véi phuong 4n cyc bién z') c6 thé xé4c dinh bai
A," = Z Z;ij —
je(at)

hoic c6 thé diroe tinh theo cong thife (3.34) sau day
Ay = Z 2)C) — Gk

1€eJ{z!)
= Z Z3C5 = Ck + Z3C,
jeJ(zh)\{s} :
(3.33) ( Zrk ) Zpk
_ Z jk L AC Tt z”Ca
jed(zt)\{s)
“rk
= Z ZjgCy — Ck — -:—( Z :J,Cj - Cs)
IEH(O\{r} T jed(=O\(r}

(i J(z)\ {s} = JE)\ {r})

2k
= Z ijcj + ZppCr — C _'T ( Z 2;sCj + 2rsCr — C,)
JEJ(ON (7} T jed (@O0 (r)

GV A, — ZEA,. (3.34)
Zrs
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b. Bdng don hinh

Bing don hinh gém n + 4 cét, danh dé duoc ghi c4c thong tin vé moét budce lap
tinh todn trong Wng véi mot phuong an cyce bien. Gid st z = (24,23, -+, 22)7 A
phurong 4n cue bién twong tng véi bo chi s6 cosa Jg = J(2%) = {j;,-- ,jm} V2
cosodon vi B = {A;,---, A4, }. Cic thong tin vé z° duoc ghi & bang don hinh

xudt phar (Bang 3.1).

Bang 3.1
Heso |Coss [Phuong [ ¢1 -+ & -~  Cn
Cp B 4n Ay - Ay - A, )
Cy: —X Aj) I—(JZ Zpy o Zpk Tt Zyym 011 )
¢, A, 1:? zit o Zm 0 zin | 0
CJm 'AJm I?m ijl T zjmk T zjm" 0jm
J&) 1A - A - A,

Bang don hinh gém n + 4 cot.

Cot 1. (Hé so'Cp) Ghi gid tri he s¢ ham muc tiéu twong ing véi cac bién co sd.

Cot 2. (Co sd B) Ghi tén cic véc to co s8. Chi ¥ rdng, tén cac véc 1o ndy phai
duge ghi theo thir tw A, ,--- , Aj, saochomatran lap B = (A;,--- . A;, ) lama
tran don vi 1,,,.

Cét 3. (Phuomg dn cuc bién) Ghi gia tri cua cac bién co so cia phuong dn cuc
bién dang xét.

n o1 tiép theo, COt thit 3 + k dng véi tén véc tog A, £ = 1, - ,n. Phia trén
tén mdi cOt A ghi gid tri hé s6 ham muc tieu ¢ tuong ing. Trong cot A, ghi gid
tri cdc he s6 =,,, 7 € Jp trong bidu dién véc ta A, theo cdc véc to ca s& dang xét

Z ijA_,‘=Ak. k=1,“' , L.

JE€JB

Cot cuoi cing. Danh dé ghi ty 56 8,, 7 € Jp (xem Budc 3 - Thuat toén 3.3),
Déng cudi cing. Tai vi tri duéi cot 3, ghi gid tri hAm muc tiéu tai phuong 4n
cuc bién dang xét
f(2%) = Z cj:cg-’.
jE€EJB

Tai vi tri duéi cot \ing véi véc to Ay, k € {1, -, n}, ghi ubc luong
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Ak = E Z;kCj — Ck-

j€JR
Tacoé A; =0 vdi moi j € Jp (Nhan xét 3.4).
c. Thuat toan don hinh dang bang

Thuat toin 3.3
Buie 0. (Budc chudn bi) Xay dung bang don hinh xudt phat twong ing vé6i phuong
an cuc bién z°;
Buoc 1. (Kiém tra diéu kién 161 wu) Xét dong cu6i clia bing
If Ay <0véimoik=1,---,n Then Dimg thut toin
(Nghiém 101 wu la phuong én cuc bién tuong tmg voi bdng ndy)
Else chuyén sang Budc 2.
Buoc 2. (Kiém tra bai rodn khéng o6 I gidi)
If Ton tai k ¢ Jp sao cho Ay > 0va =, <Ovéimoi j € Jp
Then Dung thuat todn (Bai todn khong cd lov gidi)
Else chuyén sang Budc 3.

Buoc 3. Thyc hién:
o Tim c¢6t quay. Xéc dinh véc to A, dé dua vao co sd méi véi chi s6 s thda man
A, = max{Ag | Ax > 0}. Cot twong ng véi véc ta A, dugc goi la cst quay.
o Tim dong quay. Tinh cic 0;,j € Jg, nhu sau
T . .
— néu z,, >0, 5 € Jp

9.)2 Zja
+ o0 néUZJ‘s SO. ] EJB

va x4c dinh
6. = min {6; | 7 € Jg}.

Dong r dugc goi 12 dong quay. Phén o z,,-ndm trén giac cia dong quay va
cot quay dugc goi 1a phdn nr chinh cia phép quay. Cic phédn tr 2, (J # r)
duge goi 1a cic phdn nr quay.

Buoc 4. (Chuyén bdng moi tuong img voi phuong dn cuc bién moi) Thuc hién:

o Trong cOt 1 (cot he s6 Cp) thay gid tri ¢ béi c,. Trong cOt 2 (cot co s3), thay
ten A, boi A,.

o Chia cédc phén tir cia ddng quay cho phén tir chinh ta dugc dong méi (c6 s 1
tai vi tri cia z,, cli) goi 1a dong chinh, tic ta cé quy tic 14

R . M o D(‘mE quay (cii).
Dong chinh (méi) := phan it chinh °
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o Bién d6i mdi dong cdn lai theo quy tic
Dong méi := Ddng cii tuong img - Ddng chinh x Phin & quay tirong img.
Ta dugc s6 0 & moi vi tri con lai cha cot quay cii. (Sau phép quay thi trong
bdng mdi ta ¢6 A, = 0 vi lic ndy s 12 chi 36" co s cida phuong dn cuc bién
mdi va A, tro thanh véc ta don vi co sJ).

o Quay lai Budc 1 véi bang méi.
Sau day 12 mét s6 vi du d€ minh hoa cho thuat todn.
Vi du 3.11. Cho bai todn quy hoach tuyén tinh dang chinh tic
min f(:z:) =21, + 225+ z3 + 314 + xg

vdk., — x4 225+ 225 + x5 =4
), + o+ I3 +Tg =0

2z + 2x3 + 24 =7

Ty, e, 76 2 0

Dé thdy z° = (0, 0, 0, 7, 4, 5)T 1A phuong 4n chdp nh4n duoc cita bai toin dang
xét va J(z%) = {4, 5, 6}. Vi cdc véc to A,, As, A doc 1ap tuyén tinh va tao thanh
ma trin co sd don vi B = {A;, As, A4,} = I3 nén z° 13 phwong 4n cuc bién va 4,
chinh 12 véc to cac he s6 khai tri€n cha né theo céc vée to co sd, cu thé

Ay = (—1)As + 145 + 2A4,.
Tuong tu, ta c6
Ay =2As5 + 144 +0A; va Az = 245 + 1Ag + 244
Ta c6 Bang 3.2 12 bang don hinh xuat phét tuong img véi phuong an cuc bién z° nay.

Bang 3.2
Hess | Coso |[Phuong |[-2 2 1 3 0 1]
Cg B an A Ay A3 Ay A5 As | 0
0 As 4 -1 2 2 0 1 0 | ©
1 Ag 5 1 1 1 0 0 115
3 Ay 7 |2 o 2 1 0 o]!Z
Bang 1 26 9 -1 6 0 0 0
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Vi dong cubi cing cdn A; =9 > 0va Az = 6 > 0 nén z° chua phai phuong 4n
61 wu. Véc to dra vao co so 1a A; (ing v4i A; = 9 16n nhit). Véc to loai ra khoi co
sd 14 Ay (ing v6i 6, = min{+00,5, 7} = I = Z0). Phan tir chinh 12 z, = 2 (dwoc
ghi trong ngoac vuong [.]). Bién déi bang don hinh theo Budc 4 (Thuat to4n 3.1)
(sau day ta s& goi tit 12 bién d6i bing don hinh) ta dugc bang don hinh mé (Bang
3.3)

Bang 3.3
Hes6| Cosd [Phuong| -2 2 1 3 0 1
Cpy B dn | A Ay A Ay As Ag |8
0 As 15 o 2 3 ! 1 o0
1 Ag 3 0o 1 o0 -1 0 1
-2 A z 1 0o 1 1 o0 o
Bang2| ~% |0 -1 -3 -2 ¢ 0

Trong Bang 3.3, tacé A < 0v6imoi k = 1,---,6. Do d6, phuong 4n cuc bién
=%, 0,0, 0, 22, 3)T twong ing v6i bang ndy 1a phuong 4n tdi wu va gid tri t61
wi la frin = f(2°) = —3. Bai to4n ndy c6 nghiém t6i wu duy nhdt vi Ay < 0 véi
moi chi s6 phi cos6 k & Jg = {5, 6, 1}.

Vi du 3.12. (Bai todn c6 nghiém t61 wu khong duy nhdt)
Xét bai todn quy hoach tuyén tinh dang chinh tic

min f(z) = z; — 2z,

v.d.k. —x + 225 + T4 =4
1+ T2 +2Z5=29

2z + z3 =27

Ty, -, a5 >0

Xu4t phdt tir phwong 4n cuc bien 2° = (0, 0, 7, 4, 5)T vacosd don vi B =
{Aq4, As, A3}, cdc bube tinh todn theo Thuat todn 3.3 gidi bai todn ndy duge trinh
bay & Bang 3.4.
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Bang 3.4

[Hes6| Coso [Phwong | 1 -2 0 0 O] 8
Cg B in | A Ay Ay Ay A

0 A, 4 | -1 [ 0 1 0|2

0 As 5 1 1 0 0 1]35

0 Ay 7 2 0 1 0 0| oo
Bingl| 0 |-1 2 0 0 0

— = 7

-2 | A 2 |-32 1 0 1 0o

0 As 3 £ 0 0 -3 12

0 A; 7 2 0 1 o0 o0]1
Béng 2 | -4 |0 0 0 -1 0

Trong bang don hinh cudi cing cila Bang 3.4 c6 Ay, < Ovéimoik=1,---,5
nén phuong an z* = (0, 2, 7, 0, 3)T twong ing v4i bang nay 1A phurong 4n t6i wu
v&i gid mi t61 wu 1a fo,, = f(z*) = —4. Vicé Ay = 0 g véi chi s6 phi co so
1 ¢ Jp = {2,5,3} nén r* khong phai la phuong an cuc bien t6i wu duy nhat coa
bai todn ndy. Muén tim phuong dn cuc bién t8i vu khéc, ta dua véc ta A; vao co sa
mdéi. Thuc hién bién ddi bang don hinh, ta chuyén sang dugc Bang 3.5 tuong ing
mét phuong &n cuc bien t6i m z° = (2, 3, 3, 0, 0)T. Néu tiép tuc tinh toan voi
viec dua véc to Aj (tuong tmg véi Ay =0va 5 € Jg = {2,1,3} ) vao co sd v.v. ,
ta lai chuyén ducc sang bang don hinh twong ing vét phuong 4n cuc bién t6i wu r*.
Nhu vay, thp nghiém cia bai todn nay 1a

Fo={z=X*+(1-2&"|0<)<1).
={z=X0,2,70 3T +1-X2(2,3 30 07 |0< <1}
={z=(2-2)\.3-X 3+4) 0 3NT|0< A< 1}
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Bang 3.5
Hes6 | Cogsd (Phwong [ 1 -2 0 O O |6
Cg B an A Ay Ay Ay As
—2 | A, 3 |0 1 o i 1
1 Ay 2 1 0 0 -3 3
0 Az 3 o o 1 %2 -2

o

Bang3| -4 |0 0 0 -1l

Vi du 3.13. (Bai todn khéng c6 loi gia)
Giai bai todn quy hoach tuyén tinh

min f(z) = z; — 4z, — 323
vdk. 2z;+ z5—-213 <16
—4x, +2z3 <8
Ty + 25 — 23 <12
Ty, T2,2z3 2 0.

Trudc hét, cong 14n lugt cic bi€n b 4, 75, 5 VA0 rang budc chinh thit nhat, thit
hai, thd ba, ta nhan dugc bai todn quy hoach tuyén tinh dang chinh tic tuong img
véi bai todn ndy 1a

min f(z) = z; — 4z, — 313

v.d.k. 221 + T9 — 223 + I4 =16
—4z1, + 224 + x5 = 8B

T1 + 2T9 — I3 + z¢ =12
T1,T2,T3,T4, L5, T > 0.

Qu4 trinh thuc hién giai bai todn quy hoach tuyén tinh chinh tic ndy bang Thuat
todn 3.3 xu4t phdt tr phuong 4n cuc bien z° = (0, 0, 0, 16, 8, 12)7 va co sd don
vi {Aq, As, Ag} duoe trinh bay & Bang 3.6.
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Bang 3.6
Hes6 | Coso0 |[Phuong | 1 —4 -3 0 0 O | ¢
CB B an A] AQ A3 A4 A5 As
0 Ay 6 |2 1 -2 1 0 0 |16
0 As 8 |-4 0 2 0 1 0 |
0 Ag 12 1 [ -1 0 0 1|6
Bing!| 0 [-1 4 3 0 0 O
0 Aq 10 20 -2 1 0 -1
0 As 8 |-4 0 [2] 0 1 0 |4
-4 | A 6 L1 -1 0 0 3|
Bing2| -24 |[-3 0 5 0 0 -2
0 A 6 |-2 0o 0 1 § -3
-3 | A 4 |-2 0 1 0 3 O
—4 A, 8 |-+ 1+ 0o o L+ 1!
Bing3| -44 |7 0 0 0 -5 -2

Bing don hinh cudi cing cha Bang 3.6 twong ing v6i phuong 4n circ bién z =
(0, 8, 4, 16, 0, 0)T c6 Ay =7 > 0, chi 56 1 khong phai 1a chi s6 co s& vd zj; <0
v6i moi chi s6 co sd nén ding thust todn va ket luin bai todn khong c6 phuong én
t61 vu. Gié tri hAm muc tiu giam v6 han trén tap chip nhan duogc.

Dua vao bang don hinh cudi cing ndy, theo chimg minh Dinh 1y 3.8, ta ¢6 thé
x4c dinh dwrge huéng 2! cha canh vé han xuét phat tr 7 = (0, 8, 4, 16, 0, 0)T ma
theo d6 gi4 tri ham muc tiéu gidm mii. Cu thé, theo (3.24) ta cb, 2! = (2}, .-+ ,2)T
7))

-z, Vj€{2,3,4} =J(7)
2={ 0o, j=56 = 2=,

3 T
A ,2,?m0).
1, 3=1

!
2
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Tap céc diém thudc canh v6 han xudt phét fir Z theo huéng 2! 12
T 1 . 3 T
z(0) =Z+62'= (O, 8, 4, 16, 0, 0) +6 (1, 2’ 2, 5 0, 0) , V61 6>0

v gid tri ham muc tiéu ciia chiing bang (theo (3.27))
f(z(8)) = f(z) —6A; = —44 - T76.

Gia stt cdn tim mot phiong 4n chip nhan duge £ clia bai todn ma tai d6 gid tri ham
muc tiéu f(Z) = —100. Khi dé, gidi phuong trinh

—44-70=-100 = 6=8 va

1 3

&= z(8) = (o, 8, 4, 16, 0, 0)T+8(1, 50 %

T T
0, 0) = (8, 12, 20, 28, 0, 0] .
Vi du 3.14. (Bai todn dang max) Xét bai todn quy hoach tuyén tinh

max f(x) =1z + 3za+ 23
v.d.k. Ty + 4172+3$3 S 12
-y + 22— r3+z4= 4
Ty, Ta, T3, T4 > 0.

Cong thém bién bu g vao rang budc chinh thi nhdt, bai todn trg thanh

max f(z) =z, + 322+ z,
v.d.k. 1+ 42,4323 +z5=12
—T1+ 229— I3+ Z4 = 4
Ty, Ta, T3, T4 2 0.

Bang 3.7 trinh bay qua trinh tinh todn giai truc ti€p bai todn nay theo thuat toin don
hinh v6i diéu kién t6i wu va cdc dfu hiéu nhan bi&t khdc nhu da trinh bay & Chii ¥
3.4(in)

Bang don hinh d4u tién cha Bang 3.7 tuong ing véi phuong 4n cuc bién xuit
phat 20 = (0, 0, 0,4, 12)T va co s& {As, As}. Cot 3 duoc chon 12 cOt quay vi
Az = —3 = min{Ay, Ay, A3z} = {-1, -3, —1}. Sau ba l4n bién ddi bang don hinh
ta duge bang cuéi cing (Bang 4) ¢6 Ay > 0 v6imoi k = 1, -+ ,6. Dimg thuét
todn vA ta nhan dugc phuong 4n cuc bién z* = (12, 0, 0, 16)T vA gi4 tri t6i wu
fmaz = 12.

99
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Bang 3.7
Hes§| Cosd [Phwomg [ L 3 1 0 O ] 6|
Cg B in Al Ay Ay Ay As
0 As 12 1 4 3 0 1 |3
0 Ay 4 -1 2] -1 1 02
Bang 1 0 -3 a0 000
|
0 As 4 B o s 2 1|4
3 A2 2 *% 1 —% % 0 oo
Bang 2 6 -2 0 -2 % o
T I R AL
3 A, s 0 1 3 (3 £ |16
Bang3 | % 6 o 3 -3 &
1 A, 12 1 4 3 0 1
0 Ay 16 0 6 2 1 1

Bang4| 12 [0 1 2 0 1

Chi y 3.5, Gia sit c6 phuong 4n cyc bién xust phat z° = (22, ,2%)7 twong wng

vii co s& {A;,j € J(z°)} va cdc véc to {A;, ;7 € J(z°)} khong tao thanh ma tran
don vi. Khi d6, ta viét ma tran m& rong [ 4 | b ] va thuc hién c4c phép bién déi so
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cdp trén c4c hang® clia ma tran md roéng @€ bién d6i cdc véc (0 co s& thanh cac véc
te don vi khic nhau,

céc phép bién déi so cip trén hang o
Alp) — =R P R > [AlD]

va 1ap bang don hinh xuft phét tuong tng vdi phuong 4n cuc bién z° va co so don
vi B = {A,,j € J(z°)}. Chd ¥ ring, c4c thanh phin cha véc to b phai tming véi cdc
thanh phin co s& cia phuong 4n cuc bién z°.

Vi du 3.15. Cho bai todn quy hoach tuyén tinh sau

min f(z)= z;+2z3 — 13 + 3z5 + bzg

vd.k, 2T+ Ty — Ty + 14 =2
zo + 373 + zs =4
211+ 13+ x3 + rg =4

zy, -+, xg 2 0.

i) Chimg minh ring z® = (1,1,1,0,0,0)T 1a mét phong 4n cuc bién cia bai

toan;
i1) Xudt phat tir z°, gidi bai to4n trén bing phuong phap don hinh.

Gidi: 1) Vi z° théa man moi rang budc chia bai todn nén z° 12 mot phuong 4n chdp

nhan dugc. Ta c6 J(z%) = {1, 2,3} va cic véc to Aj, A,, Aa d6c 1ap tuyén tinh nén

2% 12 phuong dn cuc bién (theo Dinh 1y 3.6).

ii) Do cdc véc to ca s@ Ay, As, Aa tuong ing véi 2° khéng t2o0 thinh ma trin don
vi nén ta thuc hién phép bi¢n d8i ma trdn md rdng nhu sau

I
[A)=[0 1 3 0 10| 4 he — hy
I ,

1 —alh2+h,1—>h1

Mg

|
|
—-]01 3 0 10| 4 hg — ha
|
|

2 %h3 - h3

®Cic phép bi¢n ddi so cdp v hang: i) Nhan mot hing cha ma tran véi mot s6 khéc khoag; ii) D8i chd hai
hang; iii) Cong bdi k cia mdt hang vao mot hang khic.
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_\ 2hathi—hy

—
=
.

N =

I

W=

|

Slo01 3 6 1 0| 4| —8hs+h—h,
|
|

1 1
6o 1 -1 o 1 1 ha — ha
100—%-%1:1
—-1010 2 1 —%;1 = [A]?].
001 -2 0 1 |1

Tacé B = {A,, Ay, A3} 1a ma tran don vi I3,
h=2=1 bh=a0=1 b3=13=1.

Xu#it phét 6t 2° v6i co s& B = {A;, A3, A} ta 1ap bang don hinh xut phat tuong
tmg v6i [A]b]. Qua trinh tinh todn xem & Bing 3.8.

Trong bang don hinh cudi cing ciia Bing 3.8, ¢6 A, < 0 v6i moi chi s6 phi co
s& k. Vay phuong 4n cuc bi¢n 2* = (3, 0, 3, 2, 0, 0)7 twong tng véi bang nay 1A
phuong 4n t6i vu duy nhat ciia bai todn véi gia tri t6i wu 12 f, = f{z*) = 0.

Chu ¥ 3.6. (Ddu hiéu dé nhdn biét phuomg dn cuc bién suy bigh va cdch khdc phuc)

Khi thirc hién thuit todn don hinh, viéc chon véc to A, dé€ loai ra khéi co s& cii cin
ot VAo viec tinh

. zy

6, = min { Z”

T

2y > O} =
Phuong 4n cuc bién ti€p theo s€ 1a phuong 4n suy bi€n néu xvét hién 6, = 0 hoic 6,
dat tai nhiéu chi s6.

o Trudng hop 6y = 0 ta thuc hien thuat 10an binh thudmg, tc véc to A, ing véi
6o vAn bi loai khdi co s&. Trong treong hap nay, phuong dn cyc bién va giad tri ham
muc tién khong d6i, chi c6 co s& ciia né thay d8i (vi gi4 tri hAm muc tiéu gidm mot
luong 0,A, ma By = 0). Vi thé sau mat s6 phép bién déi don hinh ta cé thé gap lai
co 53 cbd. D6 12 hién tuong xoay vong (xem Muc 3.7).

o Tndng hop 6, dat tai ciing nhiéu chi s6, ta loai khéi co sO cii mot véc to trong
c4c véc 10 (mg vdi 6, theo quy téc nglu nhién.
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Bang 3.8
Hess | Coso |Phwong [ 1 2 -1 0 3 5 | 8
CB B An Al A2 Ag A4 145 AG
|
1 A 1 1 0 0 -% -3 1 |
2 A, 1 o 1 o [§ 1 -3¢
-1 As 1 o 0 1 -3 0 3 |00
Bang 1 2 o 0 0 3 —g —12—5
1) 4 ¢ |1 L o0 0 - %
0 Ay 2 o %2 o0 1 3% -1
-1 As 3 o + 1 o 1} 0
Bang 2 0 60 -2 0 0 —% —%

3.5 Tim phuong 4n cuc bién xuat phat va co s xu4t phat

3.5.1 Trudng hop bai to4n c6 dang chuin tic

Trong nhiéu trudng hop, bai todn quy hoach tuyén tinh dang chuén tic ¢6 tap chap
nhan duoc 12 nghiém cua ha
Az < b, z >0,

trong d6 b > 0.5 € R™ vaA A 1a ma tran cp m x n. Khi d6, bing viéc thém bién
phu z > 0 ta dua bai todn quy hoach tuyén tinh chuin tic dang xét vé& dang chinh
tic, titc tAp rang budc cd dang

Az+u=0b, z,u >0,

v nhan dugc phuong 4n cuc bién (0, b) ciia bai todn quy hoach tuyén tinh dang chinh
tic ndy trong (ng véi co s& don vi Xem Vi du 3.13).
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3.5.2 Truong hop bai toan c6 dang chinh tic
Xét bai todn quy hoach tuyén tinh dang chinh tic
min {{(¢,z) | z € D}, (L P

trong d6 (ap l6i dadien D C R™ xdc dinh boi D = {z € R | Az = b. = > 0}, vdi
Aldmatancdpm x n, be R™ va b > 0.

a. Truomg hgp dac biét

Néu méi rang budc chinh déu ¢6 mot bien s& véi hé s8 bang 1 d6ng thdi bién s6
ndy khéng c6 mat trong cic phuong trinh khac (goi 1a bién s6 ¢6 1ap véi he s6 bing
1) thi ta ¢6 ngay mot phuong 4n cyc bién véi co s& don vi. Chéng han, tap chdp nhan
duoc cua quy hoach tuyén tinh dang xét 1a tip nghiém cua h¢

) + 1 m1Zmi1 t A my2Tma2 0+ QnZn = by
T2 t 0 mr1Tmil T A2 mi2Tma2 T ApZn = by

Tm + Ommi1Zmi) T CQnmp2Zmi2 -+ QmnTn = bim

I, T2, I 20,
trong d6 b, > 0 v6imoi ¢ = 1,--- ,m. Trong trudng hop may mén nay, ta c6 ngay
mot phuong 4n cuc bién véi co sé don vi, cu thé 29 = (by, -+ ,bm, 0,0, -+ ,0)7 img

vOi cosd {Ay, Aa, -+, Ay} = Iy (Xem Vi du 3.11, 3.12).

b. Trudng hop tong quit
Pua thém z = (uy, - ,um)’ > 0 va xét tap 16i da dién

D’ —_ {(I,U) c Rn—i—m l ‘41: +u= b, (I)u) 2 0}

Ménh dé 3.3. Diém z° la phuong dn cuc bién ciia D khi va chi khi (x7.0) la
phuong dn cuc bién cua D'.

Chimg minh. Bai tap. O
D€ tim mot phuong 4n cuc bién clia D, ta xét bai to4n quy hoach tuyén tinh phy
min g(z,u) =u;+us+ -+ Um (LP™)

v.d.k. zreD.
Céc bign uy, - -+ , Uy, dugc goi 1a cac bién gid, cic véc to coOt cha ma trin rang budc

twong tmg véi cdc bién gia dugce goi 1a céc véc (o gid.

Nhan xét 3.5. i) Bai toan quy hoach tuyén tinh (LP) luén c6 phuong an cuc
bién t6i u vi ham muc tiéu g(z,u) = u; + - - + Uy bi chan dudi trén D', cu the
g(z,u) > 0v8imot (z,u) € D', va D’ C R**™,

ii) Ta c6 mot phuong dn cuc bién xut phat cha bai todn nay 14 (0, b) tuong ing
vé co sd don vi {e',- - e™}. Vivay c6 thé 4p dung ngay thuat todn don hinh
(Thuat todn 3.3) d€ giai bai toan (LP).
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Pinh ly 3.9. Gid sir (z°, u®) la phuong dn cuc bién 167 wu cua bai todn phu (LP™),
Khi dé:

1) Néu g(z°,u®) >0thi D =0;

ii) Néu g(z°, u") = 0 thi 2° la mot phuong dn cuc bién cia bai todn ban ddu
(LP).
Chimg minh. 1) Gia st phan chiing riing gid tri t6i vu clia bai toan phu 12 g(z°, u°) >
0 nhung D $# 0, tic tén tai phuong 4n chap nhan duoc ' € D. Theo dinh nghia,
(z',0) € D’. Gi4 tri ham muc tiéu cta bai toan phu ( LP) tai (z/,0) 1a g(z’,0) = 0
nho hon gid tri t6i vu. Diéu mau thufin nay chimg t6 D = ().

ii) Do u” > 0 nén ¢(z° u®) = 0 khi va chi khi v = 0. Vay trong truong hop
ndy, phuong 4n cuc bién t6i vu cha bai todn phu cé dang (2°, 0). Theo Ménh dé 3.1,
ta c6 ngay diéu phai chimg minh. O

Trong trudong hop tdng quat, ta phai giai bai toan quy hoach tuyén tinh chinh tic
(L P*) bang thuat todn don hinh hai pha.
Thuat toan don hinh hai pha
Pha 1. (Tim phuong dn cuc bién xudt phat cho thudt todn don hinh gidi (LP®))
Giati bai toan quy hoach tuyén tinh phu (L P2)

min {g(z,u) | Az +u =1, (z,u) > 0},

nhin dugc phuong 4n cuc bién t6i wu («°, 1°).

If 9(2% 4% >0 Then D = 0, Dimg thuat toin

Else (2 la phuong dn cuc bién cia bai todan (L ")). Chuyén sang Pha 2;
Pha 2.  Giai bai toan (LP) dang xét bing phuong phiap don hinh xudt phat tir
phuong an cuc bién «° véi chd y ring bang don hinh ddu ticn cha Pha 2 1a bang don
hinh cuéi cing & Pha 1 nlnmg vdi mot s6 sira déi nhu sau:

o Xoa tt ca cac cbt tuong ing voi cic bién gia;

o Thay cot Cp boi hé s6 muc tiéu co s6 tuong ung ciia bai todn goc;

o Thay cdc hé s6 muc tiéu cia bai todn phu & dong 1 bing hé s6 muc tiéu clia
bai todn gdc;

o Néu trong co sd tuong tng véi phuong dn t6i wu cda bai todn phu (L P khong
c6 véc to gia thi co sO (ng véi phuong dn nay ciling chinh 1a co sd tuong ing
v6i z°. D€ c6 bang don hinh xu4t phat cho bai todn ban dAu, ta chi cAn tinh lai
gid tri hAm muc tiéu tai z° va tinh lai cdc uée huong theo cong thiic

f(z°%) = Z CJ'I? vi A = Z Z;KCj — Ck
jed(z®) JEJ(x9)
(xem Vi du 3.17);
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o Néu trong co s cha phuong an cuc bién t6i wu ctia bai todn phu {LPH) ¢é it
nh4t mot véc to gia thi ta nhan duge mot phuong 4n cuc bien suy bién cha bai
to4n ban dAu, tic J(z°) = {j €{l, - ,n} =0 > 0} < m. Khi d6, dé ddy
hét bién gia ra khdi co sa ta thuc hién theém mét vai buée 13p don hinh nita nhy
sau: Chon cdt quay 14 cot éng véi véc to phi co sd Ay véi k < n (e Ai khong
phai véc to g1a) ma né cé phan tir khac 0 & dong tuong ung v6i véc to gia va
dong nay dwoc chon 12 ddng quay. Chi ¢, phdn tir chinh lic nay cé thé duong
hodc am (khic 0). Do gia thi€t rank A = m nén néu cé bién gia trong co so thi
chic chén s& im dugc cot quay nhur the. Sau khi bé sung véc to dé nhan duce
casd B = {A,, j € J}v6iJ D J(z°), ta bd cic cot tuong ing véi bi€n gia
roi ti€p tuc thuat todn (xem VI du 3.18).

Chiu y 3.7. i) Khi x4y dung bai todn phuy, ta chi céng thém bién gia vao nhimg
phirong trinh cin thiét d€ tao ra ma tran m cOt 1A cic véc to don vi khic phau;

ii) Khi mét véc to gia bi loai ra khoi co s& thi cot twong img véi nd khong cin
tinh & c4c buéc tiép theo;

ii) D€ tién trong viéc tinh todn, dat ten bién gia thi i 1a z¥_, thay vi u;, va véc
to tuong ing véi bi€n gia nay goi 1A véc to gid AY.
Vi du 3.16. Giai bai todn sau bing thuAt todn don hinh hai pha

min f(z) =z, -2z, + z3
vdk. o+ o+ z23=1
T+ 22, +313=06

Ty, T3. T3 > 0.

Gidi. Qué trinh tinh todn nhu sau:
Phal. Giai bai todn quy hoach tuyén tinh phu

min *(z) = 2+ 24
vdk. =+ z+ I3+ 7} =1
T + 225 + 323 +z = 6
7), Za, T3, 25, T3 > 0.

Dé thay z° = (0, 0, 0, 1, 6)7 )A mot phuong 4n cuc bién cha bai todn phu twong
tmg v6i co s& don vi {A], A7} = {e', ?}. Xu4t phat tir 2°, k&t qud tinh todn gidi bai
todn quy hoach tuyén tinh phu theo thuat todn don hinh dirac ghi & Bang 3.9.

Bai todn phu c6 gi4 tri t6i wu 1A f°. = 3 > 0. Vi vay, theo Dinh 1y 3.9, bai todn
quy hoach tuyén tinh ban d4u c6 tap ch4p nhan duge bing rdng.
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Bang 3.9
Hes6 | Cosd [Phuong | 0 O 0 1 1 |8
Cg B dn A Ay Ay A A7
1 AS 1 v 1 ) 101
1 A 6 1 2 3 0 1|2
Bang 1 7 2 3 4 0 O

0 As 1 1 1 1 1 0
1 Af 3 (-2 -1 0 -3 1
Bang2| 3 |-2 -1 0 -4 0

Vi du 3.17. Giai bai todn sau bang thuat to4n don hinh hai pha.
min f(z) = 2z + 323
vdk, 2z, —45,2>2
4z, + 3z, < 19
3z, + 22, =14
T, 2y > 0.

Gidi. Truée hét, ta dua bai toan ndy vé dang chinh tic sau
min f(z) = 22,43z,

vdk. 2r1—4z9 — 13 =2
41,4322 +z4 =19
31,42z, =14

Iy, I2,T3,%4 Z 0.

Pha I. D& y ring, rang budc chinh thy hai cha bdi todn dang chinh tic cé bién x4
vGi hé s6 bing 1 va bi¢n z; khong xuat hién trong hai rang buéc chinh con lai nén
ta chi cdn thém hai bién gia zf va z{ trong bai todn phu. Sau day 1A bai todn phu
tuong ing véi bai todn dang xét

min fP(z) = zg + zf
vdk. 2z —4z;— T4 + ] = 2
4z, + 374 + Z4 =19
3r; + 2z, + z{f =14

Ty, T2, Ty, I4, Tga ‘Tg > 0.
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Bang 3.10
He s6 | Cosd | Phuong ‘ 0 0 0 0 [ 16
CD B flﬂ_ | A} AQ A3 ‘14 A?) Ag
Il ]
1 A o I -+ -1 0o 1 o1 “
0 Ay 19 + 3 0 1 0 0|
L Ad 14 32 0 0o 0 1|4
— 1 —_—
Bangl| 16 '5 -2 -1 0 0 U
0 Ay 1 Io-2 -1 0 0 | o
0 Ay 15 i 0 iy 2 1 0|
1 Af noloos ;5 0 1|
Bing2| 11 |0 8 & 0 0
0 A | u 1 0 i 2 0
! 1 B o0
5 y 3
0 Ay 2 o 1 £ & 0|
|
1 A o0 0 Ixl -% 1] 2
Bing3| L o o L % 0 \
|
0 Al 4 1 0 0 -2 l
0 Az 1 0 1 0 3
0 Az 2 0 0 1 -16
Bang4| 0 0 0 0 0 J
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Xuét phét tir phuong dn cuc bien z° = (0, 0, 0, 19, 2, 14)T tuong img vdi co s&
{AZ, Ay A}, qud trinh tinh toan giai bai to4n phu theo Pha I duoc ghi & Bang 3.10.
Ba) todn phu c6 gia tri t6i wu f? = 0. Khong c6 cac bién gia trong co s0 cia
phuong 4n cue bién t6i wu 7° = (4, 1. 2, 0)T. Ta chuyén sang Pha II.
Pha II. Xuat phat 1z phuong dn cuc bién khong suy bién z°0 tuong ing vdi co s
don vi {A;, A>. A3}, qud trinh tinh duoc trinh bay & Bang 3.11.

Chii ¥ ring bang xuat phat ¢ Pha II (Bang don hinh ddu tién chia Bang 3.11) chi
khic bang cudi cing cua Pha 1 (Bang don hinh cudi cang cua Bang 3.10) 6 cot hé
$0 ham muc ti¢u, dong | (duge thay bang hé s ham muc tiéu clia bai todn ban d4u)
va dong udc luong (dong cudi cung).

Bang don hinh cu6i ciing cva Bang 3.11 twong tmg vl phuong an cuc bién t61
wu duy nhat z* = (3, 0. 2, 1)" cia bai todn ban diu vi uéc lugng tuong img véi
bién phi co s& duy nhat A, = -2 < 0.

Bang 3.11
[Hes6 [ Cosd [Phwong[ 2 3 0 0 [9]
| C[] B an .-41 AQ A3 /14
2 Ay 4 1 ¢ 0 -2 o0
3 Ay 1 0 1 0 (373
0 Aa 2 0 0 1 -16]|x
—

Bangl| 11 |0 0O 0 5

2 Ay 1 1 2 0 o0

0 A L o 3 0 1
22 16

0 Ay 2 o 2 1 0

L]
o
ol
o

[

wicn
o
(o=}
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Vidu 3.18. (Bdng cudi cua Pha I con véc to gid trong co s¢) Gidi bai todn quy hoach
tuyén tinh sau bng thuat todn don hinh hai pha

1
min f(JI) = 21:1 + 4I2+ 523 - 31.‘4
vdk. 2r+ 2z9+ 3x3+ 3z4+ x5 =50
4z1 + Bro+ 2z3 + 324 =80
4ry + 4x9+ 3+ 214 = 40

I, T2, I3, T4 2 0.

Gidi.
Pha I. Bai todn phu tuong ung vdi bai todn nay 1a
min f{z) = 3 + 13
vadk. 271+ 210+ 3z3+ 3z4+ Ts = 50
4x1 + 8x9 + 223+ 31‘4 + Ig =80
4ry + 4dzo+ T3+ 224 + 3 =40

Iy, I2, T3, T4 Z 0

Gidi bai todn phu xust phat tr phuong 4n cuc bién (0, 0, 0, 0,50, 80, 40)T.
Qu4 trinh tinh toin duoc trinh bdy ¢ Bang 3.12.
Sau mét buéce bién ddi don hinh ta nhan duge phuong 4n t6i vu

(0, 10, 0, 0,30, 0, 0)T

nhung trong ca s& ciia phuong 4n nay cdn véc to gid AZ (bing thi hai). Dé loai véc
10 gia Af ra khoi co sd, ta dua véc to phi co s& A} VAo ca sd (Vi 2 = —4 # 0) va
thuc hién mot budc bién dbi don hinh chuyén sang béng cuéi cing cha Bang 3.12.
Bang cu6i cang nay khong con véc to gia trong cg sd cia phuo‘ng an cuc bién tuong
img vi vay ta chuyén sang Pha 1.

Pha ll. Trong bang cudi ciing cva Pha L, ta loai bd cot ing véi véc to gia Af. Thay
c6t he s6 Cp, thay dong diu tién bdi c4c he s6 muc tieu cha bai todn goe, tinh lai
c4c u6e luong, ta nhan duge bang xu4t phdt cda Pha 11 Sau hai buéc bién d6i don
hinh ta nhan dugc phuong 4n cuc bién suy bién t6i w z* = (0, 7, 12, 0, 0)T va gid
tri t6i wu frin = 34 (xem bang cudi cang cla Bang 3.13)

Ta dé y ring, bang don hinh thit nh4t ctia Bang 3.13 twong ing v6i phuong 4n cuc
bién suy bign (0, 10, 0, 0,30)T ¢6 co sd 1a {As, A1, A2} va gid tri hdm muc tiéu tai
day bing 40. Ta chon véc to A; dua ra co sd tuong img v6i 6; = min{15,0,40} =0
nén bing don hinh thy hai vin tuong img véi phuong 4n nay nhung véi co s& thit hai
cha né 1a {As, Aq, Az}, cdn gid tri hAm muc tiév hién nhién (A khong déi.
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Bang 3.12
He s6 | Coso | Phwong | O 0O 0 0o O 1 1686
Cs B n | AL Ay Ay AL As AL A
0 As 50 2 2 3 3 1 0 0|25
1 Al 80 4 8 2 3 0 1 o0]10
1 AS 40 4 [4 1 2 0 0 1]1I0
Bing 1| 120 8 12 3 5 0 0 O
0 As 30 o 0 2 2 1 o0
1 Af 0 |[-4 0 0 -1 0 1
0 As 10 1 1 1 1 o0 o
Bing2 | 0 -4 0 0 -1 0 O
0 As 30 o 0 2 2 1
0 A 0 1 0 0 1 O
0 As 10 o 1 L 1 90
Bing3| O 0O 0 0 0 O
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Bang 3.13

Hes6 [ Cosd [Phuong [ 2 4 12 -3 0 v
B én Al A‘Z ,43 ,44 ,45

na1en
o
—
S
—
Lh

Cp
0 As 30 0 0
2 Ay 0 1 0 o0 [ otlo
4 Ao 10 0 1 1 1 0 |40
| Bangi| 40 |0 0 3 3 0
0 A5 30 -8 0 [} o 1 l 12
-3 0 A 0 4 0 0 1 0 |x
4 A2 10 -1 1§ 0 0 |40
Bang2| 40 |-18 0 ! 0 0 J
}— T
1/2 Ay 2 |-¥ o 1 o
-3 As 0 4 0 0 1 0
4 Az 7 -+ 1 0 0 —5
J 1___|
Bang3| 34 |-2 o0 o0 o -}

3.5.3 Phuong phap danh thué hay phuong phap bai toan (M)

Trong thuat todn don hinh hai pha ta phai thuc hién thuat toin don hinh hai lan: mot
l4n dé giai bai todn quy hoach tuyén tinh phu (LP) va mot 14n dé gii bai todn quy
hoach tuyén tinh goc (néu (ap nghiém chdp nhan duge cha nd khéc rdng). Phuong
phidp ddnb thu€ cho phép két hop ca hai pha nay lai.

Xét bai 1wén quy hoach tuyén tinh dang chinh tic

min{(c,z) | Az = b, r > 0}, (L P

véimatran Acpm x n, véctob € R™ va b > 0.
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Dé giai bai 104n (L P) ta xét bai todn md rong sau day (thuong goi | bai todn
(M))

min F{z,u) =czy+ -+, + M{up 4+ -+ uy) (M)
v.d.k. Az +u=5b
(x,u) >0,

trong d6 M 1a mot hang s6 duong di 16n (1én hon bat cif s6 cu thé nao ma ta cin so
sanh vdi né). VE truc quan c6 thé thay ring cdch 1am nay giéng nhu "danh thud™ rat
niang vao cic bién gia u,. - - -, u,, khién cho néu bai todn chinh (LP) c6 phuong
4n chap nhan dugc thi phuong dn t6i vu (z*, »*) cia bai todn (M) phai ¢6 v* = 0
va z* 1a phuong 4an t6i wu cia bai todn chinh.

Bai todn (M) c6 m rang budc chinh va n + m bién. D€ thdy (0, bj 1a mét phuong
an cuc bién cia bi todn nay véi co sd tuang tng 1a co so don vi. Do d6 ta c6 thé
x4y dung dugc ngay bang don hinh xuét phat va giai bai todn nay bang Thuat todn
3.3. Tuy nhién, dé y ring, do bam muc tiéu F phu thudc tuyén tinh vio M nén cic
ude luong A, cha cdc bi€n z; cling phu thude tuyén tinh vao M. Do d6, ta c6 thé
Vi€t

F=00+5M vd Ay =ax+3M k=1 .n+m.
Khi giai bai todn (M) theo Thuat todn 3.3, ta khong cdn xdc dinh gi4 tri cu thé ctia s6
M ma chi cén tich dong udc lugng (dong cudi cdng cda méi bang don hinh) thanh
hai dong: dong ddu ghi cic hé s6 oy, dong sau ghi ciché s6 B, k =0, 1.+, n+m.
Vi M 1a hang s6 duong du 16n nén:

o Vaimbi k € {1,--- .n} tacé:
Ag >0néu S >0va ap bAVKY (hode 5, = 0va ax > 0);
oVédicapi,j€ {l,- - .n},i#j tacé:

A, > Aynéu B, > 35 vac;, a; batky (hode 8, = B;va o, > o).

Khi thuat todn ket thic:

i) Né&u bai todn (Af) ¢ phuong 4n t6i vu 1a (z*, u™) vai u* # 0 thy bai tén goc
(L P khong c6 phuong an chdp nhan duoc;

i) Néu bai todn (LP*) ¢6 phuong 4n t5i wu Ia (z°, 0) thi z” 12 phuong 4n t5i wu
cua bai todn goc (LP™);

iii) Néu bai todn (L P*) khong cé phuong 4n t6i wu thi bai toan géc (LP<) cling
khong ¢6 phuong dn t6i wu (gia tri hAm muc tiéu giam vo han).

Vi du 3.19. Xét lai bai todn quy hoach tuyén tinh chinh tic nhu & Vi du 3.17

min f(2) = 2r+3z,

vdk., 2z1—4dx, — 14 =2
4z1+3z,; +1r4=19
3$1+21‘2 =14

Zy, Iy, T304 = 0.
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Cing 14p luin twong nr nhu khi gidi Vi du 3.17, ta chi cdn thém hai bién gid z§ va
zd trong bai todn phu. Sau day 1A bai tosn (M) tuong Gng

min fP(z) = 2z + 3z, + (2% + )M
vdk. 21, —4z9— 24 + 2 = 2
4z, + 3z, + =19
3z + 22, + zd =14

6
9 .9
Iy, T2, X3, T4y Ty, Tg 2 0.

Qu4 txinh tinh to4n giai bai todn nay theo Thuat todn 3.3, xu4t phét tir phuong 4n
cue bién ban ddu z° = (0, 0, 0, 19, 2, 14)T wong ung v6i casd don vi { Af, A4, A7}
duge trinh bay & Bing 3.14. Nhu sé thdy, bang don hinh cuéi cuing cia Bang 3.14
cho ta phuong 4n cuc bien t6i wu (3, 0, 2, 1, 0, 0)7. Nhy vay, phuong 4n cuc
bién 167 wu chia bai todn ban déu 1a z* = (&, 0, 2, 1)T. Ta c6 ket qua trung hop
v6i két qua nhan duge khi gidi bai todn nay bing thuat toin don hinh hai pha ¢ Vi
du 3.17.

Bang 3.14

He¢ s¢ | Coso | Phuong | 2 3 0 0 M M6
CB B an Al Az A3 A4 A5 Aa

M Af 2 (21 4 -1 0 1 01
0 Ay 19 4 3 0 1 o0 o0]|2%
M Ad 4 |3 2 o0 0 0 1 |4%
|
a 0 |2 3 0 0 0 o
Bangl| & 6 |5 2 -1 0 0 0 |
2 A 1 1 2 -3 0 1 0|
0 Ay 15 o Mmj 2 1 -2 0|3
M Af nm o 8 § o0 -3 1 |¥
o 2 0 7 -1 0 1 o0
Bing2 | § n o 8 & 0 -3 0
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Bang 3.14 (¢+iép theo)

He¢s6 | Cosdé | Phuong | 2 3 0 0 M M|[8

Cs B in A A A Al A A
2 Ay 4 I 0 -5 £ £ 0o
3 A2 Ll 1+ & L -2 o]|&
M AZ & 0 0 [5 - —-% 1|2

o 2 1o o & I -3 ¢

Bing3 | 3 2 o o L -& - ¢
2 Ay 4 1 0 0 -2 0 3 |
3 A, 1 0 1 o0 (33 0 -4|1
0 As 2 0 0 1 -16 -1 22 o

o 11 0 O 0 5 0 -6

Bing4| § 0 0 0 0 0 -1 -

2 A 2 11 % o o0 o0 i

0 Ay 3 o 3 o0 1 o0 -3

0 As Z o ¥ 1 o -1 %

a 28 0 =% o 0 0 2

Bang5| 2B 0 0 0 0 0 -1 -l

3.6 Tinh hiru han cla thuit toan don hinh

Dinh nghia. Thuat todn giai mot bai todn t6i uu dwge goi 1a hitu han néu nhu né
cho phép tim dugc phuong 4n t6i wu ca bai todn sau mot s6 hiru han phép tinh,
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BPinh ly 3.10. Giag su mdt bai todn quy hogch tuyén tinh khong thodi héu va o
phuong dn 161 wu. Khi do, voi moi phiuong dn cuc bién xudt phdt, thudt todn don
hinh la hitu han.

Chimg minh. Gia sif bai toan quy hoach tuyén tinh chinh tic (LP) c6 phuong 4n
cyc bién z° tuong tng véi co s& By, Xudt phdt tr 2°, qua trinh thuc hién thuat todn
don hinh d€ giai bai todn nay s sinh ra moét day cac phuong an cuc bién z* va day
co sO trong img By, k£ = 1.2. - -. Do bai todn khong suy bién nén tit ca ciac phuong
an cuc bién déu khong suy bién va khi chuyén tir 7% sang z**! thi gi4 tri ham muc
ticu giam thuc sy (xem céng thuc (3.27)). Ta ¢é
fla*y U2 cp X, OF Co, B,

Do dé trong qua trinh thyc hi¢n thuét todn khoéng c6 mot ma trin co sd nao bi lap
lai. Mat khdc, s6 co sd cha ma tran A khong vugt qud C) nén sau mot sé hiru han
budc 1ap ta s& nhan duoc moét phuong dn cuc bién théa man diéu kién dimg cia thuat
todn. O

Nhén xét 3.6. Trong trudng hop mét bai todn thodt héa thi tinh hiru han cua thuat
todn don hinh khong dam bao nita. Ngudi ta goi do 1a hién tuong xoay vong.

3.7 Hién tuong xoay vong

Hién tuong xoay vong 12 hién tuong sau mot s phép bién déi don hinh ta lai quay
lai phuong dn cuc bién suy bi€n trude dé véi co s& tuong vng da gap. Trong trudng
hop nay, thuat todn don hinh khong thé két thic. Vi du ddu tién vé hién tugng xoay
vong do Hoffman [12] dva ra nam 1953, Nam 1969, Marshall- Suurballe [29] chimg
minh ring mét bai toan quy hoach tuyén tinh dang chinh tic xoay vong thi phai ¢é it
nhat sau bién va ba rang buéc. Sau day 1a vi du bai toidn quy hoach tuyén tinh xoay
vong do GS. Trdn Vi Thiéu [38] (Vién Todn hoc Ha Noi) duva ra nam 1964

min f(z) = 4z, — 65 — 5z + 6477
1
v.d.k. Z) + '§l'4 - 2:1?5 - Iy F 12237 =40
2
.’EQ+ +§CL‘4— ‘r5—6x5+§:p7=0
Tq + 254+ z6— 977=2

Ty, T2, T3. Ty, Is, Ty I7 2 0.

Giai bai todn nay theo thuat todn don hinh xudt phét tir phuong dn cuc bign suy bién
(0, 0, 2, 0, 0, 0,0)T v6i quy tic: tai mét bang don hinh nao d6, néu c6 nhiéu véc
to cling dat tiéu chudn ra khdi co sg dang xét thi ta chon d€ dua ra khdi co s& véc to
c6 chi s6 nho nhat. K& qua 1a bang don hinh & budc 13p thit bay triing v6i bang don
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hinh ¢ budc ddu tién. Nhu vay, néu cu tiép tuc tinh ta sé lam vao tinh trang xoay
vong.

Sau hon ntra the ky 4p dung phuong phdp don hinh giai quy hoach tuyén tinh,
ngudi ta thdy rang hién tuong xoay vong rét it xay ra d&€n mic cic chuong trinh phan
mém gidi quy hoach tuyén tinh déu khéng chd y dén phong ngira xoay vong. Tuy
nhién, vé mat 1y thuyét, ngudi ta vin phéi dua ra c4c bién phdp dé tranh hién tuong
xoay vong nhu: quy tic R.G. Bland, phuong phdp tir dién, phuong phap nhiéu loan.
Ban doc quan tam dén cic phuong phap nay cé thé tham khao trong [2]. [8]. [19],
(33], [39] hoac [41].

3.8 Poi ngau

Pai ngdu 12 mot phuong phdp xay dung cho bai todn quy hoach tuyén tinh dang xét
(goi 1a bai todn géc) moét bai toan quy hoach tuyén tinh "d6i" véi né (goi 1a bai rodn
doi ngdu) sao cho tir nghiém t6i wu clia bai todn nay ta s& thu dugc céc thong tin vé
nghiém tdi vu cua bai toan kia.

3.8.1 Cip bai toan quy hoach tuyén tinh d6i ngau

Cho Alamatraincdp m x n va véc to b = (by, -+, b)T € R™. Ky hiéu
a',1=1.--- ,m lacidc hang cla ma trin A;
A, j=1.--+ . nlacic cdt cla ma trhn A.

o Doi ngdu cua bai todn quy hoach tuyén tinh tong qudt

Gia sur bai toan quy hoach tuyén tinh ¢6 cfu tnic & bén trdi Bang 3.15. Khi dg,
bai todn quy hoach tuyén tinh d6i nglu cia né tuong ing & bén phai Bang 3.15.

Nhan xét 3.7. SO rang budc chinh cta bai todn quy hoach tuy&n tinh géc (P) bing
s bién cua bai todn quy hoach tuyén tinh déi ngdu (D); S& bien cua bai todn (P)
bang s6 rang budc chinh cua bai todn (D). Ta goi cic bién cia bai todn quy hoach
tuyén tinh d6i nglu 1a cic bién doi ngdu. Cic bién d6i ngiu rong img 1-1 v6i cic
rang budc chinh cia bai toan gbc (P). Cac rang buéce chinh cua bai todn déi nglu
(D) tuong tng 1-1 véi cac bign cua bai todn goc (P). Tinh chdt nay duoc sir dung
rit nhiéu khi nghién cdu cic bai todn quy hoach tuyén tinh théng qua cic bai todn
do1 nglu cua ching.
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Bang 3.15
Goc (P) min {c, ) max (b, y) | D6i ngu (D) |
(a',z) = by, 1€ M y; tudo, 1 € M,
Rang bude | (a*,7) <b;, i€ M, u <0, i€ M, Bign

(a*,z) > b;, i€ M; u=>0, i€ M;

z;20, JEN, (491 < ¢y JEM
Bién z; <0, jEN, (A;,y) 2 ¢j, j€ N, | Rangbubc

ryrdo jE Nj (Ajy) =¢js JEMN

(IMy| + | Ma| + [Ma| =m,  [Ni| +|No| + | N3| = n)

D¢ thuan tién, ta quy ude ring bai todn g6c ludn duce viét bén trdi va bai toan
déi ngdu duge vi€t & bén phai.

e D6i ngdu cua bai todn quy hoach tuyén tinh chudn tdc

min z = (¢, z) ‘ maxw = (b, y)
vdk Az >b vdk. ATy <c
z2>0 y=>0.

e Ddi ngdu cua bai todn quy hoach tuyén tinh chinh tdc

min 2 = (¢, z) max w = (b, y)
vdk. Az =b vdk. ATy <c
r>0 y tr do.

Ménh a8 3.2. Bai todn dbi ngdu cua bai todn doi ngdu la bai todn goc.

Chumg minh. Khéng giam tdng quit, ta xét bai todn géc (P) 1a bai todn quy hoach
tuyén tinh dang chudn tic. Ta c6 céap bi to4n d6i nglu sau

minz = (c,z) (P) maxw = (b,y) (D)
vdk. Az > b vdk. ATy <c
x>0 y > 0.
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Bai todn (D) tuong duong véi bai todn

minw' = —{b,y) (D)
v.d.k. - ATy > —¢
y=>0.

Bai todn d6i nglu cua (D) 1a

max 2’ = —{¢,z) (P’) minz = {c,z) (P)
vadk ~Az < -b & vdk. Az >b
z2>0 z >0,
Menh d¢ d3 dugc chimg minh. O

Vi du 3.20. Xét bai todn quy hoach tuyén tinh

min f(z) = -6z, + 3z5 + 223 — 514
vdk. 4z, + 31, —-8z3+T7z4=11
3zy + 229 + Tza + 624 > 23
7Zy + 4zy + 314 + 224 < 12
2,20, 2920, 23 <0, z4 tudo.

Bai todn d6i ngdu cia bai todn nay 1

max ¢(y) = 1ly + 23y.+12y;
vdk. 4y + 3yt Tys < -6
3n + 2yt 4y < 3
-8y1 + Tya+ 3yz > 2
Ty + Byt 2y3 = —5
yitedo, y2 >0, y3 <O0.

Vi€t lai bai todn d6i nglu ndy dudi dang bai todn min tuong duong va nhan ci hai
v& clia bén rang budc chinh cba né véi —1 ta c6 bai todn

min g¢'(y) = —11y — 23y—12y3
vdk., —4dy;— 3yp—Ty3 26
—3y1 — 2y2—4y3 2 -3
© 8y~ Tya— 3ys < -2
—Tyy — 6y~ 2y3 =5
y1tudo, y2 20, ya <O0.
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Bai todn Ad6i ngAu cua bai todn nay la

max f'(z) = 6x; — 3xy — 213 + 514
v.dk. — 4z — 319+ 8z3 — Tz = —11
-3z — 229 — Tza — 624 < -23
~721 — 429 — 323 — 224 > —12
z1 >0, 2020, z3<0, z4 tudo.
D€ th4y ring, bing cdch viét lai bai todn nay dué dang bai todn min twong duong

va nhan ca hai v&€ cta ba rang budc chinh cha né v6i —~1 ta nhan lai duoc bai toin
gdc ban diu.

3.8.2 Cac dinh ly vé d6i ngiu
Céc dinh 1§ sau ding vdi cap bai todn quy hoach tuyén tinh d6i nglu dang bat ky.
Dinh Iy 3.11. (D6i ngu yéu) Néi r la phuomg dn chdp nhdn duoc bdt ky cia bai
todn goc (P) va y la phuong dn chdp nhdn duoc bdt ky cua bai todn doi ngau (D)
thi

(b,y) < {c,z).

Chimg minh. Do moi bai todn quy hoach tuyén tinh déu c6 thé dwa vé dang chuén
tic nén, khong giam téng quat, ta chimg minh cho cap d6i ngiu véi bai todn géc c6
dang chufn tic

minz = (¢,z) (P) maxw = (b,y) (D)
vdk Az >b vdk. ATy <c
z>0 y20.

Vi z 1a phuong 4n chdp nhan duge cha bai toan (P) nén Az > b, r > 0,vadoy 1a
phuong dn chép nhan dugc cha bai todn (D) nén ATy < ¢, y > 0. Ta ¢

(b,y) < (Az,y) = (z,ATy) < (c.z). 0
Sau day 12 hé qua tnre ti€p cia Dinh 1y 3.11.

Hé qua 3.5. i) Néu ham muc tiéu cua bai todn quy hoach tuyén tinh (P) khéng bi
chan diedi trong tap chdp nhdn dwoc thi bai todn d6i ngdu (D) khdng cé phuong dn
chdp nhdn dugc,

i) Néu ham muc tiéu cia bai todn quy hoach tuyén tinh déi ngdu (D) khong bi
chdn trén trong tdp chdp nhdn dwoc thi bai todn goc (P) khong ¢6 phuong un chdp
nhdn dwoc.

Chimg minh. Do tinh tuong tu, ta chi cAn ching minh (i). Gia sif ing bai todn (D)
c6 mot phuong 4n chdp nhan duge 3°, Theo Dinh 1y 3.11 ta c6

(b,y% < {c, z)
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véi moi phuong 4n chdp nhan dugc  cia bai todn (P). Diéu nay mau thuin véi tinh
khong bi chan dudi cia ham muc tiéu f(z) = (c, z) va ching td tdp chip nhan dwgc
caa bai todn (D) 1a rdng. O

Heé qua 3.6. Gid sit T la phuong dn chdp nhdn dugc cua bai todn goc (P) va § la
phuong dn chdp nhdn duoc cuia bai todn doi ngdu (D) va

(b,y) = {c, Z).

Khi dé Z la mot phuong dn 161 wu ciia bai todn (P) va § la mot phuong dn 161 uu
cua bai todn (D).

Chimg minh. Gia s z 1a phuong 4n chip nhan duge bat ky cha bai todn géc (P)
va y 12 phuong dn chdp nhan duge b4t ky cha bai todn d6i nglu (D). Theo Dinh 1y
3.11tacéd

{b,y) <{c,Z) = (b, y) < (e, 7).

Ta ¢6 diéu phii chimg minh. O

DPinh ly 3.12. (Ddi ngdu manh) Néu mor bai todn quy hoach tuyén tinh ¢6 phuong
dn t6i wu thi bai todn doi ngdu cia né ciing cé phuong dn t61 wu va gid i 167 uu
cua hai bai todn nay bdng nhau.

Chimg minh. Khéng gidm téng quit, gia sit bai todn géc 12 bai todn quy hoach

tuyén tinh dang chinh tic v c¢é phuong 4n t6i wu z* twong tng véi co sd B,. Dé tién
theo doi, ta viét lai cap bai todn d6i ngiu ndy,

min 2 = (¢, z) maxw = (b, y)
vdk. Az =5b vdk. ATy <ec
x>0 y tr do.
Nhic lai ring,

B, 1ama tran cé cic cot 1a cac véc to {A;, j € J(z™)},
Cp. 1 véc to hang ¢6 céc thanh phin 1a ¢;, j € J(z"),
Xp. lavéc tocot c6 cdc thanh phén la z}, j € J(z").
Theo (3.11%) va (3.12') ta c6
Xp, =B '06>0 va foin = f(z*) =Cp B .
Vi z* 13 phuong dn t6i wu nén

313’

Ak(—)CB.B:lAk_CkSO vk:l,-..’n

hay
AT(Cp.BIYT —c <. (3.35)

121
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Ta s ching minh ring bai todn d6i ngdu ciing c6 phuong dn t6i gu, That vay, dat
y" = [Cp. B '}".

Theo (3.35) ta c6
ATy* <,

ching td y* 12 mdt phuong dn chdp nhan duge cba bai todn d6i nglu. Hon nifa,
(by") = [¥")7b = Cp,B;'b = Cp. X5, = (c,z").
Theo He qua 3.6 ta c6 y* 1a phuong 4n t6i wu cla bai todn d6i ngiu. O

Bé qua 3.7. Diéu kién cdn va dii d€ cdp phuong dn chdp nhén duoc {z,3} cua
bai todn (P) va (D) la phuong dn 61 wu ld

((_‘, f) = (ba g)

Ciéc két qua trén cho thdy méi quan he sau day gitra bai todn quy hoach tuyén
tinh géc va bai todn d6i nglu.

Dinh Iy 3.13. (Dinh 1y t6n tai) Xér mot cdp quy hoach tuyén tinh doi ngdu (P) va
(D). Khi dé chi xdy ra mét trong bén truomg hop sau:
i) Cd hai bai todn déu khong c6 phuong dn chdp nhdn duoc |

i) Cd hai bai todn déu c6 phuomg dn chdp nhan dugc. Khi dé cd hai bai todn
déu c6 phuong dn t6i wu va gid tri t6i wu cvia hai bai todn ndy bdng nhau ;

iii) Bai todn (P) cé phuomg dn chdp nhdn duoc va bai todn (D) khéng 6. Khi
dé ham muc tiéu f(z) = (c, ) cua bai todn (P) khéng bi chdn dudi trong tdp chdp
nhdn duor;

iv) Bai todn (D) c6 phuong dn chdp nhdn dugc va bai todn (P) khéng cé. Khi
dé ham muc tiéu g(y) = (b,y) cia bai todn (D) khéng bi chin 1rén trong tdp chdp
nhdn dugc. '

Sau day 12 mot s6 vi du minh hoa cho bén truong hgp dd néu trong Dinh 1y 3.13.

Vi du 3.21. (Bai todn géc va bai todn d6i ngdu déu khéng cé phuong dn chdn nhdn
duoc)

min f(z) =2z, + 2, max g(y) = 5y + 3v2
v.d.k. Ty + z = 5 v.dk h— Y2 = 2
-z — z2=3 - =1

zy, 2, twdo : Y1, Y2 tu do.
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Vi du 3.22, (Bai todn géc va bai todn doi ngdu déu c6 phuong dn chdp nhdn duoc)

min f(z) = 6z, + dx, max g{y) = 4y + 10y,
v.d.k. r, + 2.’1?2 > 4 v.d.k, m+ 2y2 < 6
21+ x2 < 10 21+ ¥ <5
120,220 n >0,y <0.

Vi du 3.23. (Bai todn géc khéng c6 phuong dn chdp nhén dugc va gid tri ham muc
tiéu cua bai 10dn déi ngdu tdng v6 han trong mién rang buéc)

min f(z) = 2z; + 19 max g{y) = Sy1 + 242
v.d.k. Ty — 2T 25 v.dk. 1+ 2 < 2
.’E]+172:2 _y1+y2S1
Iy,Tn >0 Y1, Y2 tu’do.

Vi du 3.24. (Gid tri ham muc tiéu cua bai todn g6c gidm vé han rong mién rang
budc va bai todn d6i ngdu khéng cé phwong dn chdp nhdn duoc)

min f(z) = -z, — = max g(y) = 2y + 3y
vdk 2+ 1,<2 vdk., -2y + ¥y, < -1
zy — 3z, <3 y1— 3y < 1
z1,Z2 2 0 Y, < 0.

3.8.3 Dinh ly vé a6 léch b

He qua 3.7 cho ta diéu kién t6i wu cia bai todn quy hoach tuyén tinh thong qua gid
tri hAm muc tiéu. Diédu kién do léch b (complementary slackness) sau day biéu thi
diéu kién t6i wu qua céc dir liéu ciia bai toan.

Dinh ly 3.14. (Dinh ly vé d0 lach bd) Gid si T la phuong én chdp nhdn duoc cua
bai todn géc (P) va y la phwong dn chdp nhdn dupc cua bdi todn doi ngdu (D). Khi
dé, z la mot phuong dn t61 wu cua bai todn (P) v y la mdt phuong dn t6i wu cua
bai todn (D) khi va chi khi

(Az—by)=0 (3.36)
{ (c— ATy, z) = 0. (3.37)

Chimg minh. Tix (3.36) va (3.37) ta viét duoc
(b,y) = (Az,y) va (c,z) = (ATy,z) = (y, Az).

Do d6
/ (b, y) = (c, 7).
Theo Hé qua 3.7, ta c6 didu phai chimg minh. [
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Chi y 3.8. Ta vin ky hiéu o’ 12 hing thi i va A; 1a c6t thif j cha ma wan A. Vi
Az >bva ATy <cnén Az —b>0vac— ATy > 0. Honnitatacé y > 0 va
z > 0. Do d6 diéu kién (3.36) va (3.37) duoc dién ta chi tiét nhu sau:

Néu y; > 0 thi (a’,z) = b,

3.36) & ((¢',z) = b)) yi =0 Vie )
( ) ((a I) )y 1 IiNé/U (a‘,x) >b, thi %':0-

\%:|
Néu 1, >0 thi (4;,y) = ¢,

37 =y A))) z; =0V
(337) & (¢ = (1, A4y)) z OVJ‘I’[Ne'u (v, 45) <¢; thi z; =0.

Diéu d6 c6 nghia 12 n€u rang budc "léch” khai théa man chat thi bién phai bing 0
(titc "bi 1ai”) dé "khong lech” khéi théa man chat va nguoc lai.

Nhan xét 3.8. i) Néu bai todn goc ¢6 dang chinh tic
min{{c, z) | Az = b, r > 0}, (P)

thi (3.36) 1u6n thda min v6i moi phuong 4n ch4p nhan duge nén diéu kign do léch
bu cho bai todn quy hoach tuyén tinh chinh tic 1a diéu kien (3.37);

ii) Diéu kién 44 léch bu c6 thé cho ta ngay nghiém t6i wu ctia quy hoach tuyén
tinh khi biét nghiém tdi wu cia bai toin d6i ngiu cla nd.

Vi du 3.25. Xét bai todn

min f(r)=—-z,— Iy— I3

vdk. 22+ x93+ 2z3 <2

4r1+ 229+ 23 <2

T >0

Ty >0

T3 > 0.
Ching minh ring z* = (0, 3, )T 1a phuong 4n cyc bién t6i wu cha bai todn trén.

Viét bai todn d6i ngdu va tim nghiém t6i tu ca n6.
Gidi. D& thdy z* théa man moi rang budc cua bai todn nén né 1a mét phuong dn
ch4p nhan dugc. Hon nifa, z* théa min chit rang budc th nhat, thi hai va thir ba,

tuc tap chi s6 cac rang budc théa man chat tai z* 1a

1(r") = {1,2,3}

va a! = (2,1,2), 2% = (4,2,1), @® = (1,0,0) doc lap tuyén tinh. Do 46 z” 1a mot
dinh khong suy bién cua tap 16i da dién chdp nhan duoc hay 1a mét phuong dn cuc
bien khong suy bi€n (xem Hé qua 1.2).
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Bii toin d6i ngdu chia bai todn trén 1a

max g(y) = 2y1 + 292
vdk. 2y +4y < ~1
yi+2y, < -1
21+ Yo < -1
n <0
y2 < 0.

Gia su z* 12 phuong dn t6i vu cia bai todn di cho va y* 1a phuong 4n t6i wu cha
bai to4n d6i nglu. Theo Dinh ly vé d6 léch bu (Dinh Iy 3.14), viz; = 2 > 0 vA
3 = % > 0 nén

{(Az,y') =e {yf +2y; = -1
(Aa,y*) = cs 2yy+y; =L
Suy ra y~ = (—3,—3)7. D€ thdy 3" thda man c4c rang budc ciia bai todn d6i ngiu.
Vi vy, phuong 4n t6i uu cua bii todn d6i nglu 14 y* va z* 1a phuong 4n t61 i cua
bii todn ban ddu.

Vi du 3.26. Xét bai todn quy hoach tuyén tinh

min f{z) = 2z + 519 + 4z3 + 3z4 + Sz5

vdk. x4+ 2z, + 4z; + 3z5 = 152
4z + 223+ + 3z5 = 60
3.1?2 + z4+ 5= 36

Ty, T2, T3, T4y T5 2 0.

Khong ding thuat todn, chimg minh ring 2° = (104, 12, 6, 0, 0)T 14 phuong 4n
t61 wu clia bai todn nay.

Gidi Kiém tra truc ti€p ta thdy z° théa min in- rang buéc, do d6 né 12 mét phuong
an chip nhAn duge clia bai todn trén. Bai todn d6i ngiu cba bai todn ndy la

max g{y) = 152y, + 60y, + 36y,

v.d.k. % <2
2y + 42+ 3ya <5
4y, + 2y <4

y3 <3

31 + 3+ a2 <6
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Gia sir z° 1a phuong 4n t5i wu clia bii todn géc, ¥° 12 phuong 4n t61 wu cia bai
toén d6i ngu. Vi 28 = 104 > 0, x$ = 12 > 0, 23 = 6 > 0, theo Dinh Iy vé 46 lech
bix ta cé

n =2
2 + 4y2+ 3ya=5
dy1 + 29 =4

Giii he mdy ta duoc 3° = (2, ,—2, 3). D& th4y 3 thda man moi rang buéc clia
bai todn d6i ngAu. Vay 3° 1a phuong 4n t6i tru cha bAi todn déi ngiu va z° ding 1a
ptivong 4n tdi wu cuia bai todn di cho.

Nhan xét 3.9. Trudng hop bai todn suy bi€n thi dién kién d6 léch ba gidp rit it cho
viéc x4c dinh nghiém t6i wu cia bai todn quy hoach tuyén tinh.
3.8.4 Mot 56 umg dung ciaa Iy thuyét d6i ngau

a. Tim nghiém khéng 4m caa hé phuong trinh tuyén tinh
e Ta c6 thé sir dung Pha I coa thuat todn don hinh hai pha dé im nghiém khong
Am cna he phirang trinh tuyén tinh Az = b, titc tim nghiém ctia hé

Ar=1b, x>0, (3.38)

trong 46 A 12 ma tran cp m x n va véc to b € R™, b > 0. Cu thé gidi bai todn quy
hoach tuyén tinh (xem Muc 3.5.2(b))

min g(z,u)= U+ -+ Uy
vdk. Az+u=b
(z,u) 20,

duge nghiém t6i wu (z*, u*). Néu u* = 0 thi z* 1A nghiém cha he (3.38), con néu
u” s 0 thi hé (3.38) v6 nghiém,

e Nguoc lai, ta ciing c6 thé dua viéc giai bai to4n quy hoach tuyén tinh vé viéc
tim nghi¢ém khong am ciia mot he phuong trinh tuyén tinh. That vay, khéng gidm
téng quat ta xét bai todn quy hoach tuyén tinh dang chudn téc va bai todn d6i ngiu
cla né

min z = (¢, z) maxw = (b, y)
vdk Az >b vdk. ATy <ec
x>0 y > 0.

Theo He qua 3.7, phuong 4n chap nhan duge z 1a phuong 4n t6i uu cha bai todn
g6c va phuong én ch4p nhan duoc y 1a phuong dn 16i wu cita bai todn d6i nglu khi
va chi khi

(c,x) = (b,y).
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Piéu d6 cé nghia 12 cap nghiém 16i w1 z* va ¥* nghiém ding hé phuong trinh, bit
phuong trinh sau
(c,z) = (b,¥)

Ax>b, 20
ATy<c, y20.
Bing cdch dua thém bién phu z > 0,v > 0, hé tren duge viét lai duéi dang

(c,z) = (b,y)
Ar —u=b, ATy+v=c,
y>20, y>20, u>0, v>0.

Do dé moi thuat toan tim nghiém khong am cia mot he phuong trinh tuyén tinh déu
cé thé 4p dung tnye ti€p vao viéc gidi bai todn quy hoach tuyén tinh.

b. Chimg minh B6 dé Farkas

B4 dé Farkas 12 mot két qué co ban cha giai tich 16i va ¢4 nhiéu ting dung trong
quy hoach toan hoc. Né ¢6 thé dugc chiing minh nhu 12 hé qua truc ti€p cha dinh Iy
tsch céc tap 16i. Trong phan niy, ta s& ching minh b3 dé& ndy dva vao 1y thuyét d6i
nghu. Dé tién theo dbi, ta nhic lai
Bé dé Farkas. Cho véc to a € R™ va ma tran A cdp m x n. Khi d6 (a,z) > 0
VoI moi x thoa mdn Az > 0 khi va chi khi t0n tai véc toy > 0 thudc R™ sao cho
a=ATy.

Chimg minh. (<) Diéu kién du Ia hi€n nhién. That vy, gia sif t6n 1ai véc to y € R™,
y>0vaa= ATy. Suyra (a,z) = (ATy,z) = (y,Az) > 0 v6i moi z thda min
Az > 0.

(=) Xét quy hoach tuyén tinh

min{(a, z) | Az > 0}.

Tap ch4p nhan dugc cha bai todn nay khic réng vi né chia it nhat mot phuong 4n
z = 0. Theo gia thiét (a, ) > 0 véi moi z théa man Az > 0. Diéu d6 ching td ham
muc tiéu cta bai todn nay bi chan dudi trén tip chdp nhan dugc. Theo Dinh 1y 3.2,
bai todn c6 nghiém t6i wu. Vay bai todn d6i nglu cua né 12

max{{0,y) | ATy = a, y > 0}

cling ¢6 nghiém t6i wu (Pinh 1y 3.13). Va hién nhién )3 tAp ch4p nhan dugc cla bai
todn d6i ngiu khic réng, tifc tén tai y > 0 sao cho ATy = a. O

c. Y nghia kinh té ciia cip bai todn d6i ngiu
Ta trinh bay vin dé nay thong qua mot bai todn thuc t€: Ngudi ta du dinh sén
xust m loai sin phdm bing n phuong ph4p khic nhau. Bi€t ring nhu cdu ciia xa hoi
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vé timg loai san phdm i 1a b,, i = 1,--- , m. N&u sir dung moét don vi thoi gian theo
phwong phdp 5 thi thu dugc a,, don vi sin phdm loai : va phai trd mo6t chi phi bing
c;. Bai toan d4t ra 12 x4c dinh thdi gian ¢; sic dung méi phuong phdp j. 3 =1,--- ,n,
sao cho s& san phdm loai 7 san xuft duoc khong it hon nhu cdu b, i = 1,--- ,m
d6ng thoi tdng chy phi sin xuit 13 thdp nhit.

Sau day 12 mé hinh todn hoc cia bai toin
min f(z) = city+ -+ enty

n
vdk. Y ayt; b, i=1-,m,

=1

Bai todn d6i ngu clia bai toin nay la
max ¢g(y) = bjzi+ - + bnzm

v.d.k. Zagjz.-SCJ, j=1-,n,

i=1

Néu goi z;,i=1,--- ,m la gid tri (qui wéc) clla moOt don vi san pham loai ¢ thi ham
muc tiéu ciia bai todn d6i ngiu 12 ham tng gi4 tri toan bd san phdm theo yéu ciu
cha x4 hoi. Rang buoc chinh tht j cla bai todn d6i nglu c6 nghia la: tdng gia tri
m loal san phdm dugc san xuét theo phuong phap thif j trong mot don vi thdi gian
khéng virot qua chi phi san xudt ¢,, j = 1,--- ,n. Myc dich ciia bai todn d6i ngu
1a x4c dinh gi4 tri z; cho mé&i don vi sin ph4m loai 4 sao cho t8ng gi4 tri toan bo san
phdm theo yeu ciu cha x3 héi 13 16n nh4t.

Ta cé thé phan tich mot s6 ¥ nghia kinh t€ cha cap bai todn d6i nglu trén nhu
sau: Goi £* la phuong 4n san xuit t6i vu cua bdi todn gbc va 2* 1a phuong 4n dinh
gid tri t6i uu cla bii todn d6i nglu. Tir Dinh [y v& db léch bu (Dinh 1y 3.14) ta suy
ra: _

i) Néu phuong phép thi j dugc 4p dung (ic 7 > 0) thi tdng gid tri m loai san
phdm duoc sin xu4t theo phuong phép nly phai vira ding bing chi phf

m

*
E a,;jz.» =¢
=1

hodc phuong phéap thit ; s€ khong duoc dp dung (tic t; = 0) néu téng gid tri m loai
san phim dwge san xuft theo phuong phap d6 thap hon chi phi

m
L] .
Qi;2; < €55

1=]
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i) Néu san phim loai ¢ ¢6 gid tri z; > O thi tdng s6 san phdm loai d6 sin xuat
duoc phii vira diing biing nhu ciu x3 hoi

n
E a,-jt; = bl‘
j=1

ho#c san phdm loai i khéng c6 gia tri (tic =} = 0) néu téng s6 san phém loai d6 san
xuft dugce lai vuot qui nhu ciu xa hoéi

n
E a,-jt;. > b;.
J:].

Bai tap Chuong 3

1. Chuyén bai todn quy hoach tuyén tinh sau vé dang chinh tic:

max 2z = 3z, + 5xp — 423
vdk., Try-2z,-323>4
22, — 4xy — 823 =3
52y — 31, — 223 < 9
x> 1,307,253 > 0.

2. Chuyén bai toan quy hoach tuyén tinh sau vé dang chinh tac:

MAaX 2 =9Iy — Ty — IT3
v.d.k 7z, + 422 — 11xq4 > 12
1 — 325 - 9z3 = -5
6z, + 51y + 223 <10
12 -2,z tudo, z3 > 0.

3. Khi n2o bai todn quy hoach tuyén tinh min{{c, z)|z € M} c6 nghiem. Ciu
triic chia tp nghiém ca bai todn nay?

4. Gia str ring mot quy hoach tuyén tinh véi tap chdp nhan dugc bi chan c6 ¢
phuong 4n cyc bién t6i wu v!, - - -, v¢. Chimg minh ring m6t phuong 4n 12 t6i
wu khi va chi khi né 12 t hop 16i cha v', - -+ v’
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5. Cho z!, z? 12 hai phuong 4n t6i w ciia bai todn quy hoach tuyén tinh min{(c, z) | Az =
b,z > 0} va z0 1a t6 hop 18i cita z!, 22, Chiing minh ring z° ciing 1A nghiém
clia bai todn nay.

6. Giai bai todn quy hoach tuyén tinh sau bing phuong phdp hinh hoc
i)

min 2= 3z;+ 2
v.d.k. I, — 12 <1
3z, + 225 <12
21 + 32, <3
—2ry+3292>29
T, 2 2 0.

min z =, + 2z,
v.dk. 2z, + Iq 2> 12
)+ Iq 2 5
-z1+31, <3
63:1 - Iz 2 12
z1, T2 2> 0.

7. Tim c4c phuong 4n cuc bién khong suy bi€n cha bai todn quy hoach tuyén tinh
sau day va tra 10i xem cdc bai todn ndy c6 nghiém khong? Vi sao?

)
min f(z) = 2z, + 4z — 323
v.d.k. Iy — Tp— Ty3= 1

T+ o+ z3=3
z1, Iz, 2320-

max f(z) = 3zy — 6z + T3 — 374
vdk. Y+ Zp+ Ta+ z4=10
200+ T3~ x4=06

I, T2, Ta, T4 > 0.
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10.

11.

Chuong 3. Quy hoach tuyén tinh
Xét bai todn
min z = 22y + 922 + 313
vdk., — 2734 2z,+25321
21+4I2—3I321
Ty, I, T3 2 0-
i) Viét bai todn d6i nglu cha bai todn ndy va gidi né bing phuong phdp hinh
hoc.
i) S dung diéu kién dé 1&ch bd dé tim nghiém t6i tu ciia bai todn ban diu.
Xét bai todn min{z = (¢, z)| Az < b, z > 0}. Gid sir bai todn ndy va bai
todn d6i ngiu cia né déu chip nhan duge. Cho z* 12 mot nghiém t8i wu cua

bai todn géc véi gid tri téi uu twong tng 12 z, va y™ 12 mot nghiém t4i wvu cua
bai todn d6i ngdu. Ching minh ring

z, = y"TAz".
Cho bai todn quy hoach tuyén tinh

max z = 6z, + 2z3 + 47,
v.d.k. 21?1 + 4.’172 + 21:3 S 8
Ty + 205+ 323 <7
Ty, T2, I3 2 0.

i) Bai todn niy c6 nghiém khong? Vi sao? Tim mdt bai todn thuc t&€ ¢6 thé mo
ta bdi quy hoach tuyé&n tinh nay?

i) Chiing minh ring tAp nghiém cla bai todn quy hoach tuyén tinh 12 tap 16i.

Cho bai todn quy hoach tuyén tinh
min f(z) = -2z — 13+ 323+ x4 — 4Ts
vdk Ty — T3+ 4dz3 —2z5 — T6 = —4
3Ty + 229 — 23+ T4 +z7=124
0r1 + 3z, + z3+ 2z4 — z5 =46
Zy,,27 2 0.

1) Ching minh ring z* = (0,2,0, 20,0, 2,0)7 12 phuong 4n cuc bién khong
suy bién.

i1) Xudt phét tir z°, gidi bai todn trén bing phuong ph4p don hinh.
iii) Tim mot phuong 4n chdp nhan duge Z c6 f(Z) = —87.
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12. Cho bai todn quy hoach tuyén tinh

13.

14.

15.

min z= z; — 4z + .13 + 3z5
2r) + o+ z3 =3
—I + 2.’83 + 4 =2
3z, + 2z, +x5=4

Ty, T3, I3, T4, Ts > 0.
i) Lap bang don hinh tuong img véi phuong 4n cuc bién z° = (0, 3,0, 2, 4)T.
ii) Tim diéu kién cha tham s6 « dé phuong 4n trén 1a t6i vu.
Chimg minh ring néu bai toin min{{c,z) | Az = b, = > 0} c6 phuong
dn t6i wu thi cdc bai todn min{(c,z) | Az = b, £ > 0} ciing c6 phuong

dn t6i wu, trong d6 b 1a véc to v€ phai bit ki mién 12 tap chdp nhin dugc
{z € R* | Az = b, > 0} khéc rong.

Cho bai toan quy hoach tuyé&n tinh

max z = —4z; + 313 — 23 — 224,
vdk. x4+ 2z,+4+ z3 =1
4o — 223 <4
— 3z, +r4=2>5

Ty, T2, ZTa, T4 2 0.
i) Viét bai todn d6i nglu cha bai toan trén;
ii) Diing d6i nglu kiém tra xem z* = (0, 0, 1, 5)T c6 phai 12 phuong 4n t6i
vu cia bai todn trén khéng?
Giai bai todn quy hoach tuyén tinh sau bng thuat toin don hinh hai pha
i)

min z = -4z, — 22>
v.d.k. 3z — 21, > 4
21+ 29 =2
Xy, Z2 > 0.
i)
min z=—12; — 3z3

v.d.k. Zy+ 2223
-1+ 22 < -1

z) + 2122 S 4

Ty, Iq Z 0.
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16. Mot nha may sin xu4t hai kiéu mil. Thoi gian lao dong dé 1am ra mot ma ki€u

17.

18.

thi nhat nhiéu g4p hai ldn thdi gian d€ 1am xong mot md kiéu th hai. Néu
sAn xudt toan mi ki€u thi hai thi nhd mdy Jam dwoc 500 mil m6t ngay. Thi
trudng tiéu thu duoc trong méi ngay khong qua 200 mi kiéu tha nhét va 300
mii kiéu thit hai. Tién 1di mot mu kiéu thi nhit 13 10$ va mot mo kiéu thit hai
1a 53. Nha may cAn sin xu4t méi kiéu mi bao nhiéu chiéc d€ t8ng tién 13i 1a
16n nhat?

Hang hang khong Universal Aviation quyét dinh ddu tu 40000008 dé mua ba
loai mdy bay A, B, C. Biét ring:

Loai A gid 800008, c6 tai trong 10 rdn, t6c do 350km/h va c6 thé bay 18h
trong mot ngay.

Loai B gid 1300008, c6 tai trong 20 tdh va 16c d6 300km/h va c6 thé bay 18k
trong moét ngay .

Loai C gid 1500008, c6 tai trong 18 tdn va téc d6 300km/h va cé thé bay 21h
trong mot ngay .

M4y bay loai A va loai C c6 thé bay 3 ca mot ngay. Mdy bay loai B c6 thé bay
6 ca mot ngay.

Hang hang khong chi cé thé thire hién bay nhiéu nhét 1a 150 ca trong mét ngay,
va hang chi mua t6i da 30 mdy bay.

S4 tién thu duge tir méi may bay loai A, B, C khi chiing chuyén chd 1 tdn hang
va bay quang dudng 1km (goi 14t 1A 1 tdn - km) 14n luot 1a 53, 88 va 1208.

M@éi ngay, hang hang khong phai thuc hién hgp déng chuyén chd cho tap doan
RIO la 3500000 tdn - kon. N&u mdy bay cta hing Universal Aviation khéng
hoan thanh hop déng véi tap doan RIO thi hiang hang khong ndy c6 thé thue
mot hang hang khéng khic chd hang mi vin 13i 0.28 trén 1 1dn - km. Bai todn
dat ra 14 cAn mua bao nhiéu mdy bay méi loai sao cho hang hang khong c6 thé
thu dugc s6 tién 16n nhat méi ngdy. Hay thi€t 1ap mo hinh quy hoach tuyén
tinh cho bai todn nay.

M@i thdng cong ty Hoang Anh cdn 90000m? gé xé da sy kho dé déng d6 gia
dung. Cong ty mua gb x¢ theo hai cich sau:

Céch 1: Mua hai loai gd da dugc x¢ san (chua say) ca cdc cong ty khac réi
dem sdy. Bi€t ring gb da xé loai thi nhat gid 308/m? va sau khi sfy khé 1m?
chi con 0.7m3, loai thi hai gid 708/m® vA sau khi s4y kho 1m® chi con 0.9m®.
M6i thdng, cong ty c6 thé mua nhiéu nh4t 40000m® gb xé& loai thi nhat va
60000m° gé xé loai thif hai.

Cich 2: Mua gd hop (chua xé) sau d6 xé tai xu0ng cua cua cong ty va dem
sdy, chi phf van chuyén 1m?® gb hop dén nha may cua mét 258. Tién mua va xé
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1m?® gb hop 1a 308 va 1m? gb nay chi cdn 0.8m? sau khi sy kh6. Phan xudng
cua c6 thé cua 35000m3 gb trong 1 thing.

Chi phi 88 siy gb xé 12 4 $/m3. T6ng thdi gian lam kho g6 t6i da 1a 40 gid,
trong d6 thai gian 1am kh6 1m® g6 loai thi nhat (g8 x& sin) 13 2 phut, loai tha
hai (gb xé sin) 1 0.8 phiit va loai gb hop 1 1.3 phit.

Hiy xay dung mé hinh bai to4dn quy hoach tuyén tinh d€ gitip cong ty c6 thé
cuc tiéu chi phi mua nguyén liéu hang thing.



Chuong 4

Bai toan van tai

Mt trong nhimg ing dung thanh céng cba quy hoach tuyén tinh la giai bai todn van
tdi. Theo théng ke ciia My, c6 dén 85% cdc bai todn quy hoach tuyé&n tinh gap trong
céc dng dung thuc t&€ c¢6 dang bii todn van tai hoic cdc dang mé& rong cia né.

BAi todn van tai dugc biét dé€n d4u tién trong cong trinh cda Hitchcock [11]. Sau
d6 duoc nghién ciu chi tiét va phat trién bdi Dantzig [6] va Koopmans'{22], [23].

4.1 Bai toan van tii

4.1.1 M6 hinh toan hoc

Bai todn van tai (xem Vi du 2.5) 1a tim phwong 4n van chuyén mét loai hang héa tix
m di€ém phét véi trir lugng tuong ing 1A a;, as, - -+ , @, t6i n di€m thu vé6i nhu c4u
tai cic diém 14n luct 13 by, by, - - - , b,,. Hang c6 thé chuyén tir méi diém phét dén cic
diém thu ty y vd mét diém thu c6 thé nhan hang tai cdc diém phét bat ky. Méi diém
thu c6 thé khong nhan hang & mét di€ém phét nio d6 nhung di nhan réi thi khong
duoc tra lai.

Ky hiéu z;; (t.u., ;) 1a lugng hang van chuyén (t.u., cuéc phi van chuyén mot
don vi hang) tir diém phét i dén diém thu 5,7 = 1,--- ,m, j = 1,--- ,n. Bii todn
van tii duge phit biéu 1A

Mjalling C. KOOPMANS (28/8/1910 - 26/2/1985): Nha todn hoc M§. Ong va Leoid V. Kantorovich di duoc
Vitn Han 1am Xhoa hoc Hoang gia Thuy Dién trao ting gidi Nobel kinh & nam 1975,
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min f(I) = Z ZC,;J‘I,;J' (PT)
=1 j=1
vd.k. Za:,-j =a; 2=1,---,m (4.1)
=1
>z, =b;, j=1,---,n (4.2)
=1
z;; 20, i=1,--- ,m,g=1,--+ n. (4.3)

Nhu da biét, diéu kién (4.1) ¢6 nghia 1A c4c diém ph4t phai ph4t hét hang va diéu
kién (4.2) c6 nghia 1a cdc diém thu nhan i luong hing nhwr mong mu6n.

Véctod z = (211,12, , Finy T21s " 3 Zony" " » Tyml,* * * ,zmn)T thoa min cdc
rang budc (4.1)-(4.3) dugc goi 1a mgt phiong én chip nhan duge cua bai todn van
tai. D& don gian, ta thuémg viét 13 z = (z;,). Cdch biéu dién phuong dn z dudi dang
ma trdn phan phéi hang héa va cic cude phi ¢;;, i = 1,--- ,m, j =1,---  n, dudi
dang ma tran chi phi C,

Ty Zj2 -+ Zin 1 Ci2 " Cin
z=|: i b i, C= i
Imi Zm2 " ZIwmn Cml Cm2 - Cmn

ciing thudng duge sit dung. Ta dinh nghia ma tran A cdp (m +n) x (m x n) va véc
to b € R™*" nhu sau:

/0,1\
/11 ---1 00 -0 00 --- 0\ .
o0 :.-0 11 -1 00 --- 0 2
00 0 00 .--0 11 1 -
A=l10...0 10 -0 10 .- 0[" °%| p
01 0 01 -0 01 0 b,
\00 .. 100 ---1 --- 00 ..- 1/ :

\ bn/

Khi d6 bai todn van tai (PT') dugc viét dué dang

min f(z} = {c,z)
vdk Az=0b
20,



Chuong 4. Bai todn vdn tdi

trong d6 ¢ = (€11, €12, * ,Cln-C21,*** ,Cany* ** 1 Cm1, " * ,Cmn) - 12 véc t0 he s6 muc
tiu cda bai todn van tdi. Nhu vay, bai todn van tai 1a moét bai todn quy hoach tuyén
tinh dang chinh tic. Bi€u dién dang ma tran ndy tuy it ¥ nghia thyc t&€ nhung gitp ta
phan tich c4c tinh chét Iy thuyét cla bai todn van tai.

Meénh dé 4.1. Ma trdn A c6 rankA=m+n - 1.

Chimg minh. Goi a* R véc tohang tht k chlamatan A, k =1,--- ,m + n. D&
thdy ring

m m+n
E a'“ = E a"‘ =€,
k=1 k=m+1

trong d6 e € R™" 1a véc to c6 tit ca cdc thanh phin déu bing 1. Do d6 rank A <
m + n — 1. Bat ky m + n — 1 hang nao cia A cing doc 14p tuyén tinh. That vay,
ching han ta chimg minh {a?,a3,---,a™"} d6c 1ap tuyén tinh, tic chimg minh

ring néu
m n
Zuga‘ + Z vja"""J =0
i=2 1=1

thhuy =0, k=2,--- ,mvavy; =0, =1, --,n That vay, xét n toa d6 diu tién
cha dang thifc véc to ndy ta duge

vy =vy=-—=1v, =0
Xétcactoaddn+1,2n+1, -, (m — 1)n + 1 cha ding thifc véc to nay, ta lai c6
Uytvy=us+vy="=uy,u+v =0
Suyrau; =ug=---=1uy, =0.VayrankA=m+n— 1 O

Ky hiéu A;;,i=1,---,m, j=1,---  nlacéc véc to cot cua A. Ta cb,

/°)

0

1 <4

0

A,‘j =|: =e + g™+ € Rm+", (44)

0

1| <m+3

0

\0/
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trong d6 & = (0, -, 0T va et = (0, -, -,0)7 12 hai véc to

v’
m+3
don vi clia khéng gian ]R"‘*" Vi bai todn van tai 13 mét quy hoach tuyén tinh dang
chinh tic ma rankA = m + n — 1 nén:

o Phuong 4n cuc bién cia bai todn van tdi khong c6 nhiéu hon (m + n — 1)
thanh phan duong:

o Ta néi phuong 4n cuc bién cha bai todn van tai 1a khong suy bién néu né c6
diing {m + n — 1) thanh phan duong va la suy bién néu né cé it hon (m + n — 1)
thanh phan duong;

o Mbi phuong 4n cyc bien z° = (zf,) tuong img v6i it nhat mot co s& gém
(m+n—1) véc to A;, doc 1ap tuyén tinh. Trong trudng hgp z° = (zf;) 1a phuong an
cuc bién khong suy bién thi né tuong tng v6i mot co s duy nhat 1ahe {A4;; | z; > 0}
gém (m + n — 1) véc to doc 1ap tuyén tinh.

L

Hién nhién ring ta c6 thé giai bai todn van tdi bing cic phuong phdp chung dé
gidi quy hoach tuyén tinh. Tuy nhién, néu bai todn c6 m diém phat va n diém thu thi
s6 bién 1a m X n, va dé thiy 1A s6 bién tang rét nhanh méi khi ta tang s6 diém thu,
phat. Vi vy, néu 4p dung c4c thuat todn gidi quy hoach tuyén tinh théng thudng dé
gidi bai todn van tii s€ t6n chi phi tinh todn. Muc 4.1.3 s& trinh bay thuat todn thé
vi gidi bai todn ndy dua vio cdu tnic dac biét chia ma trdn rang buéc cia né.

Nhan xét 4.1. Bai toin van tai (PT) 1A mot trudng hop dac biét cha bai todn dong

trén mang. Nhic lai ring, mang 12 mot d8 thi c6 huéng G = (V, E), trong d6 V 1a
tdp dinh (nat), E 12 tdp canh (cung) c6 hudng,

E={¢j)li eV}

M&i niit cha mang duoc gdn moét s6 thue d;, ¢ € V. Néu d; > 0 thi niit ¢ duoc goi
13 mot ngudn (sonrce) va d; duge goi 12 ngudn cung hodc goi tit 12 ngudn (supply).
Néu d; < 0 thi nit ¢ duge goi 12 mot didm hit (sink) va |d;| duoc goi 12 nhu cdu
(demand) cia nit 1.

Ky hiéu z;; biéu thi lugng cha ddng van chuyén trén cung (i, j). Véc to z c6
céc thanh phdn 12 z;;, (i, j) € E, duge goi 1a mét dong (flow) trén mang. Mot ddng
dugc goi 1a chdp nhdn duoc néu né théa mian hai diéu kién sau;

o Ludt bdo toan dong: (t8ng wong) ddng vio miit 7 phai bing (t6ng lwong) dong ra
khoi mit i:
Z Iy ‘|"d|' = Z Zij, Vi e V, (45)
Jel(s) 1€0(i)
trong d6

I(1) :={j € V| {J,?) € F} 1a tap t4t cA céc niit j c6 cung xu4t phat tr d6 téi i,
04) :={) € V| {(i,7) € E} 1a tap tat ca c4c nit j c6 cung tir i t6i.
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o Dong rrén cung la khéng dm (v6i gid thi€t cung c6 tai nang khong han ché):
Tij Z 0, V(l,]) e E. (46)

Goi ¢, 1a cuéc phi van chuyén mot don vi dong trén cung (¢, ) € E. Bai toan
dong trén mang duoc phat bi€u 1a:

min z CijTi;
(1J)EE
véi diéu kién z = (z;;) thdéa man (4.5) va (4.6).

Chu ¥ ring, 14y t8ng hai v& cha (4.5) theo moi i € V ta c6
> di=0, (4.7)

eV

téc tdng dong tir ngodi vio mang phii bing téng dong tir mang ra ngodi. Bai todn
ddng trén mang c6 nghiém khi va chi khi diéu kién (4.7) duoc théa man.

Véi ngdn ngir dong trén mang, bai todn van tai 13 mot bai todn dong trén mang
Vi tap céc mit duge chia 1am haj phdn rdi nhau V = V; U Vs, ViNVa = @ sao cho
moi cung déu xudt phat fir mot nit & V; va dén moi nit § Vs, tic ta ¢6 tap cung

E={(ij)|ieWV, je W}
Nhur vy, dé thi trong tnrmg hop nay 12 d6 thi hai phfa (bipartite). D& thay
I)=0va o=V, VieW

va
Ii)=V, va O(#) =9 VieV,

MBai nit i € V; 12 mot diém phdt, mbi mit j € V3 12 mét diém thu trong bai todn
van tdi. Ta gn

d; :=a; vo1moi i € i va dj = —bj véimoi j € Va.

Khi d6 bai to4n van tai dugc phat biéu nhr mét bai todn dong trén mang: tim dong
z = (z;;) sao cho

min f(z) = Y e

(15)EE
v.d.k. Z zi; = a,,1 € Y,
i€Va
zxi] = bj)j € V2)
eV

It’jZO) (Z,J)GE
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Vi viy, ta ¢6 thé 4p dung cic thuit todn gidi bai todn dong trén mang, ching han
thuat todn don hinh mang (network simplex algorithm) (xem [2], [8), [18]) d& giai.

Nhu s& chimg minh ngay sau day (DPinh 1y 4.1), bai todn van tai c6 nghiém 161
vu khi va chi khi téng luong ph4t bing téng luong thu

Z a; = Z bj.
1=1

i=1

Day chinh 12 diéu kién (4.7) tuong img cho bai toin van tai.

4.1.2 Su tén tai phuong 4n t6i wu

Pinh 1y sau cho phép ta dé ding nhan biét xem bai todn van tai c¢6 phuong dn téi uu
hay khong?

Dinh ly 4.1. (Dinh ly t6n tai) Bai todn vdn tai ¢ phuong én 161 uu khi va chi khi
t6ng tdt cd cdc luong phdt bdng téng tdt cd cdc hgng thu, tic 1a

i=1 i=1

Ching minh. (=) Gia sir bai todn van tai c6 phuong 4n t6i wu z* = (z7,). Do d6
z* phai thoa man cic rang budc (4.1) va (4.2), tic

n
E T =ai, t=1-",m va E z;=b, j=1-,n
1=1

Va ta nhan duge biéu thiic (4.8),
ILTD ) DERD 3 S i3
=1 Ti=1 j=1 =1 =1 i=1

(<) Gia sir diéu kién (4.8) thoa man, ta chimg minh bai todn van tai c6 phuong

4n 16i wu. Dat
= Za; = Zb‘,
i=1 3=1
vaz = (i‘,‘j), tl“Ol‘lg do

oo ab :

IiJ:_dj-l z=1,---,m,J=1,'--,n.
D& thiy, 7 [A mot phuong 4n chap nhan duge cia bai todn van tai vi né thod man
céc rang budc (4.1) — (4.3). Do dé6 tap chdp nhan duoc ciia bai todn khdc réng. Do
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rang budc (4.1) va (4.2) nén phuong dn ch4p nhin duogc bit ky z = (z;;) luén phai
c6 zy; < min{a;, b;} véimoi? =1,--- ,m, j = 1,--- ,n. Suy ra tdp chap nhan
duge 12 bi chan. Theo Dinh 1y 3.1 va He qua 3.1, bai todn van tai c¢6 phuong 4n t6i
wu va dat tai it nh4t mét phuong an cuc bién, O

Diéu kién (4.8) duoc goi 1a diéu kién cdn bdng thu phdt va bai toin van tii
thod man rang budc nay goi 12 bai 10dn vdn tdi cdn bdng (balanced transportation
problem). Tir day tr& di, név khong néi gi them thi bai todn van tai duge xét luon
théa man di€u kién can bing thu phat.

4,2 Bang van tai, chu trinh

4.2.1 Bang van tai

Cich thuan tién nhét 1a biéu dién cdc s6 liéu cha bii todn vAn tii trong bang (xem
Bing 4.1) g6 m~+1 hang (ddnh s6: 0,1, - - - ,m) vd (n+1) c6t (ddnhs6: 0,1, - - - , n).
O ndm & giao hang i va cot j 1 6 (4,7),i = 0,1,--- ,m, j = 0,1,--- ,n. Luong
phét a, dugc ghi vdo 6 (i,0), 1 = 1,--- ,m; Luong thu b; dwoc ghi,vao 6 (0, 7),
j=1mn

Bang 4.1
b; by b; b,

a;

C11 C1j Cin
a

G Gy Cin
a .

Cml C‘mj Crmn
LN

Tap cac 6

T={(\]|i=1,--
duoc goi 1a phdn chinh cha bing vAn i. Tir day, ta dung thuat ngit bdng vdn tdi
(transportation table) d€ chi phdn chinh ndy. Chi phf van chuyén ¢;; duge ghi & géc

')m)j=]—1"‘sn}
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trén bén trdi 6 (¢,7) € T. Gid st z = (z,5) 1a mot phuong 4n cia bai todn van tai.
Ta dién gi4 tri z;; > 0 vao géc dudi, bén phéi cha 6 (i,7) € T.

C6 thé thdy ngay ring c6 su tuong img 1 — 1 giita cac 6 (i, j) € T va cic véc to
cot A;; cha ma tran A. Ky hi¢o

G(z)={(i,7) € T |z, > 0}
va |G(z)| 1a s6 phdn tir cia G{z). Mbi 6 (i, j) € G(z) dugc goi 1a mot 6 chon hay 6
str dung v goi 6 (i, 7) € G(z) 1a 6 logi. Nhu viy, moét phuong 4n cuc bién c6 khong

qud (m +n — 1) 6 chon hay 6 st dung. Phuong dn cuc bién khong suy bién cé diing
(m+n—1) 6 chon.

4.2,2 Chn trinh

Kh4i niém chu trinh va cédc tinh chat cta né rat hin ich trong viéc thiét 1ap co so ly
thuyét dé gidi bai todn van tii.
DPinh nghia. Mot 1Ap dugc sip thif tw cdc 6 cha bang vaAn tai duoc goi 13 chu trinh
néu né thod man déng thoi ba tinh chét sau:

i) Hai 6 canh nhau nam trong cing moét hang hay mét cot:

i1) Khéng ¢6 ba 6 nim trén cling mot hang hay moét cot;

iii) O d4u tién nim trong ciing mot hang hay mot cot véi 6 cuéi cing.

Vi du 4.1. Diy cic 6 sau day cla bang van tai 14p thanh chu trinh

1) (2'1)]1)1 (741,]2)> (i21j2)‘ (i21j3)- Tty (isajs): (235]1)
l.l) (h)Jl)! (iQ:JI)s (i23j2)~ (i'3)j2)1 e )(isaja)s (llajs)
Mot s6 dang cua chu trinh duge minh hoa ¢ Bang 4.2.

Bang 4.2
& | neen - ?.. e
P G o
o | ®
il ; B ISP IR U °
L R ¥ : 8- |- ]
N *
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Nhu vay, chu trinh 12 tap hgp 6 trong bang van tai ma trong 46 mdi 6 déu nim
trén cing mot hang (hoic ciing moét cot) chi v4i mot 6 dilng trude, déng théi nam
trén cung mot cot (hoac ciing mot hang) chi véi mét 6 ding sau né. T dinh nghia
ta thAy moét hang hoic mot cot ma chu trinh di qua bao giér cing chi ¢6 hai 6 thude
chu trinh, do 44, téng s6 6 trén chu trinh 1 ch3n va it nh4t 12 bén 6.

Gia sir G C T )a mét tap cic 6 nao d6 cira bang van tai.

Pinh nghia. Tanéi G C T chiza chu trinh néu ta cé thé xay dimg duoc it nhit mot
chu trinh gém cic 6 thuoc G° C G. Trong trudng hop nguoc lai, ta néi G khéng
chiza chu minh.

B3 dé sau cho ta d4u hiéu don gian 4 nhan bi€t mot tap cic 6 G cha bang van
tai cd chifa chu trinh hay khoéng?

B8 dé 4.1, Gid s tdp cdc 6 G ciia bdng vdn tdi thod mdn tinh chdt: trong méi hang
va méi cdt cua bdng vdn tdi hodc khong chita 6 ndo cia G hode cé it nhdt I hai 6
cua G. Khi d6 G chiza chu trinh.

Chimg minh. Goi cic 6 trong tap G la cic 6 chon. Theo gia thiét, trong mdi hang
va mdi cot clia bang van tai hoac khéng cé 6 chon ndo hoic ¢é it nhét hai 6 chon.
Bit ddu tr mot 6 chon nao 46, ching han 6 (i, 7;) ta ddnh ddu 6 nay boi dfu ().
Theo gia thiét, trén hang 7;, c6 it nhat mot 6 chon khéc, gia sir (is, j»), ta ddnh ddu 6
ny bai (—). Vi (4, J2) khéng phai 6 chon duy nhét trén cot j» nén di theo cot nay
ta d¢n duge 6 chon khic Ja (i2, j2) VA d4nh diu (+). Tiép tuc dich chuyén tiép trén
hang i, d&n (i3, ja) va d4nh dfu (=) v.v... Qud trinh ndy khéng thé kéo di v6 tn vi
s6 6 cia bang van tai 13 hira han. Vi vay d€n mot lic nao dé ta s& quay trds lai mét
0 nao d6 ma truée d6 ta da di qua tic da phdt hién ra mot chu trinh. 0

Két qua sau mo ti mdi quan he giita cdc véc to cot clia ma trAn A va cic O trong
Ung vdi chiing trong bang van tai.

Pinh 1y 4.2. Cho tdp-cdc 8 G C T. Khi dé, hé véc to { A, | (i,7) € G} déc lap
tuyén tinh khi va chi khi G khéng chita chu trinh.

Chiing minh. (=) Gia sit he véc to {A|(i, 7) € G} doc 1ap tuyén tinh. Ta ching
minh G khéng chita chu trinh. Gia thiét phdn ching ring G chira mét chu trinh,
ching han chu trinh 46 1a

(ihjl)(ilaj?)(iQ,j2)(i2aj3)s Ty (isajs)(isajs+l = .71)

Ta ¢cé

(44)
Ainp — Ay Y Ajy — Aain + -+ A, — Ay =

(6" + ™) — (e + €M) oo 4 (f + ™M) — (e + ™) =0,
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trong d6 e*, k € {3y, -+ ,is,m+ 7, -+ ,m+j,} 12 véc to don vi thi k rong khong
giﬂ.ﬂ R™t"  Theo dl.l'lh nghia, hé véc to {AimiAl'\J'm - ,A;‘)“, Ai.jl} phl.l t.hUOC
tuyén tinh. Vi

{‘4i1.1'1"4i1j2> T AtajuAinJ]} - {AU l (iaj) € G}

nén hé {4,;/(3,7) € G} phu thudc tuyén tinh. Mau thuin ndy ching t6 G khong
chida chu trinh.

(«) Gid sir cdc 0 thudc G khéng chira chu trinh. Ta s€ chimg minh hé
{A;1(3, ) € G} ddc 1ap tuyén tinh. That vay, xét ding thic

3 ayAs=0. (4.9)

(+.J)€EC

Vi G khong chifa chu trinh, theo B8 dé 4.1, tén tai mot 6 (7, s) € G ma né 1a 6 duy
nh4t trén hang r hoic trén cot s. Ching han, (r, s) ma né 1a 6 duy nhit trén hang r,
tic trong he {A,,|(i.7) € G} c6 duy nhat mét véc to A, v6i i = r.

Mit khic,

ArB=€r+€m+"=(0,'“, 0,--- 1 ..’O)T

1,y ’ -
nén tr (4.9} suy ra a,; = 0. Loai 6 (r,s) khéi G, dat G’ = G \ (r, s). Tap G’ ciing
khong chifa chu trinh ... Tuong ty, ta chimg minh dwoe a;; = 0 véi moi (i, 5) € G,

Hé qua 4.1. Phuong dn r = (x,;) la phuong dn cuc bién khi va chi khi 1dp cdc 6
chon G(z) = {(i,7) | z;;, > O} khéng chita chu trinh.

Chimmg mirh. BAi todn van tdi 1a mét quy hoach tuy&n tinh nén phuong én = = (z;)
1a mét phuong 4n cyc bién khi va chi khi céc véc to { A, | z;; > 0} doc 1ap mayén
tinh (Pinh 1y 3.6). Theo Dinh 1y 4.2, diéu d6 x4y ra khi va chi khi t4p cic 6 st dung
G(z) khong chia chu trinh. a

Do céc k&t qua trén, ngudi ta cdn hay goi phuong dn cuc bién cba bai todn van
tai 12 phuong dn khéng chiaa chu rinh.

Vi du 4.2. Cho bai todn van tai véi véc to lugng phét a = (50,70, 55)7; vée to lrang
thu b = (30, 60, 60, 25)7 vA ma tran chi phi

p—t

27
C= 6 1
9 1

0o Ot b
N ©
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i) Bai todn nay cé nghiém khéng?
il) Chiing minh ring

30 20 0 @
=0 40 30 0 1a phuong 4n cuc bién.
0 0 30 25

ii1) Tinh chi ph{ phai trd n€u thuc hién theo phuong dn z° ndy.
Gidi. Bai todn c6 m = 3 di€ém phdt va n = 4 diém thu,

) Vi 30 e = X )_) b, = 175, tdc didu Kién can bing thu phét dugc thda man,
nén bai todn cé nghiém 161 uu (Dinh 19 4.1).

i) Vizl >0va

4 3
Zx?j=30+20+0+0=50=a], Ez?1:3(]+(]+(]=30=b]

4 3
> 2l =0+40+304+0="0=0a;, > 25 =20+40+0=60=1b

j=1 i=1

4 3
D 2 =0+0+30+25=55=as5, Y x%=0+30+30=60=0b
=1 i=1

3
2l =0+0+25=25=0b,

i=1

nén z° 12 mot phuong dn chap nhan duge. Ta ¢6

G(IO) = {(11 1)1 (1) 2)’ (21 2)) (2) 3)’ (3) 3)1 (3) 4)}
v dé thdy G(z") khong chiia chu trinh. Theo He qui 4.1, phuong 4n z° 13 mot
phuong 4n cuc bién.

iii) Chi phi phéi trd néu thuc hién theo phwong 4n ndy Ja
fa= ) e
(1.2)eG(x9)

=4x30+7x20+9%x40+6x30+9x30+1x25

= 1095.
Hé qua 4.2. ChobdngvintaiT = {(3,5) |1 =1,---,m, j =1,--+ ,n} vdi
m>2,n>2 Moitdp GCT c6 |G| >m+ n déu chia chu trinh.
Chimg minh. VirankA = m +n — 1 va |G| > m + n nén hé¢ cc véc to

(A, | (3,7) € G} phu thugc tuyén tinh. Theo Dinh ly 4.2, tap G phéi chia chu
trinh. O
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Hé qua 4.3. Cho tdp P C T la tdp gébm (m + n — 1) 8. Gid sit P khéng chita chu
trinh va (i, jo) & P. Khi d6 P U (iy, jo) $€ chita mét chu trinh duy nhdt.

Chamg minh, Vi tap P U {(ig, j0)} ¢6 m + n 6 nén, theo He quéa 4.2, n6 phai chifa
chu trinh. Vi tap P khong chia chu trinh nén chu trinh nay phai di qua (iq, jo) va
d6 1 chu trinh duy nhét. That vay, gia siz phan chimg 12 P U { (4o, jo)} chifa hai chu
trinh khac nhau K va K’, chdng han

K = ((t0, Jo) (%0, 31) (31, 41)s - -+, (e, Jk) (¥, Jo) }

K’ = {(é, J0) (80, 1) (31, J1), <+ » (ks Ji) (B J0) }-

T X va K’ ta lap duge chu trinh méi

K™ = {(io, 51) (31, 51),- -+ . (8. Jx) (ks Jo) (3, Jo) (i Ji), -+ - > (Bos J1)}

khong di qua (79, jo). Diéu nay trdi véi gia thiét 12 P khong chira chu trinh va ching
t0 gid thiét phan ching sai. a

4.3 Phuong phdap thé vi giai bai toan van tai

C6 nhiéu phuong phdp duce dé xuit d€ gidi bai todn van tii v cb thé chia chung
thanh hai loai: cdc phuong phdp cai thién dan phuong 4n (dai dién la phuong phip
th€ vi) va cic phuong phép giam dan d6 léch khoi rang budc (dai dién 1a phuong
phdp Hungary (xem [18), (36]).

Muc nay danh dé€ gi6i thiéu phuong phap thé vi? (theo céch thudng goi chia mot
86 nuéc nhu Viet Nam, Nga...) giai bai todn van tai. Tuong tu thuat todn don hinh
gidi quy hoach tuyé&n tinh, thuat toan th€ vi giai bai todn van tdi cing xuét phat tir
mot phuong 4n cuc bien z°. Do bai todn van tai luén c6 nghiém nén t z° chi ¢6
mét trong hai trudng hop sau xay ra:

i) Néu z° théa man tiéu chudn t8i tu (Dinh 1y 4.3) thi dimg thuat todn;

ii) Nguoc lai, ta chuyén dén phuong 4n cuc bién z! thda man f(z!) < f(z°);
Gén z° ;= z' va 14p lai qué trinh tinh todn véi 2° méi.

2l‘hurmg phip the vi chinh 1A phrong plidp nhin tir (method of multipliers). N6 ciing c6 tén Ia phvong phip
don hinh van tai (transportation simplex method).
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43.1 Co so ly thuyét
Xét bai t104n van tai
min f(z) = E chjl'ij (PT)
i=1 j=1
v.d.k. ZI{J' =q; 1= 1,'- ym
=1
ZIij:bj j=1.'“ T
=1
120 i=1,-,m j=1,-n.
Bai to4n d6i nglun cla bai todn van tai (PT) la
max g(y) = Z oy, + ijv, (DT
i=1 j=1
vdk uy+v;<¢; i=1,---m, j=1,---,n,
tmng d6y= (uly"' yUm, U1y \Un)T~

Pé don gian viéc trinh bay, gia sir ring bai todn van tai (PT) 1a khong suy bién,
tirc cdc phuong dn cuc bién cia né déu khong suy bi€n. Cdch nhan biét va khidc phuc
khi gap phuong 4n cuc bién suy bién s& trinh bay chi ti€t & Chad y 4.3.

Cho phuong 4n z°. Nhu thudng 1&, ky hiéu G(z°) = {(4,7) € T | 2, > 0}. Sau
day Ia diéu kien cdn va di dé phuong 4n = = (¢2;) Ia phuong 4n t6i wu.

Dinb Iy 4.3. Phuong dn 2° = (z?;) ciia bai 1odn vdn di (PT) la phuong dn 16§ uu

khi va chi khi ton i cde s6'u;, i=1,--- ,;m,vav;, j=1,--- ,nthoa mdn
w+y <oy V0,5 ET (4.10)
u +v; = ¢, Y(i,7) € G(=Y). (4.11)

Chimg minh. (=) Gia sl phuong 4n 0 = (z7;) 1a phuong 4n t6i uu cha bai todn
van tai { PT’). Theo Dinh 1y d6i ngéu manh (Dinh 1y 3.12), bai todn d6i ngdu (DT)
¢ phuong 4&n t6i wu y° = (uy, -+ ,upn, V1, - - ,v,)7. Do y° phii }a phuong 4n ch4p
nhan dugc cha bai toAn d6i nglu nén n6 thda man moi rang budc ciia bai todn, hic

Ui'{"UjSCij i:‘l,'”am) j=1,-~,n.

VA day chinh 12 diéu kién (4.10). Hon nifa, vi z° 12 phuong 4n 16i wu cia bai todn
g6c (PT) va 3° 1a phwong 4n t6i wu cha bai todn d6i ngiu (DT) nén theo Dinh Iy
vé 46 1éch b (Dinh 1y 3.14) ta c6
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(c— AT, 2% =0 = néu z:?j >0 thi u; +9; =4,
hay diéu kién (4.11) duge thoa man.

(«) Cho phuong 4n z° = (z{)). Gia sit t8n tai cdc s6 u,, i = 1,--- ,m, VA v;,
j=1,--+,n théa man (4.10) va (4.11). Ta phai chimg minh z° Ja phwong 4n t6i wu.
That vay, do c6 (4.11) va do z3; = 0 v6i (i, 7) ¢ G(2°) nén gié 1ri ham muc tiéu tai

012
LT 95 YIS w5 9 e MR

=1 j=1 i=1 j=1
Gia st T = (Z;,) 1a mét phuong &n bat ky cia bai todn van tai. Ta cé

f(@) = Z Z ¢y Z Z U, + v;)Zs5

i=1 j=1 =1 j=1
n n m

U; E I, + E Uy E z,
i=1 j=1 i=1

w8, + Z v;b; (vi Z ]a moét phuong 4n)
=1 1

1

(4 10)

If
Ms

)

1:=1

nMs ungE

i=

Zac‘)+z:1{,227‘J (vi z° 12 mét phuong 4n )

4. 12) Zz(u' +‘UJ)I;J _ f(l?u)

1=1 )=1
Vay z° 12 phuong 4n t6i wu clia bai todn van tdi dang xét. 0O

Chi y 4.1, Gia str z° 1a phuong dn cuc bien khong suy bién. Ta cé cic véc to
{A;, | (1,7) € G(z°)} doc 1ap tuyén tinh va |G(z°)] = m + n — 1. Do d6 hé (4.11)
tuong (ng
u; + ’Uj = C.,j, <l,]) € G(l‘n)

¢6 m+n— 1 phuong trinh doc 14p tuyén tinh véi nhau va m4+nbi€n u;, i = 1,--- ,m
vavj, j =1,- - ,n. Do d6 dé gidi h¢ ndy, c6 thd cho mot bi€n gid tri Qy y (thong
thudmg cho u; = 0) v cic 4n con lai duge x4c dinh duy nhit bing phuong phép thé.
Nhu vay, méi phuung dn cuc bién khOng suy bign z° = (xf)) twang ing véi mot bo
sOu,i=1,-- ,mvav;,j=1, - n(saxkhacm@thﬁngscf)thoaman (4.11). Ta
£0i cac s6 u;, v; nay la cic thé'v;‘. C:ic dai lugng A;; := u; +v; — ¢i; 1a duoe goi 12
céc uée hugng. Khi a6, diéu kien (4.10) duge viét lai 1a

Ai; <0 v6imoi (3,7) € T.



Chuong 4. Bai todn van tdi

Dinh 1y sau day va ndi dung chiing minh cia né cho ta biét d4u hiéu nhan bi&t
phuong 4n cuc bién khéng suy bién z° chua phai t6i tvu va ar 46 chuyén sang mot
phuong 4n cuc bién z' ma tai 46 gia tri ham muc tiéu t6t hon tai z°.

Dinh 1y 4.4. Gid sir 1° la phuong dn cuc bién khong suy bién cvia badi todn van tdi
vau;, v, i=1,---,m, 3 =1,--- nld bd cdc thé vi tuong itng véi né. Néu

3 8 (i, jx) € G(z°) sao cho Ay, >0 (4.13)

thi 0 khéng phdi phwong dn 161 wu va tie =° ta chuyén dén duoce mot phuong én cuc
bién ! t6t hon 2°, nic
f(ah) < f(2%).

Chimmg minh. Gia sir ¢6 diéu kién (4.13). Ta s& ching minh ring, tir 2° c6 thé
chuyén sang dugc phuong 4n cuc bién z' thda man f(z') < f(z°).

Do z° 1a phuong 4n cuc bién khong suy bién nén |G(z%)| = m+n—1 va G(1°)
khéng chira chu trinh (Hé qua 4.1). Theo He qué 4.3, tap G(z°) U {(ix, jx)} chira
mot chu trinh K duy nh4t di qua (i, ji). P4dnh d4u c4c 6 trong K boi cdc ddu + va
—, xuft phat tx 6 (i, Ji) vdi dfu +, sao cho khong c6 hai 6 nao canh nhau trong K
lai dugc ddnh ddu bdi cing moét d4u. Ky hiéu

K* :={ c4c 6 trong K duogc d4nh dau +},
K~ := { cdc 6 trong K duge ddnh ddu —}.

Xay dung phuong 4n ¢! = (zj;) theo cong thic

z);+6 néu(i,j)e Kt
zj; =4 ;-0 néu(i,j) € K~ (4.14)
g néu (i, j) ¢ K,
véi
6 =min{z); | (i,5) e K"} =120, . (4.15)

Vi z° 12 phuong 4n cuc bién khong suy bién nén 4 > 0. Theo cich xay dung chu
trinh K va phuong 4n 2! ta c6

i =0>0. (4.16)

bk

Tir (4.14) va (4.15) rd rang z}, > 0 v6i moi (i, j). Vi cdc 6 trong K timg d6i thudc

=
K* vAa K~ xen k& nhau nén

1 _ 0 _ -
E z:ij—g Ty =a, t=1--,m
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Do d6 z! 12 mot phwong dn chidp nhan duoc ciia bai todn van tai. DE thiy

G(z') = (G \ {(ir, 5)}) U {(ix, Jx)}-
Vi K 12 chu trinh duy nhat chia trong G(z°) U {(ix, jx)}, ma theo cdch chon thi
{i,,3,) € K nén 6 chon méi 12 (i, ji) khong thé tao thanh chu trinh véi cdc 6 thuée
G(z°) \ {(4, j-)}, tic G(z') khong chia chu trinh. Diéu d6 chimg td ' 1a phuong
an cuc bién (Heé qua 4.1).

Do u; + v, = ¢;; V6i moi (i,5) € G(z°) va z; = 0 v6i moi (2, j) ¢ G(z°) nen
gi4 tri ham muc tiéu tai z° 1

fz%) = ZZC‘J T4 ZZ u‘+v1)3:u

=1 =1 i=1 =1
m
SIS ) 32A (417
i=1 j=t =1 i=l

Do G(z°)\{(ir, Jr)} = G(z")\{(4x, j)} nén
U +v, = ¢y V6i (i,5) € Gz )\{ (i, k) }- (4.18)

D¢ cho don gidn cach viét, ta ky hitu G := G(z') \ {(is, ji)}. Ta c6

f(Il} = i i c"Jz:l)

i=1 j=1
= E C‘JI}J + c"-kjkzékjk + E C‘U‘rll]
(i5)€G (12)€G(zY)
= Z (ui + ‘U_,)z}) T !uik + Vj, — Aikjk) 'm + E (u, + UJ)IU
\(i’j)e& , (ol =“': +Vy = Cigay) (t bk
(the—;(’LlB)) | (do 2f;=0 V('.J)dG(rl))
m n
(4.16)
= Z Z(U«‘ +v;)Ti, — 0845,
i=1 j=1
_ i - )
=Y wai+ ) v — 04, (do ' 1a mot phuong 4n)
i=] Jj=1
= Z Z z, + Z v Z T — 00, (do z° 14 mot phuong 4n)
i=1 i=1
(4.17)

f (IO) — 0845,
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Vi 8d>0vaA, , >0nén
F(2') = £(2%) — 64, < f(20). (419)
Dinh ly da duoc chmg minh. O

Chii y 4.2. Cho phuong &n cuc bién khong suy bién z° va bo the vi u,, v, tuong
img vé1 z°. Theo chimg minh Dinh 1y 4.4, néu z° chua phai phuong 4n tSi wu thi ta
chuyén sang duoc phuong 4n cuc bién ' va gid tri ham muc tiéu tai ' giam dugc
mot luong 1a 8A;,;, (xem (4.19)), tiic phu thudc ca vao § va A, ;. trong d6 § duge
tinh theo (4.15). Vi mong muén gid tri ham muc tiéu giam duge nhiéu nhét cé thé
va vira don gian viéc tinh todn, trong trudng hgp c6 nhiéu 6 (i, 7} € G(z°) cung ¢
A;; > 0 thuat todn th& vi giai bai todn van tai chon 6 (1,. j,) sao cho

A;,;, = max{A,; >0 (i,j) € G(z*))

Vi g0i 6 (1., 7,) 12 6 didu chinh. Sau d6 xay dimg phuong 4n cuc bién x’ theo (4.14)
VGi 6 (ix, Ji) duoc thay bdi (7, j:). Chu tiinh K dugc goi 1a chu trinh diéu chinh.
Chi tiét thuat todn thé vi s€ duge trinh bay ¢ muc tiép theo.

4.3.2 Thuat toan thé vi

Nhu d3 néi, thuat todn thé€ vi giai bai todn van tai xuit phat tir mot phuong dn cuc
bién. Viéc xac dinh mét phuong dn cuc bién cha bai todn van tai don gian hon rit
nhiu so v@i viéc tim phuong dn cuc bién cha mot bai todn quy hoach tuyén tinh
téng quét va sé dugc trinh bay trong Muc 4.4. Muc nay danh dé gié thiéu thuat todn
th€ vi giai bai todn van tai khong suy bién, tifc cic phuong 4dn cuc bien déu ¢6 ding
(m + n — 1) thanh phan duong, védi gia thiét da biét truéc mot phuong an cyc bién.
Thuat toan 4.1. (Thudt todn thé vi)

Budc khdi tao. Gia st da biét phuong 4n cuc bien khong suy bién z° = (20)). Tap
6 chon tuong img vé&i 0 1a G(z°) = {(i,7) | x9 > 0} gbm (m +n — 1) phdn tir va
khéng chifa chu trinh.

Biuwoe 1. Xéc dinhcacth€viu, 1 =1,--- ;mvav;, j =1 ntuong ung véi
phuong 4n cuc bién z° bang viéc giai hé phuong trinh (xemt Chit y 4.1)

u, +v, =c¢, V(ij)€ G(z%).
Buoce 2. Tinh cac udc luong
Ay =i +v, =6y V(i) € G2 uon cd Ay; =0 (i, 3) € G(20)).

Dién uéc luong A;; v6i (1, j) & G{z®) vao géc dubi bén phai cia 6 (i, ).
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Bugce 3. (Kiém tra diéu kién t67 uu)
I A;; <0 véimoi (i,7) € G(2°) Then Dimg thuat todn
(x® la phuwong dn t6i wy (Dinh ly 4.3))
Else Chuyén Budc 4.

Buoc 4. (Piéu chinh phuong dn)
(4.1) X4c dinh 6 diéu chinh (i,, j,) v6i
A, =max{A;; > 0| (4, j) € G(z%)}.
(4.2) Tim chu wrinh diéu chinh duy nhét X tong tap G(z%) U (i,, J,)-
(4.3) D4nh dau 14n luot cac 6 trong chu trinh bdi dau (+) va (=) véi (4,, j.) € KT.
(4.4) Xay dimg phuong 4n mdi ' = (zj;) véi
T, +6 néu(i,j)e K*
z; =< 2, —0 néu(i,j)e K™
g, néu (i, j) ¢ K,
trong 46 6 = 22, = min{z; | ({,7) € K~}. Tacé
G(=") = (G \ (irs30)) U (10, 35)
va G(z') khodng chia chu trinh (tic z' 12 phuong 4n cuc bién méi).
(4.5) Gén z° := z'; G(2%) := G(z') va quay lai Buée 1.

Dinh 1y 4.5. Néu bai todn vdn tdi khéng suy bién thi thudt 1odn thé vi la hitu han,
tie sau hitu han phép tinh ta sé nhdn duoc nghiém 167 yu.

Chimg minh. Bal to4n van tai thod man diéu kién can bing thu phdt nén luén c6

nghiém t6i tu (Dinh 1y 4.1). Do bai toan khong suy bi€n nén tai méi bué lap ta déu
c6 6 > 0 va gia tri ham muc tiéu gidam thue su (xem (4.19)). Vi vay, sau mét s6 hiru

han bude 1ap ta s€ nhan dugc phuong an t6i wu, 0
Ménh dé 4.2. Néu cdc luong phdt a;, @ = 1,--- ,m va cdc luong thu b,, j =
1, ,n déula cdc s6 nguyén thi bai todn van tdi (PT) s& c6 nghiém t61 uu voi cdc
thanh phdn déu nguyén,

Chimg minh. Trong céc budc tinh todn cua thuat todn the vi ta khéng phai dung
phép chia. Do d6, néu dit lidu ban diu a,, b, 12 c4c s& nguyén thi theo céc cich tim
phuong 4n cuc bién xudt phat nhu s€ trinh bay & Muc 4.4, phuong 4n xu4t ph4t ciing
s&€ ¢6 cac thanh phin nguyén. Vi th€ qua cdc buée 13p, cho dén phuong 4n t6i wu ta
Judn o6 cac thanh phin cia phuong dn déu 12 s6 nguyén. O



Chuong 4. Bai todn vdn 1ai

Cha y 4.3. (Ddu hiéu nhdn biét phuong dn cuc bién suy bién va cdch khdc phuc)
Twong tr nhu khi gidi bai todn quy hoach myén tinh, trong truong hop bai todn van
tai suy bién, c6 hai dab hiéu d€ nhan biét:

i) § = 0. Khi d6, ta vAn thuc hién thuat todn mot cach binh thuong. nghia 1a 6
diéu chinh (4, j,) s& trd thanh 6 chon cua phuong 4n cyc bien méi &' véi zf ;= 0,
con 8 (i,, j.) g voi ] ; = 6 & trén chu trinh diéu chinh s€ trd thanh 6 loai d6i
v6i phuong 4n z!. Tuy nhién, k&t qué diéu chinh khéng lam thay déi phuong 4n cuc
bién (xem (4.14)) ma chi thay ddi tap véc to co sd ing vdi phuong 4n d6;

i1) 8 dar tai nhiéu 6 khdc nhau. Khi do6, ta s€ loai mot trong nhimg 6 nay theo
quy tic ngiu nhién,

Chi y 4.4. (Ddu hiéu bai rodn c6 phuong dn t6i wu duy nhdt va khong duy nhdt)
i) Néu phirong dn cuc bién khong suy bién z° thoa min tiéu chuin

A, =u+v, —¢, <0 Y(4,j) &G

thi d6 13 phuong 4n t61 wu duy nhat cia bai todn van tai;

i) Nguge lai, néu phuang 4n cuc bién khong suy bién z° 1a phuong 4n t6i wu va
t8n 1ai 6 (iy, jp) € G(2°) c6 A,,;, = 0 thi z° khéng phai phurong 4n t6i tu duy nhit
cla bai todn van tai. Tuong tu thuat 10dn don hinh gidi quy hoach tuyén tinh, musn
tim mot phuong 4n cuc bién t8i tru khéc z°, ta chon (iy, j,) 1am 6 diéu chinh va thuc
hién ti€p mot s6 bube 1ap theo thuat todn the vi (xem két qua giai bai todn mo rong
(PT,) trong Vi du 4.6).

Sau day s¢ trinh bay mot s6 vi du minh hoa cho thuat toan th& vi.

Vi du 4.3. Giai bai 104n van tai bing thuat todn th€¢ vi v6i vée ta lugng phét g, véc
to luong thu b, ma tran chi phi C = (¢;;) va phuong dn cuc bién xust phat £° nhu
sau:

a = (50,70,80)T, b= (60,30,40,70)7,

2451 5 0 0 0
C=|3648|, z=]16 30 30 0
1253 0 0 10 70

Gidi. Bai todn nay ¢c6 m = 3 di€m phat va n = 4 diém thu va thoa man diéu kién
can bing thu phit. Phuong dn cuc bién 20 c6 tap 6 chon tuong g la

G(@®) = {{1,1),(2,1).(2,2),(2,3),(3,3), (3,4)}
va gid tri ham myc tieu f(z°) = 690.

Vong }p thi nhat. Cac 56 liéu tinh todn tuong tmg véi phuong 4n cyc bién z° duoc
ghi & Bang 4.3. Cu thé
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Buwoc 1. Xdc dinh cdc thé vi: Gidi hé phuong trinh (4.11) img v6i cdc 6 (1, j) € G(z")
sau khi da gan u, := 0 nhu sau:

6(1,1) 'UI+U|=C11=2 =="U|=2—0=2;

6{2,1) UQ+I-']=C21=3 =>U2=3_2=1‘.
0(2.2]' Uyt Uy =ep=06 =v,=6—-1=25;
0(2,3): Uuytvy=cpn=4 3u=4-1=3;

0(3.3) ug + v3 caz =5 =:-u3=5~3=2;
0(3,4): ustvy=cu=3 =>2v3=3-2=1.

Buoc 2. Tinh cdc ude luong twong img véi cde 6 (i, j) € G(z°).
0(1,2) Ap=u+v3—¢2=0+5-4= 1;

0(1,3) App=uyy+v3—¢3=0+3-5=-2;
0(113) A13=u1+v3—cl3=0+1—1= 0;
0(2,-‘1]: Ayy=uUr+uvy4—cy=1+1-8=-6;
0(3,1): Ay =uz+v—cy=242-1= 3;
0(3.2)1 NApp=uz+uvy—cp=2+5—-2= 5

Buwoe 3. Vi con cd A12 =1>0, A;;] =3 >0va A32 =5>0vaciaco (1,2).
(3,1), (3,2) khong thudc G(z°) nén phuong 4n cuc bién z° chua phai 1a phuong dn
161 wu.

Bang 4.3
v, 2 5 J 1
w| b, 60 30 5 0
2 X 3 !
0 50 50 ﬁ’ ﬁ- E
- &, 6 _4+ :
1 10| 73l T30 ﬁ
! 2 a5 et 3
2| w0 A 70

Buoc 4. (Piéu chinh phiong dn) Ta chon 6 (iy, j,) = (3,2) lam 6 diéu chinh vi
532 = max{An, Ag;,A;}g} = ma.x{l,3, 5} = g,

Ghép 6 (3,2) vao tap G(z°) ta duge chu trinh K = {(3,2),(3,3),(2,3),(2,2)} véi
K+ ={(3,2),(2,3)} va K~ = {(3,3), (2,2)}. Khi d6

0 = min{z; | (i,7) € K~} = min{z§;, 23,} = min{10,30} = 10 = 2§,.
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Do d6 (i,, j,) = (3, 3). Tién hanh diéu chinh phuong 4n ta chuyén sang phuong an
cuc bién méi r' véi gid tri ham muc tiéu bing

f(z') = f(z°) — 0A3; = 690 — 10 x 5 = 640

va sang Vong lap thi hai véi z° = 27,

Bang 4.4
vy 2 5 3 6
U b; 60 30 40 70
(15
2 ... |4 5 L
0 50 _T,-’I' ............................ +‘
50 a4 fa| “Ff|
3. |6 ... |4 8
1 70 + ...... .....:‘_ “.'
0 ] 20 w0 A
1 2 .l 5 3 i
-3 80 N ol 7t i e S
2] 10 A 70

Vong lap thir hai. Céc s6 liéu tinh todn tuong \ing v6i phuong 4n cuc bién 2 méi
duoc biéu dién 0 Bang 4.4. Vicon Aj; =1>0,A14=5>0vacaco (1.2), (1
khong thudc G(z”) nén 2° chua phai phuong 4n t6i wu. DE thdy, trong budc 1ap 1..;
ta ¢6 (is,Js) = (1,4). Chu trinh K thudc tap G(z°) U {(1,4)} 1a

K ={(1,4),(1,1),(2,1),(2,2),(3,2),(3,4)}
vei K+ = {(1,4),(2,1),(3:2)} va K- = {(1,1),(2,2), (3,4)}. Vay
0 = min{z}, | (1,j) € K~} = min{z},, z3,, 23, } o min{50, 20, 70} = 20 = 29,
Do d6 (ir, jr) = (2,2). Tiép tuc diéu chinh phuong 4n theo Buéc 4.4 cua thuat todn,
ta chuyén sang phuong 4n cuc bién z! méi v6i gia tri ham muc tiéu 12
f(z') = f(z°) — 02,4 = 640 — 20 x 5 = 540.
Gén z° := z' va chuyén sang Vong lap thit ba.

Vong lap thir ba. Cdc s6 liéu tinh todn tuong mg véi phuong 4n z° méi tai vong
lap nay duoc trinh bay & Bang 4.5.
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Bang 4.5
vy 2 0 3 1
Y b, 60 30 40 70
a,
e B 5
0 50 —_ 1:. ............................ . . . .: + ..'
© 3 ﬂ ﬁ g
f 6 4
1 70 :
30 /s 40 5
2 5
2 80 .:-.,:ir".:._‘. .............................. P —_ '_-
/3] 30 /o] 50

Do con c6 Az; = 3 > 0va (3,1) € G(z° nén phuong 4n z° nay chua phai
phuong an t6i vu. Ta ¢6 6 diéu chinh (4,, j.) = (3, 1); chu trinh didu chinh

K ={(3,1),(3,4),(1,4),(1,1)} véi

K™ ={(3,1),(1,4)},

va 6 = min{z3,,2},} = 29, = 30. Tiép tuc diéu chinh, ta chuyén sang phwong 4n

cuc bién ' méi véi gid tri ham muc tiéu 1a

K~ ={(3,4),(1,1)}

f(") = f(z°) — 6A3, = 540 — 30 x 3 = 450.

Géan z° = z' va chuyén sang bang van tai tuong tmg véi z° méi ndy 1a Bang 4.6.

Yong lap thir tu, Céc s6 liéu tinh todn tuong img véi phuong 4n cuc bién z° méi
duoc trinh bay & Bang 4.6. Vi cdc udc lugng Ay; < 0 véi moi (2, 7) € G(z°) nén két

thuc thuat todn va ta nhan dugce phuong 4n t6i vu duy nhat la

$‘=$0=

va gid tri t6i wu 1a f(z*) = 450.

0O 0 O
30 0 40
30 30 0

50
0
20



Chuong 4. Bai 1odn van 1di
Bang 4.6
v; -1 0 0 1
u, > b; 60 30 40 70
2 4 5 1
0 50 6- g 6— 5%
3 6 4 8
* " 30 6 40 ﬁ—
) " | 2 5 3
| 30 30 ﬁ 20

44 Tim phuong an xudt phat cho bai toan van tai

C6 nhiéu phuong phép di duoc dua ra d€ xdc dinh mot phuong 4n cuc bién clia bai
todn van tii. Muc ndy s€ trinh bay hai phuong phip don gian nhat, thudng dugc st
dung d€ tim phuong 4n cuc bién xuft phdt cho bai todn van tai thdéa man diéu kién
can bang thu phat: Phuong phéap géc 12y bic va phuong phap cuc tiéu chi phi. Sau
day ta trinh bay cac thuat todn, tinh ding din cia ching s& dugc ching minh trong
Meénh dé 4.3,

44,1 Phuong phap goc thy bic (northwest - conner rule)

Trudc hét, ta lap bang van tai T véi cdc s6 idu a,, b, ¢i5,i = 1,--- 'm,j=1,--+,n
o Bit ddu tir 6 & vi tri géc tay bic cha bing T (6 (1, 1)), ta dién luong hang z,, 1én
nhét ¢4 thé vao dd, tic cho chuyén mét luong héng 16n nhat c6 thé tr diém phit 1
dén diém thu 1. D& thiy

z1; = min{ay, b }.

C6 moét trong ba kha nang sau c6 thé xiy ra:
< [f:l'“ =a; < b]

Then (diém phdt 1 da hét hang , diém thu 1 con cdn by, — a, don vi hang) Xoa
hang thi nhat cha bang T ta thu duge bang 7" gém (m — 1) hang va n cot véi
lugng phat, thu tuong \ing:

[ — M
a,=a; 1=23,-,m

]

b'1=b1—:r”=b1—a1; b.’,=bJ, j=2,3,---,n
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o If Ty = bl < a
Then (diém phdt 1 con ay, — by dom vi hang, diém thu 1 da thoa man nhu cdu)
Xo4 cot thit nhét cha bang 7 ta thu duoc bang 7' gébm m hang va n — 1 cot
véi lugng phat, thu tuong tng:
(1’1:0.1—.’1311=al—b1; a::a1 i:2:3’...,m‘

V=by, j=23 - ,n

(o] If.’Bu =b] = Q)

Then (diém phdt 1 da hét hang, diém thu 1 dd théa mdn nhu cdu) Ta quy udc
chi xod c6t thif nh4t cha bang T ta thu duoc bang 77 gébm m hang va n — 1 cot
véi lugng phit, thu tuong tng:

ay=0, a;=a 1=23,---,m,
bs':bjl j=2)3l-” an;

e Ddi vdi bang 77, ta lai thuc hién thi tuc chuyén hang nhu da 4p dung d6i véi bang
T Bt ddu tir 6 & gbc tay bic cia bang 7', xac dinh khéi luong van chuyén 16n nhat
¢6 thé (khéi lwong hang nay cé thé bing 0) tir diém phat dén diém thu tueong tng,
tifc dién luong hang van chuyén 16n nhdt ¢6 thé vio 6 nay... Ot ti€p tuc dén khi loai
hét dugc t4t ca cic hang va cdc cOt cia bang van tai. Nhimg 6 (¢, 7) khong dugc
phan phéi hang c6 «;, = 0.

Vi du 4.4, Xt bai todn van tai véi vée tg luong phat o, luong thu b va ma tran chi
phi C nhu & Vi du 4.3,

Bang 4.7
b 60 30 40 70
a;
2 4 5 1
50
50
3 |6 4 8
70 v
10 =30 ~30
] 2 5 3
80 ¥
10 - ~70
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Két qua tim phuong 4n cuc bién xuat phat z° theo phuong phdp gdc tay bac duoc
trinh bay & Bing 4.7. Cdc thanh phén dvong cta phuong dn z° dugc ghi vao géc
dudi bén phai méi 6 wong tng (cic thanh phin bing 0 bd qua khong ghi). Trinh tu
phan phéi hang theo chiéu mii tén (duong dit nét). Ta thdy ring, phuong 4n z° nay
chinh 1a phuong an cuc bién da cho trong Vi du 4.3.

Nhan xét 4.2. Theo phuong phap géc tay bic, sau mdi ldn phan phdi hang, ta sé
xod di dugc 1 hang (hoac 1 cét) cua bang. Do d6, ding sau m + 7 — 1 1dn phén phéi
thi tuc trén phai két thiic (do & 14n cudi ta xoa dugc ca hing lin cdt) va phuong én
xay dung theo phuong phap goc tay bic s& c6 khong qud (m + n — 1) thanh phdn
duong.

4.4.2 Phuong phap cire ti€u chi phi (The least-cost method)

Trong phuong phdp géc tay béc, khi tién hanh phan phéi cic luong van chuyén, ta
luén chon 6 & géc tay bic ma khong chii ¥ dén cude phi van chuyén. Véi phuong
phdp cuc tiéu chi phi, ta sé dién mot luong hang 16n nhat c6 thé vio 8 c6 cude phi
nho nhat toan bang van tai. Ching han, véi bang ddu tién 1a bang T, ta dién mot
lugng hang 16n nhdt c6 thé vao 6 (ig, jo) ma

Cipjo = min{ci] | (7'!.7) € T},

tic cho chuyén chd mot luong hang 16n nhat c6 thé tir diém phét iy dén diém thu
Jo trong ung. Néu nhiéu 6 c6 cude phi bing c;,;, thi ta phan hang vao 6 ndo c6 thé
nhan lugng hang 16n nhat. Néu luong hang 1én nhat cé thé phan phéi vao mbi 6 nay
nhu nhau thi chon phan hang vao mét 6 bat ky. Cic qué trinh bién d6i bang con lai
theo phuong phép cuc tiéu chi phi duge thuc hién nhu phuong phip géc tay béc.

Vi du 4.5, Ta van xét bai todn van tii véi s6 lieu vé lugng phét, luong thu va chi phi
nhu ¢ Vi du 4.3.

Qua4 trinh tinh todn (xem Bang 4.8) nhu sau: Dé thay 6 (3,1) va 6 (1,4) c6 cung
cudc phi nhd nhat toin bang. cu thé ¢3; = ¢4 = 1. Ta phan ph6i 60 don vi hang vao
6(3,1)vi

min {az, b1} = 60 > min {a,,b;} = 50.
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Bing 4.8
b; 60 30 40 70
a;
2 4 5 1
50 UTRETEEETE LR (RPN -
50
3 6 4 8
70 »"'._> "»K -
10 |=< -5 40| - 20
! 12 57 .73
80 : B
60 20 |

Diém thu thit nhat da thu du luong hang theo yéu ciu, do d6 ta xéa cot 1. Diém
phat thir ba con mot lugng hang 1a a3 = 80 — 60 = 20. Trong bang con lai (ba cot
cudi), 6 (1, 4) cé cuée phi nhd nhat 1a ¢4 = 1. Do d6 ta phan vao 6 nay mot luong
hang 1A min{a,,bs} = 50. Khi d6, di€m phét thy nhit di hét hang va ta xda hang
thi nht cha bang. Diém thu thit wr cdn thi€u mot luong hang 13 & = 70 — 50 = 20.

Trong bang con lai (ba 6 cuéi cia hang 2 va ba 6 cudi cua hang 3), ta chon &
(3,2) vi n6 c6 cude phi nho nhat 13 ¢z, = 2 va phan vao 6 ndy mot luong hang [a
min {aj, b2} = 20. Diém ph4t thy ba da h&t hang nén ta x6a hang 3. Diém thu thit
hai con thi€u mdt luang hang 12 4, = 30 — 20 = 10. Ltc nay, chi con lai ba 6 phai
xem xét 1a (2,2), (2,3) va (2,4).

Ta ti€p tuc phan hang vio 6 (2, 3) mot lugng hang 12 min {ag, b3} = 40 vi d6
12 6 c6 cute phi nhd nhat trong cac 6 con Jai (cp3 = 4). Diém thu thif ba di nhan
dd hang theo yéu cdu nén ta x6a cot 3. Di€m phdt thit hai con lugng hang bing
ay = 70 — 40 = 30. Cdn lai hai 6 (2,2) va (2,4) cén xét. Ta phan vao 6 (2, 2) mot
luong hang 12 min {a}, by} = 10 vi ¢z, = 6 < ¢oy = 8. Cuéi cung, ta phan vao 6
(2,4) luong hang 12 @b = b, = 20. Moi diém phdt d phat hét hang, moi difm thu
da nhan du hang nhu mong muén. Ta dit z;; = 0 tuong tng véi moi 6 (2, j) con lai.
Gid tri hAm muc tiéu tuong Ung vdi phuong 4n ndy bing 530.

Néu xuat phét tir phuong 4n cuc bién vira tim & Bang 4.8, tiép tuc tinh 104n giai
bai toan theo thuat toan thé vi gidi bai todn van tdi ta nhan duac phuong 4n 14i vu
sau hai 14n diéu chinh. Cy thé, tir bing van tdi xuft phat 12 Bang 4.9 (tvong ing vé6i
phuong 4n cuc bién tim duge & Bang 4.8), sau 14n diéu chinh thit nhat ta chuyén sang
Bang 4.10. Tiép tuc qui trinh diéu chinh tr Bang 4.10 ta lai nhan 1ai duoc két qua
nhur Bang 4.6 tuong (ng v6i phuong dn cuc bién t6i uu duy nhat



Uy
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Chicomg 4. Bai todn vdn idi

0 0 0 50
=130 0 40 O
30 30 0 20

va gid tri t6i wu 12 f(z*) = 450 (ding nhu k&t qua da tinh & Vi du 4.3).

Bang 4.9
Uy 2 -1 -3 1
b; 60 30 40 70
a;
2 4 5
50
/4] /5 /%) 50
3 6 ... 4
70 (G Foepad =
S 10 40 20
| sy, 2 i, 5
80 wil atly S 1
60 20 ﬁ 1
Bang 4.10
vj 4 3 3 1
b, 60 30 40 70
a;
2 4 5
50
7% (7] /3] 50
3 ... 6 4"’
70 "+--' .......................................... —-.'1
10 ﬁ 40 20
1 2 5
80 —_— R T o e W Tl e e T Ll :._"t-.:'
50 30 ﬁJ ﬁ
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Nhén xét 4.3. Tim phuong an cyc bién xudt phét bing phuong phip géc tay bic don
gian hon so v6i phuong phap cuc tiéu cude phi, Tuy nhién, tim phuong 4n cuc bién
xust phdt bing phuong phap cuc tifu chi phi ta cé thé nit gon dugc cdc bude lap
tinh todn. Ching han véi bai todn van tai cho & Vi du 4.3: néu xu4t phat tir phuong
dn cuc bién dugc xdc dinh theo phuong phdp géc tay bic thi mdt 3 14n diéun chinh
phuang 4n ta s& nhan duge phuong dn t6i wu (Vi du 4.3), va s€ chi mit 2 lan diéu
chinh néu xu4t phat tir phuong an cuc bien duge x4c dinh theo phuong phdp cuc tidu
chi phi (Vi du 4.5).

Chi y 4.5. Thay vi chon 6 ¢6 cudc phi nhd nhdt toan bing, ta c6 thé chon 6 cé
cude phi nhé nhat & hang (hoac cot) ddu tien cia bang van tai dang xét. Trong
trudng hop nay, phiong phdp c6 tén 1a phuomg phdp cuc tiéu cuce phi theo hang (the
row minimum method) (hoac theo cot (the column minimum method)). Ngoii cic
phuong phap trén, phurrong phdp Vogel hay con goi 1a phuang phip VAM (Vogel's
approximation method) dé tim phuang dn cuc bién xuat phdt cho bai todn van tdi
cong thudng duge str dung (xem [18], [39]).

Ca hai phuong phdp tim phuong dn co s& xudt phdt trén day déu thue sy cho ta
mdt phuong 4n chip nhan duoc. Tinh chap nhan duge la 16 rang vi ta di dam bao
cdc rang budc thoa min khi phan ph6i cdc lugng hiang vao 6. Sau day ta sé ching
minh né 1a phuong 4n cuc bién.

Meénh dé 4.3. Phwong dn tim duoc theo phuong phdp goc tdy bdc hodc phuong phdp
cuc tidu cudc phi la phwong an cue bién cua bai todn van tai.

Chitng minh. Ta s& chimg minh menh dé nay bing quy nap theo k = m + n (téng
s& hang va s& cot cla bang van tai),

Hién nhién 12 Ménh dé ding néu m = n = 1, tic ding véi A = m +n = 2. Gia
su Ménh dé ding véi bang van tai ¢é téng s6 hang va cot 1a k = m +n — 1 (khi d6
bang ¢c6 m — 1 hang va n cot hoac bang ¢é m hiang va n — 1 cét), tic phuong dn
tim duge theo mot trong hai phuong phip nay cé khong qua m + n — 2 thanh phan
duong va khong chia chu trinh. Ta phai chimg minh né ding véi bang van tai T cé
m hang va n cbt, nghia la k = m + n.

Ta xét 6 duoc phan phéi hang ddu tién la (z,, j;). Theo ca hai phuong phdp, sau
khi phan hang vao 6 nay, ta xod hang 7y (hodc cot 7;). Gia sir 1a hang 7; duac xoa.
Khi d6, bang tiép theo (goi 1a bang 7’) c6 £ = m + n — 1. Ki kieu G 1a tap cic o
chon cua bang 7”. Theo gia thi€t quy nap, G gém m + n — 2 6 va khéng chifa chu
trinh. R6 rang 12 G U {(4,.;)} khong chita chu trinh vi (2, 7,) 12 6 duy nhat trong
tap cdc 6 dang xét 8 bang T nam trén hang 7,. Do d6, phuang én duge xdc dinh theo
mot trong hai phuong phdp nay la phuong 4n cuc bién. a
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4.5 Caéc bai toan van tai mé rong

Muc nay trinh bay mot s6 bai toan khic phic tap hon nhung déu cé thé giai duoc
bang cdch dua vé xét mot bai todn van (a1 thda min diéu kién cin bang thu phat
tuong 1ng.

4.5.1 Bai toan khéng can bing thu phat

Trong thuc t&, 1a thuong phai 1am viéc véi cdc mo hinh khong théa man diéu kien
cin bang thu phat. C6 hai trudng hap.

a. Tong luong phat 16m hon tong lwong thu (cung lom hon cdu)

Zn >Eb,,

1=1

tic t8n tai diém phat khong phit hét hang. Khi dé, rang budc (4.1) trong phdt biéu
bai toan (PT) phai d6i lai 1a
ZIU < a,. (4.1)
1=1

Ta dua bai toin ndy vé bai todn vin tdi can bing thu phdt nhu sau: Thém vao
diém thu gid (n + 1) véi luong thu la

n+l ZQL Zb >0

Dé thay rang day chinh 12 lugng hing con tén lai & cdc tram phét sau khi thod man
yéu cdu cia tdt cd cdc tram thu nén cude phi ¢jne1y = 0 v6imoii = 1,--- ,m (ham
muc tiéu khong ddi). Bai todn van tdi md rong véi m diém phét va (n + 1) diém thu
13

m n4]

min f ZZL,,I‘U
=1 =]
n+1
v.d.k. er,3=a,\ i1=1.--.m
j=1
ZIU:bJ» J=1--.n+1
1=
r,2>20 2=1--- m j=1--- ,n+1

Bai todn nay thoa min diéu kién can bing thu phdt va ta cé thé giai né bang Thuat
todn 4.1 nhan dugc phuong &n i 2 = (27), i=1,--- ,;m, j=1,--- ,n+1
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Néu 7., ;) > 0 thi & diém phit thd 1 con dong lai lugng hing l1a =, . Gia s
mot don vi hang t8n & diém phit i phai chin cuée phi lvu kho la s;, i =1,--- | m.
Khi d6 ta c6 thé tinh cudc phi Itu kho cho timg diém phét. Cu thé, chi phi lvu kho
& diém phat 1,3 € {1,--- ,m}, 12

Fo8i) = 8iTinay).

Phuong dn vAn chuyén t8i wu cha bai todn géc 12 1°P* = (a;f]p‘) véi T = 1y,
i=1,---,m, j=1,---,n Chiphi van chuyén t&i vu la

m n

-

fmln: E E CU'I.,-J-.
=1 j=1

Vi du 4.6. Xét bai todn van tai véi cic dir lieu vé lugng phét a, lugng thu b va ma
trn chi phi C cho & Bang 4.11. Bi to4n nay ¢6 m = 3 di€m phit, n = 4 diém thu
va téng lugng phét 16n hon téng lugng thu

3 4
D ai=400>) " =340
1=1 1=1

Bang 4.11
b; 80 70 100 90
a,
|
6 5 3 1
100
9 7 5 8
160
2 9 4 6
140

Vi vay, ta thém tram thu gid n + 1 = 5 véi yéu céu 1a bs = 400 — 340 = 60 va
dat ¢y5 = cp5 = cas = 0. Khi d6 ta nhan duge bdi todn md réng can bing thu ph4t
vSi 3 di€m phéat va 5 diém thu vA goi 12 bai todn (PT;). Phuong 4n cuc bien z° xéc
dinh theo phuogng phdp cuc tiéu chi phi cla bai todn (PTy) va cdc két qua tinh todn
tuong img véi phuong 4n ndy duge trinh bay & Bang 4.12.
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Bang 4.12
v; -4 0 2 1 0
u b; 80 70 100 90 60
a,
... o ‘
O ]OO .:‘-+":,... _'.'I
ﬁ ﬂ ﬁ 40 760
0 ..
7 160 e T + ;
-6 70 40 50 - ﬁ
0
6 140
80 (3! 60 i a

Tix Bang 4.12, chon (2,,J,) = (2,5) lam 6 diéu chinh, ti€p tuc thuat toin the vi
ta chuyén sang phuong 4n cyc bién méi r'. Cic s6 liéu tuong ing véi z' duge biéu

dién d Bang 4.13.

U4

Bang 4.13
U; 3 7 5 1 0
b; 80 70 100 90 60
a,
0
100
ﬁ A a 90 10
' 0
160 :
4 70 40 /) 50
0
140
80 /3] 60 (o 4

Nhan xét ring, trong Bang 4.13 ¢6
Az = A =2=max{A; > 0] (3,7) € G(=z")}.

V& nguyen tic, ta ¢6 thé chon bit ky mét trong hai 6 ndy lam 6 diéu chinh. Sau day,
ta xét ca hai cdch chon nay.
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o Cdch thir nhat. Tir Bang 4.13, néu chon 6 diéu chinh 12 6 (1,3) va thuc hién
bién d6i tiép thi ta nhan duoc Bang 4.14 tuong ing véi phuong dn cuc bién t6i uu
z* cla bai todn (PTy),

0 0 10 9 O
=0 70 30 0 60
80 0 60 0 O

Bang 4.14
U; 1 5 3 1 )
u, b 80 70 100 90 60
Qg
6 5 3 1 0
0 100
/5] 3 10 90 4
9 7 5 8 0
2 160
/6| 70 30 /5 60
2 9 4 6 0
1 140
80 4 60 (4 /]

Trd lai bai toin ban ddu, ta ¢é phuong 4n van chuyén t6i wu 12

0 0 10 90
=10 70 30 0
80 O 60 O

vé gid tri t6i ru 13 f(z°') = 1160. Diém phat thit nh4t va diém phat thi ba di phat
hét hang. Diém phat thit hai cdn 60 don vi hang.

Vi Bang 4.14 con ¢ Ajp =0va o (1,2) € G(z*) nén phuong an z* khong phai
phuong 4n cuc bién t6i wu duy nhét cha bai todn {P75). Mudn tim phuong 4n cuc
bién t6i wu khdc, ta chon 6 (1,2) 1am 6 diéu chinh. Thuc hién bién d6i theo thuat
todn thé vi, ta nhan duge Bang 4.15 tuong tng vi phuong dn cyc bién t6i wu thit hai
£* cha bai todn (PTp) va phuong dn cuc bién t6i wu thit hai 2% ciia bai toan ban
dau 1a

0O 10 0 9 0 0 10 0 90

*=10 60 40 0 60 va IP= |0 60 40 O
80 0 60 0 O 80 0 60 O



Chuong 4. Bai todn vdn tdi

Bang 4.15
v, | 5 3 I 2
u, b; 80 70 100 90 60
Q,
6 5 3 1 0
ol 100
/5] 10 /0] 90 A
9 7 5 8 0
2| 160
/] 60 40 4 60
2 9 4 6 0
1 140
80 /3] 60 /4 [

Tir Bang 4.15, néu tiép tuc chon 6 (1,3) & G(Z*) c6 Ay = 0 lam 6 diéu chinh
va bién ddi theo thuit todn thé vi ta lai quay lai Bing 4.14. Nhu vay, bai todn (PT,)
chi ¢6 hai phuong 4n cyc bién t6i wu va tap nghiém t6 vu cla né 1a

Fo={z=X"+(1-Xz" vé 0<r<1}

0 10-10X 10X 90 0
=q¢zr= |0 60+10x 40—-10A 0 60 véi 0< A<
80 0 60 0 0

o Cdch thit hai. Tir Bang 4.13, néu chon 6 diéu chinh 12 & (1, 2) va bién déi tiép
thi ta nhan dugc Bang 4.15 wong ting v6i phuong dn cuc bién t6i wu z° cua bai todn
(PTy). Ti€p tuc thue hién bién d6i tiép tir Bang 4.15 v6i 6 diéu chinh 12 (1, 3) ¢6
Ay3 = 0, ta lai trg lai Bang 4.14 véi phirong 4n cuc bién 61 wu z° d3 biét.

b) Téng lirgng thu 16n hon tdng Iwong phat (cdu Ion hon cung)
S>3
Jj=1 t=1

tic lugng hang cé & cic diém phat khong dap tmg dd nhu cdu & moi diém thu. Khi
dé, rang budc (4.2) trong phat biéu bii todn (PT) phai déi lai 12

m
Z Iy, S b]
i:l

(4.2
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Dua vio diém phiét gid (m + 1) véi lugng phét

n m
Ay = ij - ZG‘ > 0.
7=1 i=1

Giai bai todn van tdi md rong véi (m + 1) diém phét va n diém thu
m+l n

min f(z) = Z E Ci; Tij

i=1 j=I

v.d.k. ZI{_,‘:G;,', 1=1,---,m+1
j=1
m-+1

ZIU:bJ" j=1--,n

t=1

320, i=1,--- ,m+1,3=1,---|n
trong d6 ¢(m+1y; = 0, 7 = 1,--- ,n. Bai todn nldy thda min diéu kién cAn bing thu
phét vi gidi duoge bing phuong phép thé vi. Gid sir phuong 4n t6i wu clia bai todn nay
az"=(zy),t=1- m+1,j=1---,nNua, ., >0 thi di€m thu thi j
cdn thi¢u mot luong hang 1a 77, ;); so v6i nhu cdu. Gid sit ¢; 12 s6 tién tén that clia
diém phét thit j khi thi€u 1 don vi hang, j = 1,--- ,n. Khi 86, s6 tién t6n that do
thi€u hang & diém thu th j, j € {1,--- ,n}, 12

flou(j) = thEm-l-l)j‘

Chi phi van chuyén t8i wu tuong tmg I3

m n
fmm = chijx:j-

i=1 j=}

4.5.2 Bai toan vAn tai v6i rang buéc bt ding thirc
Trong thuc t€, nhiéu mo hinh bai todn van tai c6 dang

m n
min f(z) = Z Ecﬁz‘-j (4.20)
=1 j=1
vdk Y zi<e i=1---,m (4.21)
j=1
Ezijzbj) j=1)"'an (422)
i=1

I'ljZO) i=1)‘“)m)j=1,"'an' (423)
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Diéu kién (4.21) c6 nghia 12 cdc diém phét c6 thé khong phét hét hang. Diéu kién
(4.22) c6 nghia 12 cdc diém thu thu qué nhu ciu cé 1hé téu thu dugc. Sau day Ja
diéu kién cdn va du d€ bai 1o04n (4.20)-(4.23) c6 phuong 4n t6i wu.

Dinh ly 4.6. Bai todn (4.20) — (4.23) c6 phuong an toi uu khi va chi khi tdng luong
phdt khong bé hon tong luong thu, nghia la

i=1 y=1

Chiing minh. Bai tap. O
Viéc 4p dung thuat todn thé vi d€ giai bai todn (4.20) — (4.23) dugc chia lam hai

tnrdng hop, phu thuée vao diéu kién (4.24). Cu thé:

Truomg hop 1: Ta c6

m

2 a=2_b,
=1

i=1

tic bai todn thda man diéu kién can bing thu phit. Khi d6, d& ding ching minh
dugc ring moi phuong 4n chdp nhan duge ctia bai todn (4.20) — (4.23) déu thod man
(4.21) va (4.22) duéi dang d4u déng thic, tic

n

E Ty =a;, t=1,---.m

J=1

Sy =by G=lom

1=1
Vi vay, trong trudmg hop ndy bai todn (4.20) — (4.23) c6 dang bi todn can bing thu
phat théng thudng vi gidi duge bing thuat todn thé vi.
Truomg hop 2: Ta c6

m n
Sa> 3,
=1 =1

tic téng lugng phat 16n hon t8ng lugng thu. C6 thé ching minh duwge ring: "Néu
x" 1d nghiém 61 wu ciia (4.20) — (4.23) thi x” thod man chat rang budc (4.22)." Vi
vay, bai todn (4.20)-(4.23) tuong duong véi bai todn
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min f(z) = z Z Cij Tij

=1 J=1

n
vd.k. injSa.-, 1=1,-+,m
=1

ngj=bj, j:l,-“,n
i=1

1],;_,'20, ’i=1,~-,m,j=1,--‘ s L.

Mo hinh nay cling phii hop vdi thuc t& vi cic di€m thu cé thé tr cAn d6i chi nhan 4
lugng hang cén tieu thu. ST dung k¥ thuat thém tram thu gia (n + 1), ta c6 thé gidi
bai todn mdi ndy bing cich dua thém bién phu z;n41) > 0.2 =1, -+ ,m tuong tng
v6i he sd muc tieu Cinyqy = 0,7 = 1,--- ,m v2 chuyén vé bai to4n can béng thu
phdt v6i m diém phdt va (n+ 1) diém thu. Lic ndy, ta c6 thé gidi bai todn bing thuat
toin th€ vi va nhan dugc phuong 4n t6i 2 £* = (Z{;)mx(n+1). Chi ¥ rang, phuong
an t6i wu cna bai todn ban ddu 1a 27 = (a;?f') véi a:?f' =z veimoii=1,--- .m,
j=1,,n Néugj,,, >0 thicé nghia 12 diém phit thi i con thira mot lugng
hang 12 3., don vi.

4,5.3 Bai todn lap kho nhan hang

Gid sir mot tap doan gém m nhi mdy san xuit mot loai hang héa véi san luong

twong tng la @,, 2 = 1,--- ,m va ho da cb sin n,4 kho chiia hing v6i trit lugng 12
by, , by,,- Nguoi ta dinh x2y dung n,,.,, kho méi. Bii todn dit ra 12 mébi kho méi

phéi duac thiét k€ dé chifa duge bao nhiéu hang va tim phuong dn van chuyéa hét
hang 1wr m nhd mdy dén n = nyg + Tirew kho sao cho chi phi vAn chuyén 14 nhd
nhdt véi gid thie€t cdc kho méi 6 thé chira duge lugng hang khong han ché. Cho biét
cudc phi van chuyén mot don vi hang tirnha may i dénkho j la ¢, i=1,.-- ,m,
j=1-- n.

Ta c6 thé dua bai todn nay vé bii todn van tai cdu vuot cung (t6ng lugng thu 16n
hon téng luang phat) bing cich gén luong thu

b; = Za; Vi=nogd+ L, -, Nold + Nnew -
i=1

n

Nhu vy, ta phdi thém diém phdt gid (m + 1) véi lugng phét 1a

n m
Amy) = E bJ - E a;
7=1 =1
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VA ¢y =0 v8imoi j =1, -, n. Khi d6 cung bing cdu va bai toan lap kho hang
tuang duong v6i bai todn van tai can biang thu phit md rong sau
m+1l n
min f(z) = z Z CijLij
i=1 j=1

v.d.k. Zl‘,‘j =aqa; i=1---,m+1
Jj=1

m+1
zx‘jzbj\ Jj=L-n
i=1

113;520, i=1,---,m+1,j=1,-~ y T,

Gia sir phuong 4n van chuyén t6i wu cua bai todn nay 1a z* = (z7,). Khi d6, méi kho
méi 7, j € {naa+ 1, -+ ,n}, phai dugc thiét k& véi trit lugng la

m
- __ § »
i=1

Hién nhién 12 néu b; = 0 thi khong cn 1ap kho j ndy. Phuong 4n t6i wu cha bai todn
ban ddu la z7* = (x:’;-’t) vé‘ixfj’-’t =gy véimoii=1,--- ,m,j=1,--,n

Vidu 4.7. Mot lién hgp sdn xudt c6 ba nha mdy san xuit xi mang va da c6 hai kho.
Ho du dinh xay dung thém hai kho nita (vt lugng chifa tiy ¥) sao cho b6n kho nay
¢6 the chira hét lugng xi miing cin chuyén ra khdi cdc nhd mdy. Thong tin vé luong
phét, lugng thu, va cudc phi van chuyén duge cho & Bing 4.16. Hay x4c dinh triy
luong hai kho cn xy dung va phuong 4n van chuyén sau khi di ¢6 hai kho ndy sao
cho t8ng chi phi van chuyén 1a nhd nhat.

Bang 4.16
bj 85 75
a;
8 2 5 4
80
7 5 6 8
110 §
1 3 7 5
90
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Gidi. Baitodn cOm = 3, n,q = 2, Npew = 2 VAN = Noid + Tipew = 4. Gin luo‘ng
thu by = by = S0, a, = 280. Dit diém phat gia 12 diém phét (m + 1) = 4 véi

lugng phit
as = Zb — Za‘ = 720 — 280 = 440

=1
va cdc cudc phi ¢y, =0vdimoi j =1,-- 4.

Giai bai todn méi véi 4 diém phét va 4 diém thu véi cdc s6 lieu & Bang 4.17.
Phuong 4n cuc bién xuat phét x4c dinh theo phuong phédp cuc ti€u chi phi va s6 lieu
tuong \ing cing dugc trinh bay & bing nay. Tir Bang 4.17, sau hai 14n diéu chinh
phuong 4n, ta nhan duge phuong 4n cuc bién t6i wu x* g Bang 4.18,

07 0 5
._|o 0 110 0
T=18 0 0 5

0 0 170 270

Nhu vay, kho thif ba c4n duoc x4y dung dé chira dugc E‘ ! T =0+110+0 =110
don vi hang. Tuong tu, kho thi tir phai chifa dugc Z.—1 4=5+0+5=10don
vi hing. Sau khi 43 x4y dugc hai kho nay, phuong dn van chuyén hang t6i vu 13

075 0 5
=10 0 110 0
8 0 0 5
Bang 4.17
Yi -1 2 5 5
|
u b 85 75 280 280
a,
8 2 5 4
0 80 :
A 75 5 a
7 5 6 8
1| 110
/7 (2 110 g
1 3 7 5
2 90 WA S
85 /1 5 /7]
0 0 0 0 i
-5 440 4 e .-—.‘x
/%6 3 160 280
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Bang 4.18
Y 0 2 4 4
u b 85 75 280 280
ay
0 8 2 5 4
%0 ﬁ 75 ﬁ 5
7 5 6 8
2 110 ﬁ- ﬁ o 6
1 3 7 5
\ 90 g5 ﬁ 6 s
0 0 0 0
* 40 ﬂ ﬁ 170 270

Dé ¢ ring, trong Bing 4.18 ¢6 6 A3z; = 0 va 6 (3,2) € G(r*) do dé phuong 4n
z* khong phai phuang 4n cuc bién t61 vu duy nhit cha bai todn md rong tuong Ung.

4.5.4 Bai to4n van tai c6 6 cAm

Trong thuc t€, ta ciing cé thé giip cdc bai todn van tai ma do nhitng diéu kién thuc t&
dit ra ma khong chuyén hang tir diém phét th : d&n diém thu thit 5. Khi d6, 6 (4, )
dugc goi 1a 6 cdm.

C6 nhiéu 1y do vé viéc cm vAn tir di€ém phét i d&n diém thu j. Ching han:

i) Tir diém phét i dén diém thu j khéng c6 dudng van chuyén hoic c6 nhung
hang duge van chuyén theo dudmg dé 12 khéng thich hgp hoic theo hgp déng khong
chuyén hang tir diém phit i dén diém thu j;

i) M6t tram thu ndo dé duoc wu tién nhan du yeu cdu (tdc khong nhan hang tir
tram phdt gia) trong trudng hop bai todn khong can bing thu phat ma téng lugng thu
16n hon téng lugng phat.

iii) Do yéu cdu thuc t&€ dat ra m3 mot tram phat no d6 chi dugc phép chuyén di
moét lugng hang quy dinh trude, {t hon kha nang cung c4p cia né hoic hang & tram
nay dugc dé€ tén kho (khi tdng lugng phét t6n hon téng lugng thu),

Ta vin c6 thé sit dung phuong phép th€ vi d€ gii bii todn c6 6 cdm bing cich
dat ¢;; = M, trong 46 (7,7) 12 6 cAm va M la s6 duong 16n tuy ¥ khi cén so sanh,
tdc ta ddnh cudc phi rat nang & 6 cAm (4, j), khién cho trong phuong 4n t6i wu, 6
(3, 7) khong thé dugc phan phoi hing. Lin ¥ ring, khi gidi bai todn ndy ta nén ding
phuong phép cuc tiéu chi phi 8¢ xAy dimg phuong 4a cuc bién xuft phat.
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Vi du 4.8. Ngudi ta cdn van chuyén mot loai hang héa tlr ba diém phat véi luong
phdt 14n luot 13 70, 110, 120 don vi hiang dén ba di€ém thu v&i nhu céu tyong ing
80, 100, 160 don vi hang. Biét ring di€ém thu thi nhit duge wu tién nhan db hang;
diém thu tht ba phai duoc nhan t6i thiéu 12 140 don vi hang va khéng cé dudmg van
chuyén hang tir diém phit thit nhat dén diém thu thit hai. Hay tim phuong 4n van
chuyén hang t6 wu, biét cudc phi van chuyén duge cho nhir sau:

¢ =3 ci3 =2
¢ = §; C12 = 9 23 = 6,
c31 = J; ca = 4 ¢33 = 1.

Gidi. Baitodncédn=3vam=3 Viy>l a,=300<3 . b =340nenta
them tram phét gid 4 v6i lugng phédt a, = 40. Do khéng c6 dudng van chuyén tir
di€m phét 1 dén diém thu 2, uic (1,2) 12 6 cAm, nén ta dit cudc phi ¢j3 = M. Diém
thu th ba phar dugc nhan t8i thi€u 140 don vi hang nén ta tam tach diém thu thit ba
thanh hai diém thu 12 di€m 3, véi lugng thu 12 140 va diém 3, véi lugng thu 12 20
va cude phi tuong \mg 12 ¢z, = M (tic diém 3; khéng nhan hang tir diém phét gia)
va cq3, = 0. 0 (4,1) cling 12 6 cdm v&i ¢y = M i diém thu thi nhat duge nhan
dd hang (khong nhan hang tir di€ém phdt gia). Dt ¢g2 = 0 vi diém thu thy hai ¢o
thé nhan hang tir diém phit gid. Khi d6 ta nhan duge bai todn can bing thu phdt véi
58 lidu nhu & Bang 4.19. Bang 4.19 cling cho ta phuong 4n cuc bién xu4dt phat xac
dinh bing phuong phép cyc ti€u chi phi va cic s6 liéu tinh todn theo thuat todn the
vi tuong Ung véi aé.

Bang 4.19
v 3 0 2 2
" b; 80 100 140 20
0,

3 M 2 2 .-

0 70 + B recrabhmranavararnniaa b i ienaiai e —_—
T30 /] 20 20

8 i 5 .. 6 6

5/ 110 N N N !
s T 60 Al A

5 4 1 1 :

-1 120 E 2
AN g 120 /0]

M 0 . M 0 .=

0 40 {‘—“L .......................... A:‘—‘_ ]
3-M 40 ﬁ /2]
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Tir Bang 4.19, sau hai 14n diéu chinh phuong 4n, ta nhan dugc phuong én cuc
bién t6i tu z* & Bang 4.20,

7 0 0 O
. |10 8 20 o0
T 0 0 120 0
0 20 0 20
Bang 4.20
vj 3 0 1 0
u; b; 80 100 140 20
a;
3 - M 2 2
0 70
70 /M /A /2]
8 5 6 6
5 110
10 80 20 /A
5 4 1 1
0 120
/2| /%) 120 /1]
M 0 M 0
0 40
3M 20 1-M 20

Nhur vay, phuong 4n t6i wu cua bai todn ban ddu 1

707 0 O
TP = |10 80 20
0 0 120

Dié€m thu thi nhat dugc nhan di 80 don vi hing nhu yéu cdu. Diém thu thit hai chi
dugc nhén 80 don vi hang v diém thu thif ba nhan duge s6 hang theo yéu ciu t6i
thiéu 12 140 don vi hang.
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4.5.5 Bai todn van tai dang max

Trong thuc t&, d6i khi ta g&p bai toan c6 dang bai 104n van tii nhung cdn tim phuong
4n d€ cuc dai ham muc tién (xem Vi du 2.6). M8 hinh todn hoc cla bai todn 12

max f(z) =D Y iz (PTme)

1=1 =1

n
vdk. Y zy=a, i=12--,m
=1

Zzij':bj) j=1a2a'“)n’
t=1

5320, i=1,---,m, 5=1,---,n
va diéu kién can bing thu phit dugc thda man, tic Y 7%, a; = 35 b;. Khi d6:

1) Ho3c ta giai bai todn van tdi dang min tuong duong, nghia 12 gilf nguyén rang
budc con ham muc tiéu 1a ham f/' = - f;

1i) Hodc ta giai truc ti€p bai todn nay nhur sau:
¢ Xay dung phuong 4n cuc bién xudt phit 2° bing phuong phdp géc tay bac hoic
phuong phép cyc dai chi phi, titc wu tién phan mot lugng hing 16n nh4t c6 thé

va0 0 (%o, jo) sao cho ¢;yj, 12 16n nhit trong céc chi phi tng v6i cic 6 dang cén
xem xét;

o Viéc xdc dinh cdc th€ vi tuong tu bai todn tim min, tic giai he
w+v; =05 V(i,j) € G(z°).
o Tinh céc udc luong
Ay =w+v;—cy V(i,5) € Ga°).
o (Ki€m ftra diéu kién t6i wu)
If A,, > 0 v6i moi (4,) € G(z°) Then Dimg thuat todn

(z° 1a phuong dn t6i uu)
Else (nic 3 A,, < 0véi (3,5) € G(z%) Tachon & (i,, j,) 12 6 diéu chinli ting
\')]
A,,;, = min{A;, < 0] (4,5) € G(z°)}.
Sau dé x4c dinh chu trinh diéu chinh v x4y ding phuong 4n cuc bién z° méi
giéng nhu véi bai todn tim min.
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Vi du 4.9, Giai bai todn vén tdi (PT™**) v6i véc to lvgng phit, véc ta lugng thu va
ma tran chi phi nhu sau

Bing 4.21 biéu dién cdc théng tin tuong uing vé1 phuong 4n cyc bién xu4t phat
z° duge xdc dinh theo "cuc dai chi phi” va f(z%) = 920. Vicdn Aj3 = -2 < 0va o
(1,3) € G(z°) nén z° chua phai phuong 4n cuc bién. Chon (1, 3) 1am 6 diéu chinh,
xdc dinh chu trinh diéu chinh K = {(1,3), (2,3).(2,2), (1,2)} va chuyén sang Bang
4.22 tuong Ung v6i phuong 4n cuc bién ' va f(z') = 940.

Bing 4.22 con 6 (3,1) & G(z!) ¢6 Az = —2 < 0 nén z! cfing chua 12 phuong
4n t61 vu. Chon 6 (3, 1) 1am 6 diéu chinh, x4c dinh chu trinh diéu chinh

K= {<3) 1)1 (31 3)) (1)3)> (11 1)}

vi chuyén sang Bing 4.23 tuong tmg véi phuong n cuc bién z3.
Bing 4.23 ¢6 A;; > 0 v6i moi (i,5) & G(z?) nén

0 0 50
22=]10 60 10
40 0 40

{2 phuong 4n t6i wu cia bai todn véi gid tri t6i wu 12 fine, = f(z?) = 1020.

o0 W~ ©
= O 00
N = O

a = (50,70,80)T, b= (40,60,100)", C = (

Bang 4.21
Y, 9 8 3
Ui & 40 60 100
a, :
? 8 I,
0 50 PRSI SO j‘,.-:'
40 10 /2
4 6 ... |
2 70 U RRRED e =0
ﬁ ~_ 50 20
8 4 )
-1 80
OEa 30

t77
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Bang 4.22
v; 9 10 5
b, 40 60 100
a,
] 8 5
50 —_— D A (DU .‘_F.":.
40 ﬁ- 10
6 1
70
: ﬁ 60 10
4 2 .
80 + -‘:... .................... -
Sl /3 0
Bing 4.23
v, | 10 5
-
b, 40 60 100
ag
8 5
50
/| /2 50
6 1
70
ﬁ 60 10
4 2
80
40 a 40

4.5.6 Bai toan phan viéc (The personnel-assignment problem)

Bai todn ndy 13: Gia sir c6 c6 n ngudi va n cong viec. DE giao cho ngudi 7, 1 €
{1,--- )n}, 1am cong viéc 3, j € {1,--- ,n}, cn mot chi phi 12 ¢,,. Vin dé 12 cén
tim phurong 4n dé phan céng cho ngudi ndo 1am viéc gi (mdi ngudt chi 1am mot viec,
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méi viéc chi do mét ngudi 1am) sao cho téng chi phi 14 nhd nh4t. M6 hinh todn hoc
cha bai todn nay la

min f(z ZZC‘JLJ (PTwork)
=1 =1

vadk. > zy=1, i=12-,n (4.25)

i=1
Yozy=1, j=12,,n (4.26)

i=1
:1:,-,-6{0, 1}, it=1,.--,n j=1,-+- n. (427)
DAy chinh 12 m6t trudng hop ca bai todn van tii can bing thu phét trong dé s6 tram
phét bing s tram thu v a; = b; = 1 véi moi ¢,j = 1,--- ,n nhung c4c bién chi

nhan gid tri 0 hodc 1. Vi vAy né cling thuéc 16p bai todn quy hoach nguyén (xem
Chuong 5). Do ¢6 céc diéu kién (4.25) va (4.26) nén diéu kién (4.27) c6 thé thay
bing diéu kién r,; > 0O vanguyénv6imoii=1,--- ,n,j=1,--- |n

Bai todn phan viéc (PT°™) ciing 12 m6 hinh todn hoc ctia nhiéu bai todn thuc t&
khic (khéng lién quan gi dén viéc phan cong cong viéc), ching han: bai toan phan
b6 hda khf vao cdc muc tiéu cdn ti€u diét sao cho dd tén chi phi nhat, bai todn phan
cong cdc cho cdc nhd mdy san xuét cdc san phdm khédc nhau sao cho dat hiéu qua
cao nh4t ...

C6 nhiéu thuat toan hiéu qua giai bai todn nay dua vao cfu tnic dic biét cha
n6. Mot trong cdc phuong phdp dé 1a phuong phip Hungary do hai nha toin hoc
Hungary 1a Konig va Egerviry dé xudt. Ban doc quan tdm cé thé tham khao trong
[18], [36).

Bai tap Chuong 4

1. Cho bai todn van tai

min f(z) = le
v.d.k. Z Tij =0, 1=1,...,m
E*’”u

s=biji=1....n

IijZO i=lv"')7n;j=1)""n'
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i) Chiing minh ring néu thuc hién phép bién d6i &,; = «; +e; +d; (i, j), vdi
e; va d; 12 c4c hing s6 thi phuong 4n t6i un cha bai todn van tdi khong thay
ddi.

i) Ctng minh rdng moi co s& B cua bai todn véin tai déu cé |det B} = 1, trong
dé det B 1 dinh thitc cua ma tran B;

iii) N&u luwgng phidt a;,: = 1,--- ,m va lugng thu b,, j = 1,--- ,n déu la cac
s6 nguyeén thi moi phuong 4n t6i uu nhan duge theo thult todn thé vi déu cé
cac thinh phédn nguyén.

Xét bai todn van tai véi

a = (110, 100, 60, 100)T, b= (95, 80, 65, 35, 95)T

va
7 6 14 9 13
|10 2 9 8 10
¢= 5 5 9 6 12
14 3 12 4 1B
1) Véc to

z=(95,0,0,0, 15, 0, 15, 5, 0, 80, 0, 0, 60, 0, 0, 0, 65, 0, 35, 0)T c6
phai 12 mot phuong an cuc bién clia bai todn nay khéng? Vi sao?

ii) Bai todn nay c6 nghiém t&i vu khong? Véc to z di cho & (7) ¢6 phdi nghiém
téi wu cua bai todn ndy khong? Vi sao? Cho biét chi phf phai trd néu thue hién
theo phuong 4n nay?

. Xét bii todn van tai véi véc to lugng phit a, véc to lugng thu b va ma tran cude

phi C = (¢5) duge xéc dinh nhu sau:

a=(10, 15, 5+ )7, b=(5 10+4, 157, C=

W o~
N —=
- W N

Ky hieu f{3) 12 gia tri 16i vu cia bai todn nhur 12 ham s6 cla tham s6 5. Hay
tim t4t ca cac phuong 4n t6i wu cia bai todn véi 8 = 0. VE d8 thi clia f(8) khi
B8>0.

Bai to4n van tdi v6i vée to lugng phit e, véc to luong thu b va ma tran cudc phi
C = (c¢;;) duge xdc dinh nhu san:

o

a = (100, 120, 140)T, b= (60, 80, 100)T, C =

EXIRN =N
—
o
o o
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Biét tién lun kho méi don vi hang tén & c4c diém ph4t thd nhat, thit hai va thy
ba tuong tng 12 1, 6 va 5. Tim phuong 4n van chuyén t6i wu. Cho biét chi phi
vin chuyén va chi phi luu kho néu thyc hién phuong 4n ndy.

. Bai todn van tai v&i véc to lugng phét a, véc to luong thu b va ma tran cudc phi
C = (¢i;) duge x4c dinh nhy sau:

a=(20, 10, 15)T, b=(5, 10, 15)T, C=

-3 W

1
2
)

N O

Biét tién phat m8i don vi hang thi€u cha cac difm thut thif nhit, thit hai va thi
ba tirong ¢ng 12 12 9, 6 va 5. Tim phurong 4n van chuyén t6i wu, Cho biét chi
phi van chuyén va lugng tién phat & mdi diém thu (néu c6).

i) Khong cin tinh todn, ching minh ring bii todn van 1di ndy c6 it nhat mot
phuong 4n t6i vu ma t4t ca cdc thanh phdn cia né déu 12 s6 chin.
ii) Ching minh ring

. Xét bai todn van tai v6i

a = (60, 40, 80)T, b= (40, 60, 40, 40)7, C =

o W

1
2
4

o Oy =
[0 el V)

0 0 20 40
rz=|0 20 20 O
40 40 0 O

12 phuong 4n t6i vu. Hoi bai to&dn c6 con phuong 4n t6i uvu nio khic khong?
Vi sao?

. Cho bai todn vAn tai véi céc s6 lign

a = (70, 85, 35, 110)T, b= (25, 80, 120, 45, 30)7

va
7 2 9 12 6
8 6 4 3 9
¢= 5 3 6 7 11
11 5 10 8 1

1) X4c dinh phuong 4n cuc bién ciia bai todn ndy bing phuong phédp géc tay
béc vi phuang phip cuc tiéu chi phi. Phuong 4n nlo tét hon,

ii) Xudt ph4t tit mot phuong 4n cuc bien di biét, giai bai todn bing thuat todn
the vi?

i) Bai todn cé nghiém t6i wu duy nhét khong? Vi sao?
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8. Gidi céc bAi todn van tai sau

i) a=(10, 15, 25), b= (5, 10, 20, 15),
8 35 2
C=4167
1543
if) a=(15, 25, 40, 15), b= (15, 20, 10, 35, 25),
12574
43168
C=1lo 155 2
3245 2
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Quy hoach nguyén

5.1 MO0 hinh toan hoc
Bai todn quy hoach nguyén (Integer Programming - IP) duge phit biéu nhir sau

min f(x) = f(Il,ZEQ, e aIn) (51)
vdk. z=(z1,--- ,z,) € D,

trong 46 D C R™ 12 t4p cdc vecto T = (21,39, -, Tn)? ma mot s6 hoic t4t ca cac
thanh phén clia r chi nhan gid tri nguyen,

Thong thudng, tip D C R™ duge xidc dinh bdi moét he cic phuong trinh va b4t
phuong trinh véi diéu kién bd sung vé tinh nguyén cla c4c bién s6:

gi(:t):O, 1'=1121 L (52)
gi(r) <0, i=my+1, - ,m (5.3)
r; nguyén, j3=12--- ,n,. (5.4)

Néu ny = n (t4t ca cdc bién déu nguyén) thi bai todn (5.1) — (5.4) 1a bai tadn
quy hoach nguyén hoan toan (Pure Integer Programming). Néu n; < n (chi ¢c6 mot
s8 bi€n nguyén) thi ta goi bai todn (5.1) — (5.4) 14 bai rodn quy hoach nguyén bo
phdan (Mixed Integer Programming). Néu c4c ham f(z), gi(z), 1 = 1,--- ,m ]2
tuyén tinh thi d6 1a bai todn quy hoach tuyén tinh nguyén. Thuat ngit "quy hoach
nguyén"” thuc t€ chi danh cho linh vuc nghién ciu 16p cdc bai todn quy hoach tuyén
tinh nguyén.

Céc bai todn cé vé don gian nhat ma cing quan trong nhAt trong quy hoach nguyén
12 c4c bai todn chon quyét dinh & dang "c6" hoic "khéng" (yes or no decision). Ching
han: C6 thi vdo trudng Dai hoc Bich Khoa Ha N6i hay khong? C6 mua 16 44t nay
khong? C6 nhan thyc hién du 4n nay Khong? ... Vi cdc bi€n (quyét dinh) chi nhén
hai gi4 tri 0 hodc 1 nén bai todn c6 tén 12 Quy hoach nguyén nhj phdn (Binary Integer
Programming - BIP).
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B4t ky bai todn quy hoach nguyén ndo véi c4c bién nguyén bi chin déu cé thé
quy vé bai todn v6i cic bién chi nhén gid tri 0 — 1. Chéng han, nén bién u chi nhan
gid tri thuoe tap {1,2,--- , k} thi dat

Uu=U F+us+ -+ u

Vi u; € {0,1}, i =1,2,--- k. Didu nay cho thdy quy hoach nguyén 0 — 1 gii¥ vai
trd quan trong trong quy hoach nguyén.

Neéu bai todn c6 n bi€n va cic rang budc cho thiy tap chdp nhan duge 1a gidi
ndi trong R" thi bai todn chi c6 hiru ban nghi¢m chdp nhan duge. Tuy nhién s& rat
sai 1Am néu nghi ring quy hoach nguyén dé& giai hon quy hoach tuyén tinh hoic hon
nifa, c¢6 thé di€m dién (enumeration) 14n lugt c4c phuong 4n ch4p nhan dugc dé chon
phuong 4n t6i wu. Ching han, bai todn quy hoach nguyén nhi phan n bién cé 2"
phuong 4n chdp nhan dwoc (va day 1a con s§ khéng 16 néu n 16n).

Bai to4n t6i vu t6 hop (Combinatorial Optimization) (hay cdn goi 12 bai todn t6i
wu a3 rac) ciing 12 bai todn quy hoach nguyeén. Ly do 12 bat cif bai todn nlo véi cdc
bi€n s chi nhan m6t s6 hiru han gis tri cho truéec déu c6 thé quy vé bAi todn trong
d6 céc bién s6 chi nhan gié tri nguyen (xem Vi du 5.4).

Quy haach nguyén 12 mo hinh todn hoc cha rit nhiéu bai todn ndy sinh trong cdc
linh vire thue t€ khac nhau (xem Muc 5.2). Tuy nhién, khic véi bai todn quy hoach
tuyén tinh thong thudng, bai todn quy hoach tuyén tinh nguyen rt khé gidi. Thuc
t&, chura c6 mot thuat to4n nao thuc s hitu hidu dé gidi t4t ca cdc bii todn quy hoach
nguyén.

Nam 1954, Dantzig, Fulkerson va Johnson dé xu4t y tudng cia phuong phip
mit phing cit (cutting plane method) [7] gidi bai todn quy hoach nguyén. Nhung
Gomory (1958) 12 ngudi ddu tien x4y dung duogc thuat 1odn cét [9] ddm bio san hiu
han budc cho phép nhan duoc nghiém t6i wu ciha bai todn quy hoach nguyén. Trude
khi c6 phuong phap nhdnh can, phuong phdp mat phing cit 1a cong cu chll y€u dé
giai c4c bai todn quy hoach nguyén,

Nim 1960, Land va Doig dira ra mét thuat todn mdi (24] d€ gidi quy hoach tuyén
tinh nguyén. Nam 1963, Little, Murty, Sweeney va Karel [25] sit dung ¢ tudng d6&
dé giai bai toan ngudr du lich (Vi du 2.7) - mot bii todn dién hinh va rit khé cia
t6i wu roi rac. Tir 46, ¥ wéng cba Land - Doig 43 dugc phét trién rong rai thanh
mdt huéng méi clia t8i wu roi rac. D6 13 phuong phdp nhdnh cdn (branch and bound
method). Dén 1965, Dakin [5] hoan thién phuong phdp nhénh cin vi né trd nén cé
ru thé 8 rét so vdi cdc phuong phép trede d6 A€ giai quy hoach nguyén. Hién nay,
phuong phdp nhdnh c4n 13 m6t trong nhimg cong cu chu yéu dé gii bai toin quy
hoach nguyeén. '
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Cic thuAt toan theo phuong phdp mat phang cit, phuong phdp nhinh can va cdc
thuat todn theo phwong phép quy hoach déng' (dynamic programming method) thuoc
loai cic thuat todn cho phép tim dugc nghiém t6i wru chinh xdc cha bai toin tuy cé
thé phaii tinh todn qua rdt nhifu bude 13p. Ngodi ra, dé gidi quy hoach nguyén con
c6 cic thuat todn phdn dodn (heuristic algorithm) (xem [2]). Tuy céc thuat todn niy
khéng ddm béo cho ta nghiém t6i wu trong moi trudng hop nhung thudng ciing hiéu
qué, dac biét 1 khi gidi cdc bai todn quy hoach nguyén cd 16n.

Muc dich chinh cva chuong ndy 14 gidi thiéu phuong phdp nhdnh can gidi bai
to4n quy hoach tuyén tinh nguyén hoan toan va bai todn quy hoach nguyén nhi phan
di€n hinh 12 bdi todn ba 16 0 — 1. Ban doc quan tam dén céc thuat todn khic cé thé
xem trong [2], [10], [18], (30], [33), (36].

5.2 M()ts vi du

Trong Chuong 2 vA Chuong 3 ta di 1am guen véi bai toin ngudi du lich (Vi du 2.7),
bai to4dn ba 16 (Vi du 2.8) va bai todn phan viéc (Muc 4.5.6). D6 1a nhitng bai todn
quan trong, dién hinh trong quy hoach nguyén. Sau day (2 mét s& bai todn thuc t&€
khic ¢6 md hinh to4dn hoc 1a bai todn quy hoach nguyén.

Vi du 5.1. (Bai todn pha cdt vdt liéu)

Trong xay dimg, ngudi ta cdn cét cic thanh thép nguyen dii 8m thanh 50 doan
loai 3.5m vA 60 doan loai 1.8m. Bai todn dat ra 1a phai cit thé ndo dé s6 thanh thép
nguyén c4n sir dung it nh4t hoic tdng phin thép thira 12 nhd nhat.

Gia sir mot thanh thép nguyén cé thé duac cit theo ba miu sau:
Mdu 1: 2 doan 3.5m, thira 1m.
Mau 2: 1 doan 3.5m, 2 doan 1.8m, thira 0.9m.
Mdau 3: 4 doan 1.8m, thira 0.8m.
Goi z; 12 sd thanh thép nguyén cit theo miu thd j, j = 1,2, 3. Theo yéu cdu cua dé
bai, ta phii c6:

2:1:1 + 79 + O0r; = .50
Or; + 2z + 4r3 = 60

z; >0, x;nguyén, 7 =1,2,3.
Téng s4 thanh thép nguyén cdn sir dung Ja

filz) =z + 29+ z3.

'Phuong phdp co ban chia quy hoach dong 12 prurong phap lién hé truy todn do nha 1o4n hoc My R. Bellmann
dua ra mA co s& c0a né 1A nguyén 1Y t6i wa sav: "Néu mor diéu khién cia qud 1rinh 13 161 wu thi né cang t6i uu
d0i voi qud irinh con lai sau khi dF thuc hién butc ddu tién" Nguven Iy ndy chi ddng cho cdc baj todn c6 ca
¢du phy thudc nhat dinh gilta c4¢ bude khéc nhan ¢lia qud trinh (fnh tadn v3 d68i véi nhing ham muc tidu 1A ham
cdng tinh ching han: bai todn ba 16 (V( dy 2.8), bai tofn phan bé 1ai nguyen (V(duy 2.9) ...
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Téng s6 thép thira bing
fa(z) = 1z; + 0.9z, + 0.8z3.
BAi todn cin gii duge phat bi€u nhy sau:

min f,(z) (hotc fa(z))
vdk. 2z + z =50
21}2 + 41}3 = 60
r, >0 vanguyén, j=1,23.

Téng quat, ngudi ta cin cit cdc thanh thép nguyén c6 do dai c6 dinh bing nhau
thanh m loai doan ngin hon. Gia sir ¢6 n miu cit. Goi

a;; 12 s¢ doan loai 7 thu dugc khi cdt theomdu j, i=1,--- ,m,j=1,---,n

b; 1as6 doan loai s cdnc6, 1 =1,--- ,m;

¢; 1a phén thép thira khi cit theomiu j, j=1,--- ,n;

z; 12 s6 thanh thép nguyen duge cdt theombn 5, 7=1,--- ,n.
Khi 46,

f1<13) =1+ ..+ 2,

12 t8ng s6 thanh thép nguyén c4n sir dung va

fa(z) = zchJ

7=1
12 t8ng s6 thép thira. M6 hinh todn hoc chia bai todn pha cdt vat liéu 12

min_ fi(z) (hogc fo(x))

v.d.k. Za,-j:c,- =b;, 1= 1:‘-" yTn

=1
T; >0, vanguyén, j=1,---,n.

Vi du 5.2, (Cdc bai todn voi diéu kién khong chia cdt duoc)

Trong viéc mo hinh héa nhi€v van dé \ing dung, tir y nghia thuc t&, cic bien s6
phai nhan gid tri nguyen. Ching han véi bai todn 1ap k€ hoach san xudt (Vi du 2.2),
néd nhu sin phdm duge sn xudt véi s6 lugng 16n vi gid thanh ré thi viec bd qua
tinh nguyén cia bi€n s6 khong din dén nhitng sai 1&ch ddng k& nhumg néu sin phdm
dugc san xudt véi s6 lugng khong (én va gis tri mot sian phdm 1a cao thi tinh nguyen
khong thé bd qua. Khi dé, bi to4n 1ap k€& hoach sin xudt phai phét biéu 1a
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max f(z)= chzj

vdk. Za;ja:j <b,i=1,-,m

=1
z; 20 vanguyén, j=1,---,n,

trong d6 n 1A s8 loai san phdm c4n san xu4t, m 12 s6 loai nguyén vat liéu sir dung,
a;; 12 chi phf nguyén liéu loai ¢ d€ sin xu4t mot san phdm loai j, b, 1A dy trir nguyen
liéu loai i v ¢; 12 gi4 bdn mot san phdm loai j,i=1,--- ,m, 3 =1,--- ,m,

Vi du 5.3. (Cdc bai todn voi diéu kién logic)

Xét didu kién logic du6i dang "hoic 1A - hodc 13" (either - or). Nhitng didu kién
nhu vay thuong gap khi chiing ta phai Iwta chon cdc phuong 4n sdn xuit, xay dung
... Ching han khi quyét dinh dp dung cic phuong thifc sin xuit méi vao sin xuAt,
ta thudng gip tinh hudng sau: D6i v6i san phdm loai j, hodc 12 khong san xu4t loai
sin phim nay, hoic 12 néu ch4p nh4n sin xu4t né thi phai san xu4t véi s6 lugng z;
khong it hon d, va khong qué p;, tic d, < z; < p,.

D& thy ring d, 12 s6 lugng sin phim loai j t6i thi€u c4n san xudt d€ b lai dugc -
nhiing chi phi phai bd ra khi dua phuong thitc sin xuat san phdm nay vio hoat déng.
Nhur vay, ta gap phai diéu kién “hoic Ia z; = 0, hoic Ia d; < z; < p,".

Gia sir biét can trén p, ciia bién z; trong bai todn dang xét. Khi dé, dat

~_ [ 1 n€uchip nhan sin xu4t sin phdm loai j
% =Y 0 néunguoe lai.

Khi dé, rang buéc logic “hoic 1a z; = 0, hodc lad; < z, < p;" duge dua vé hé ring
buéc tuong duong sau:

I — yjdj >0
T, = yp; <0
Y € {0) 1}

Vi du 5.4. (Cdc bai todn vdi bién s roi rac)

Trong thyc t€, ¢6 trudmg hop bién s6 z; chi nhan mot s6 gid tri nhat dinh. Ching
han, ta c4n x4y dung n nhd may dién tai n dia diém khéc nhau. Goi z; 12 cOng suft
cia nha mdy dién cdn xay dung & dia di€m j vi z, chi c6 thé 14y mot trong cic gia
tri thu6c 14p cdc mic cong sudt tidu chudn 13 Q; = {qv;, q2j, -1 gmj}, J =1, 1.
Béng cich dua vio céc bién phu nhi phan t,,, ta c6 rang buge

z; € {01j,QQj,---xqmj}> .7= 1) s T2
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tuong duong vor hé
ry, =ty,q + 825925 + <+« + tmiQmss

i1J+tQj+"'+tmj=1, va t,jE{O,l}, ’L=1, m.

Y

Vi du 5.5. (Bai todn cé 1¢ phi c6 dinh (Fixed - charge production))

Gia sit mot nha m4y san xuét n loai san phdm. Chi phi san xuit sin phdm loai j
g6m lé phi ¢& dinh k; (khéng phu thuéc lwong san phdm 7, ching han tién trang bi
mdy méc, thiét bi san xu4t ... ) va cuéc phi mot don vi san phdm 12 ¢, (tién nguyén
vat liéu, tién thué nhan coéng ...).

Goi z; 12 s6 lugng san phim loai j s& san xuat thi chi phf sin xu4t sin phdm loai
71a

o _ | kjtcz; nfuz; >0
f)(l')_{ 0 néu z, = 0.

Ham tdng chi phi d€ san xuét n loai sdn phdm 1A
flr)y= ij(I;)A
=1

Gia thiét rng &, > 0 véi moi j = 1, -+~ ,n. Khi d6 f(z) 1A hAm phi tuyé&n. Bai todn
cin gidi la
min f(z) vdk. z €D,

trong d6 D la tap céc phuong an san xudt thda man cic rang budc vé nguyén liéu,
thi trudng ... Gia sir D 14 tap 161 da dién hay néi cdch khic t4t ca c4c ring buoc déu
12 tuyén tinh thi bai todn phi tuyén nay vin khé giai.

Ta ¢6 thé da bai todn nay vé bai todn quy hoach tuyén tinh nguyén bo phan
bang cdch dua vao céc bi¢n phy nhi phan

o = 1 l'lgl.l:l}j>0
B0 névz;=0.

Gia st da bi€t mot can trén p; cla bi€n x; trong bai todn trén, nghia 12
p; > max{z; | z € D}, j=1,..,n

Khi d6, bai todn dit ra c6 thé dua vé bai todn twong duong sau

n

Z(k-yj + ¢;z;) — min

=1

vdk. z€D, 0<z;<py, w€{01},i=1,,n
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5.3 Y tuéng ciia phuong phap nhanh can

Xét bai todn quy hoach nguyén
max f(z) vdk. z €D, (IP)

trong d6 f(z) = {¢,z) véi c € R"\ {0} vda D C R" 1a tap hitu han cic phdn nr
z=(z1,-+,2n)T maz;, j=1,--- ,n, chi nh4n gid tri nguyén hoic z, € {0,1}.

Do D c6 hitu han phén it nén bai todn (I P) lu6n cé nghiém t6i wu, tic t6n tai
z°" € D sao cho f(z°") > f(z) v6i moi z € D. Gi4 tri t6i wu cia bai todn nay 1a
fopt = f(z*). Trudc hét, ta 1am quen v6i mot s6 khéi niém cd ban.

5.3.1 Mot s§ khdi niém co ban

o Mot ho P chifa hitu han cdc tap con ca D, P := {D, C D | i € I}, trong d6 |
12 t4p htu han céc chi s6, dugc goi 12 mot phdn hoach cha D néu

D=|JDi va DinD;=0Vi#j
€]
NG6i ring ta phdn hoach tdp D bdi cdc tdp con D;, i € I c6 nghia la ta ¢6 {D; C
D | i € I} 1a mot phan hoach cia D. Phan hoach P’ := {D; € D | j € I'} duoc
goi 12 min hon phan hoach P := {D, C D | i € I} néu:
i) V6i moi 7 € I t6n tai it nhdt mot j € I’ sao cho D} C Dy
ii) TOn tai 4o € I, jo € I' sao cho D) C D;,.
o Bai todn
max f(z) vdk. z € D; (IR)
v6i D; C D duoc goi 12 bai todn con cha bii todn quy hoach nguyén (I P) (cung
ham muc tiéu nhung tap ch4p nhan dugc bé hon).

o SO thuc o € R duge goi 1a mot cdn dudi cua bai todn (1P) néu

o S fopf-

Hién nhién ring né€u tim dugc mot phuong &n chip nhan duge Z € D thi f(Z) < fop.
tdc f(Z) 12 mot cAn duéi chia bai toan (I P). Khi d6 £ duge goi 1a mot ky luc va f(Z)
con duoc goi 14 mét gid tri ky luc.

o 86 thue § € R duge goi 1a mot cdn trén cua bai todn (IP) nén
Jopt <.

Trong qué trinh tinh todn, néu tim dugc mot ky luc Z va mot c4n trén A4® cha ba
todn (I P) sao cho 8% = f(Z) thi z°"* = % chinh 12 nghiém 16i vu va f,,; = f(%)
12 g4 tri t61 wu cua bai todn.
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5.3.2 Y tuéng cha phuong phép nhénh can

Y tudng ciia phuong phdp nhénh can 13 "chia dé tri", titc thay vi gidi tnrc tiép bai
todn quy hoach nguyén (I P) ta giai cic bai todn con

max f(z) vdk. z € D,, (IP)

trong d6 D; thuoc mot phan hoach P := {D; C D |1 € I}. Hién nhién 1a viéc giai
cic bai todn con (IP;), i € I, ciing s&€ méc phai nhimg khé khan tuong ti nhu giai
bai todn quy hoach nguyén (7 P). Tuy nhién, ta c¢6 thé xac dinh dugc can trén 3(D;)
cua cic bai todn con nay va nhd dé, xdc dinh duge cAn trén ciia bai todn ban dau.

Gia sir tap chdp nhan duge D ctia bai todn (J P) duoc phan hoach bdi céc 1ap con
D;, 1 € 1, v2 ta 33 biét céc cin trén S(D;) cua cdc bai todn con (JF,). Dat

B = max{B(D,) | i € I},
ViD; C D véimoi: € [ nén
max{f(z) | z € D} < 8,

tic 4 1a mot can trén cua bai todn quy hoach nguyén (I P). RS rang 1A néu ta phan
hoach D bdi céc tap con cang nhd thi ta nhan dugc ddnh gia cAn trén 3 cua bai todn
ban ddu (I P) cang sat gia tri t6i uu hon.

DAu tien, n€u chura biét mot phuong 4n chip nhan nao cha bai toan (1 P) thi 1a dat
a = —oo 12 mot can dudi cha bai todn ndy. Trong g4 trinh tinh todn, néu tim dugc
nghiém t6i wu ciia bai todn con (7 P) n3o d6 (hién nhien z* € D) thi ta tinh lai can
duéi o = max{a, f(z*)} va ta c6 dugc ky luc € D véi gid tn ky luec o = f(Z).

Piém dic sic cla thuat todn nhdnh c4n 12 xu4t phat tiy tap chip nhan duge ban
ddu D, qua cdc vong lap, bing viéc phan hoach min din t1ap D va xdc dinh can trén
ciia c4c bai todn con ta sé loai d4n dugc nhimg tap con D, € D ma ta biét chic chin
nghiém t6i vu cha bai todn ban ddu (7 P) khong thé thudc D, hoic ta di biét mot
phuong 4n t6t nhét trong Dy, r6i (phuong 4n 46 chinh 12 nghiém (61 vu cda bai todn
con tiwong tmg). Dén khi di "kiém duyét" duge hét (tic di loai hét) cdc tap con cin
x€t thi thuat todn k&t thic va ta nhan duoc nghidm (61 wu cla bai toin ban diu.

Mot tap con D), C D s& dugce loai bo, tic khong cdn xem xét dén né trong cic
vong lap ti€p theo, n€u né thda man mot trong ba tiéu chuln sau:

o Tiéu chudn 1. Tap Dy 12 tap réng;

o Tiéu chudn 2. Tim dugc mot nghiém t6i mu ¥ € D), C D cia bai todn con
(I P;). V1 vay, tap Dy da duge xét xong. Tinh lai gid tri Ky luc

o = max{a, f(z")}

va ta duge Ky luc hién tai Z € D tuong ting vé6i gid tri ky luc hién tai nay, tic

f(Z) = o
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o Tiéu chudn 3. Can trén (D)) cha bai todn con (I P,) khong vugt qui gia tri
ky luc hién tai. Do d6 tap Dj ciing khong thé chiia phuong 4n nao 16t hon ky
luc hién tai va ta khong cin phai xét dén tdp con nay nira.

Tai mdi vdng lap, ta sé c6 mot danh sdch D cdc tp con cha D cén phai xem xét.
Nhu 43 néi:

- Néu D = @ thi dimg thuat todn va ta nhan duge nghiém t6i wu cda bai toén ban
dau (I P).

- Nguac lai, ta chon trong D mot tap con D € D mai ta cho ring c6 nhiéu kha
ning chia nghiem t6i vu c4n tim nhdt, réi phan hoach Dy bdi mot s6 hiru han tdp
con cua D, (Cong viéc ndy goi 12 “chia nhdnh™). Ti€p d6, ta lai tinh lai c4c can trén,
can dudi (gid tri ky luc) va loai bd ddn céc tap con ...

Ty theo cdch tim can trén cha cdc bai todn con, cdch chon tap dé chia ti€p va
c4ch phan hoach tap c4n chia ma cd céc thuat todn nhanh can khac nhan. Muc 5.4 va
5.5 sau day s€ trinh bay hai thuat toin nhdnh can cu thé d€ gidi bai todn quy hoach
tuyén tinh nguyén hoan t0an va bai todn ba 16 0 — 1.

5.4 ThuAt toan nhianh can Land_- Doig giai bai todn quy hoach
tuyén tinh nguyén hoan toan
Xé1 bai todn quy hoach nguyén tuyén tinh (sau day ta sé goi tit 1a quy hoach nguyén)
max f(z) = (c,z) vdk z € D,, (IF)
trong 46 Dy C R™ x4c dinh boi
Dy:={z€R*| Az < b, >0 vanguyén},

voi Admattin cApm x n, b€ R*vac € R"\ {0}. Véctoz = (z1, -+ ,2,)T
duoc goi 12 nguyén néu cic thanh phdn z,, j = 1,-- - ,n, déu 12 s6 nguyén. K¢ hién

Dy :={zeR"| Az < b, > 0}

12 tap 181 da dién c6 rang budc nhu tap Dy nhung bd di tinh nguyén cia bién z. Dé
don gian, gia thiét ring tap D¢ bi chan, Khi d6 Dy c6 hitu han phdn tir va bii todn
(I By) luén c6 nghiém t6i wu.

Sau day ta gigi thitu cich tinh cAn trén va chia nhénh cla thuit todn nhdnh can
Land-Doig.

5.4.1 Tinh can trén

Xét mot phan hoach P := {D; C Dy | ¢ € I} cla tAp chdp nhan dugc Dy. V6i mbi
1 € I, bai todn
max{f(z) | z € D}*}, (LF;)

191



192 Cdc phuong phdp 10 uu

trong d6 D 1 da dién c6 cdc rang bude nhu D; nhung bo di tinh nguyén cla bien
z, dugc goi 12 bai todn quy hoach tuyén tinh néi Iong (hay con goi tit 12 bai todn noi
I6ng) cha bai todn con (7 P,). Ky hieu 8(D;) 12 gid tri t6i wu clia bai todn ndi 16ng
ndy. Vi D; C D} nen 8(D;) 12 mot can trén cda bai todn quy hoach nguyén (I F;)
tuong g, tic max{f(z) | z € D,} < B(D;). Nhu vay, ta dé dang nhan dugc can
trén ciia cdc bai todn con bing cdc k¢ thuat gidi quy hoach tuyén tinh thong thudng.

5.4.2 Chia nhanh

Ky hieéu D 12 tap danh sdch céc tap con cén phai xem xét ti€p. Thong thudng, ngudi
ta chon tap Dy € D 1a tap chip nhan dugc cla bii todn con (JP;) c6 c4n trén lén
nh4t trong cdc bai todn con tuwong Gng vdi cic tap con thudc D rbi chia ti€p (nic
phan hoach) D;. thanh c4c tap nhd hon. Goi z* 13 phuong 4n t6i wu ctia bai todn quy
hoach tuyén tinh n6i long (L Py)

max {f(z) | z € Dy}

(z* ¢6 1t nhat mot thanh phdn khong nguyeén). Gia sit z% = a 13 mot thanh phin
khéng nguyén nao 46 clia z* (ta quy uéc chon a:_’; 1 thanh phédn khong nguyén ddu

tién clia z*). Ta goi =5 1A biéh chia nhdnh. TAp Dy dugc chia thanh hai tap theo cong
thavc

D, :={z € Dy | z; < [a]}

va
Dk2 = {I € Dk l x; > [CI.] + 1},

trong d6 [a] 12 ky hiéu phdn nguysn cia s6 a. Khi d6 danh séch céc tAp con cdn xem
xét ti€p la

D= (D\ {Dk}) U {DkUDk;}-

5.43 Thuat tosn

Sau day [a chi ti€t thuat todn nhdnh can Land - Doig gidi bai todn quy hoach tuyén
tinh nguyén (I R).

Thuat todn 5.1
Buoc chudn bi.
o GiAi bai todn néi 1dng max{f(z)|z € Dj*} duge phuong 4n t8i wu z%

o If z° nguyén Then Dimg thuat toan (z° /a nghiém 161 wu cia bai todn (I P);
Else Dat 5(Do) := f(z°); (cdn trén ciia bai todn (1 Fy))
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o If Biét mot phuong 4n 7 € D Then Dat a 1= f(Z)
Else Dat o = —o0;

(a la gid tri ky luc, T 1a ky luc (néu cd))
o Dat D = {Dy}; (danh sdch cdc tdp con cua Dy cdn xem xét 1iép).
Buoc 1. (Chon tdp dé€ chia)

o Chon D, € D la tap chdp nhan dugc cha bai todn quy hoach nguyen (J/P;)
ma bai todn ndy c6 can trén §(D;) 16n nhat trong c4c bat toén con c6 tAp chip
nhan duge thude D. Goi z* 12 phuong 4n t6i wu cha bai todn ndi 16ng (L P:)
trong Umg v6i (I P;) (c6 =* khong nguyén);

o Gia sit 5 12 mot thanh phédn khong nguyén ddu tién cla z*. Phan hoach Dy
thanh hai tap:

Dy, ={z €Dy fz; < [z;‘]}
Dy 1= {z € Dy | 23 > [24] =1}

o Dat D := (D \ {Dy}) U {Dy,, Di.} (danh sdch cdc tdp con cia D can xem
Xét tiép theo).

Buoc 2. (Loai cdc tdp con)

(2,) Véimébii € {1,2}, giai bai todn quy hoach tuyén tinh néi 1éng (LFs,). C6 thé
gap mot trong ba tinh hudng sau:

(211) Bai todn khong chap nhin duge, tdc D, = @. Loai Dy, khoi viec xem xét
tiép theo (theo Tiéu chudn 1), tic

D =D\ {Dy}.
(212) Tim duoc phuong én 6i wu z* nguyén. Khi 46, tinh lai gid trj ky huc
a = max{a, f(z*)} - gid tri ky luc hién tai.

Goi T 12 ky luc hién tai twong tmg vé gid tri ky luc hién tai o = f(Z).
Loai Dy, khdi viéc xem xét ti€p theo (theo Tiéu chuan 2), nic

D:=D\{D.}.

(2,3) Tim duge phuong 4n t6i wu 5 13 khéng ngeyan, Dat 3(Dy.) = f(z™).
Ta ¢6 B(Dy,) 12 mot cAn trén cha bai toin (I Py,).

(2,) Loai bo khodi D (theo Tiéu chuén 3) 4t ca cic tap 12 tap chip nhan duge cha
b to4n con ¢ c4n trén bé hon hoic bing gii tri ky luc hién tai a (néu ¢b).
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Bucc 3. (Kiém tra diéu kién dimg)
If D = @ Then Dimg thuat todn
(fopt = @ v °P* = T - gid tri 101 wu la gid tri ky luc hién ta
va phuong dn 181 wu chinh 1a ky luc hién tai)
Else Quay lai Budc 1.

Chi y 5.1. Trong qui trinh thurc hién thuat todn nhénh cén, ta thudng xuyeén phai
giai cac bai todn quy hoach tuyén tinh con. Chd ¥ ring cdc bai todn quy hoach tuyén
tinh trung gian déu c6 cding hAm muc tiéu vi bai todn ban ddu va cé thé giai duge
bing céc phuong phap gidi quy hoach tuyé€n tinh. Thong thudmg, ngudi ta sir dung
phuong phip don hinh.

544 Vidu

Muc nay trinh bay mot s6 vi du don giin véi him muc tiéu hai bi€n dé minh hoa
cho Thuat todn 5.1. Vi vdy, cdc bai todn quy hoach tuyén tinh trung gian ¢ thé giai
duoc dé dang bing phuong phap hinh hoc (Thuat toin 3.1).

Vi du 5.6. Giai quy hoach nguyén sau bing phuong phap nhdnh can

max f(z) =15z, + 10z
v.d.k. Zy+ 1256
16x1 + 92 < 72
Iy, Ty 2> 0
Z), Iz nguyén.

Ky hiéu 1ap ch4p nhan dugc cia bai todn nay 1a Dy,
Dy ={z € R*| 21 + 22 <6, 162+ 922 <72, 3, 20, 7, > 0, Iy, 1z, nguyén}.

Qu4 trinh tinh todn giai bii todn ndy theo thuat todn nhdnh cin (Thuat toédn 5.1)
nhu san: :

Budrc chudn bi. Giai bai todn n6i long (LP,), v6i
Dyt = {z €R? | z)+ 22 <6, 162y + 91, <72, 21,1 > 0}

duge nghiém t6i vu z° = (42, 2)T (xem minh hoa & Hinh 5.1). Vi 2° khong nguyén
nén dait
B(Dy) = f(=°)
a = —o0;
D := {Dy}, (danh sdch cdc tap con cdn xem xét)

M = 72.85714; (cdn trén cia bai todn (1Pp))
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g
8
U 162; + 925 = 72
6
i 0 = (8,27
4 /
3/”¢y
///A I1+Iz=6
29/7
gl
¢
ON1 2 3 4ts 6 =
Lo 45
Hinh 5.1

Buoc 1. (ldn thie nhdt) Chon tap Dg d€ chia. Chia d6i tap Dy bdi bién chia nhanh
=L Tacs [z} =[¥]=2va

Dy:={z€Dy|z,<2}, Dy:={z€Dy|z >3}

D& thiy Dy = Dy U Dy. D&t D := (D\ {Do}) U{Dx, Dz} = {Dy, Da}.

Budc 2. (lan thit nhdt) (xem Hinh 5.2) '

¢ Gidi bai todn néi 1dng (LP,) véi DY := {z € D§* | z; < 2} dugc nghiém
t6i wu z' = (2,4)7 va gid tri t6i wu f(z!') = 70. Do z! nguyén nén dit a :=
max{a, f(z!)} = 70. Ta c6 ky lyc ddu tién 1A 7 = z' = (2,4)7 tuong ting véi gid
tri ky luc o = 70. Loai tap D, (theo Tiéu chudn 2). Khi d6,

D:=D\{D\} = {Ds}.

o Gidi bai todn néi long (LP;) véi D3 := {z € D3* | z; > 3} dugc nghiém
t6i wu 22 = (3, 8)T va gid tri t6i wu f(z2) ~ 71.66667. Ta c6 B(Dy) := f(z2) =
71.66667 > a.
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T2
8
-F
6
51 ! = (2,4)T
4 -

I% 2 8\T
% \ 2= (3,8

TR
NI

2 % %
o
; 7
% %
ON 1 2 3 44_?55 6 =1

Lo

Hinh 5.2

Buoc 3. (ldn thit nhdt). Vi D = {D,} # 0 nén chuyén vé Buéc 1.

Buoc 1. (ldn thit hai) Chon tap D, dé chia. Chia d6i tap D, bdi bién chia nhdnh
3=2Taco 3| =[}|=2va

D3I={I€D2|IQS2}, D¢:={IED2|I223}.

Pat D = ('D\{Dg}) U {Ds, Dy} = {Ds, Dy}.

Budc 2. (Idn thit hai) (xem Hinh 5.3)

o Gidi bai todn néi 1ong (LP3) v6i D! .= {z € D3* | z; < 2} duge nghiém t6i
wu z% = (%, 2)7 va gié tri t6i wu f(2%) = 70.625. Ta c6 c4n trén cia bai todn (I P)
1A B(Ds) = f(z%) = 70.625 > a.

o Bai todn néi long (L P;) khong chép nhan duoc vi
D¥:={zeD}f|z228}=0.
Vi vay loai Dy (theo Tiéu chudn 1) va D := D\ {D,} = {Ds}.
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T2
8
7+
6
51 ! = (2,4)7
0 _ (18 24\T
4 /I =(77)
3/7% W 2= (E,2)7
= (¥,
i N\
2 W y 7
| 7
! Z
% N i
0 t
5 1 2 3 44'55 6 T

Hinh 5.3

Bucc 3. (ldn thit hai) Vi D = {D3} # 0 nén chuyén vé Buéc 1.

Buoc 1. (ldn thit ba) Chon tap D3 dé chia. Chia doi tap D; béi bién chia nhénh
=% Tacs [z]] =(F¥]=3v2

Ds:={z€Ds|z1 <3}, De:={z€Ds|z 24}

Pat D = (D\ {D3}) U{Ds, D¢} = {Ds, Ds}.

Buic 2. (ldn thit ba) (xem Hinh 5.4)
o Gidi bai todn néi 1dng (LP;) v6i

Dy := {z € D}* | 7, < 3} = conv{(3,2)", (3,0)"}
dugc nghiém t6i wu z° = (3,2)7 va gid tri t6i wu f(z°) = 65. Vi z5 nguyen nén dat
a := max{a, f(z°)} = 70 = f(Z).
Vay ta vin c6 ky luc 13 % = (2, 4)T v6i gié tri ky luc 12 & = 70. Dat
D:=D\{Ds} = {Ds} (theo Tiéu chudn 2).

197
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o Giai bai todn ndi long (LFs) véi

DM .={zeD¥|z >4} = conv{(4,0)’", (4, g-)T. (4.5,0)”}

dugc nghiem t6i wu 2% = (4, §)7 va gid tri t6i wu f(z%) ~~ 68.88888. Ta c6 can trén
cita bai todn (I Ps) 1a B(De) := f(z%) ~ 68.88888 < a nén

D:=D\ {Ds} =0 (theo Tiéu chudn 3),

Buoc 3 (ldn thit ba) Vi D = 0 nén thuat todn két thic. Ta c6 nghiém t6i wu
7% = F = (2,4)7 (ky luc) va gid tri t6i wu foe 1= a = 70 (gid tri ky luc).

[ ] (=) B | co
/ )
[ ]

N\

7,
7/

N

NN
NN

N
WS LRRRLY
AN L N

B

o
=
3]
w
o
=N
tn'-
[}
(=]
8

Hinh 5.4

Cay phan nhdnh & Hinh 5.5 mo td qud trinh tinh todn giai Vi du 5.6. Thong tin
vé méi bai todn con (nghiém t6i uu clia bai todn néi 16ng, can trén cla bai todn con,
ky luc, gid tri ky luc (néu cd) ...) dugc biéu dién trong mot khung hinh chit nhat. Bai
todn con ¢6 tap chap nhan dugc bi loai theo Tiéu chudn 1, 2, 3 duge ghi trong khung
v6i hai hinh chit nhat 16ng nhau.
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(LPy) :af = ¥iaf = ¥
B(Do) = f(z°) =~ 72.85714

a = —00

z < >3

F=12'a=f(z)=170
(Ky luc va gi4 tri ky luc)

”’/zﬁl//’/\xzﬂ

B(D,) = f(z?) = T1.66667 > a

(LP) 2} =223 =2 (L P,) khong chdp nhan dugc
B(Dy) = f(2%) = 70.625 > a VD, =0
(LRY: ot = 8icf =2 (LR 2= 428 =t
f(z5) = 65 < a B(Ds) = f(z°) = 68.8888 < a
Hinh 5.5

Vi du 5.7. Giai quy hoach nguyén sau bing phuong phdp nhénh can
max f(z) =z + 2,
vd.k. —4x) + 22, < —1
4.’1,‘1 + 21}2 S 11
Ty, T2 20
Iy, Ip nguyén.
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Buoc chudn bi. Gi4i bai tosn néi 16ng (LFP,) véi tap chdp nhan duoc

DY = {r e R?| —4x, + 2z, < -1, dzy + 275 < 11, 21,2, > 0}
= conv{(0.25, 0)T, (1.5, 25)T, (2.75, 0)7}
duge phuong 4n t6i wu 70 = (1.5 ,2.5)T (xem Hinh 5.6). Vi z° khéng nguyen nén
dat:
B(Dg) := f(z%) =4, (can trén cia bai todn (I F,))
o= —o0; (gid tri ky luc)
D = {Dy}; (danh sdch cdc tdp con cdn xem xét)

A

T2
4z, + 27, =11
5.5
5 —4r) + 2x, = ~1
4 -
2= (.8
3_
25F
2 %
1 /// //
L /
N B
0 $
1 2 3 T\
N 4
Hinh 5.6

Buoc 1. (ldn thit nhdt) Chon tap Dy dé chia. Chia tAp Dy bdi bi&n chia nhénh
8 =15.Tacé [19] = 1va

D1:={IED‘]|I]SI.}, Dgiz{IGDoll‘l 22}

DE thdy Do = Dy U D,. it D := (D\{Do}) U{D1, Dy} = {Dy, Dy}.

Buoc 2. (l1dn thi nhdt) (xem Hinh 5.7)
o Giai bai todn néi long (LP;) voi

D= {z € D} | z; <1} = conv{(0.25, 0)7, (1, 1.5)7, (1, 0)T}

dugc nghiém t6i wu z! = (1, 1.5)7 va gid tri t6i wu f(z') = 2.5. Can trén cla bai
todn (IP) 1a 3(D,) :== f(z') =25 > a.

Cdc phuong phdp toi uu
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o Giai bai todn ndi 1ong (LP,) véi
D3 = {z € Dyt |z, 2 2} = conv{(2,0)". (2. 1.5)T, (2.75, 0)T}
duoc nghiem t6i wu x2 = (2, 1.5)7 va gi4 tri t6i ru f(x?) = 3.5. Can trén ca bai
toan (IP) 1a 3(Ds) := f(z%) =35> a.

(Trong budc nay, ta chia loai bo duoc tdp con nao va van ¢6 D= {Dy, D,})

A

To
r' = (1,37
3 \ 0
25
; 2= (2.7
Ay N T
. /
L
/ [ .
0 )
A 1 211’5 Zy
4 y)
Hinh 5.7

Buic 3. (ldn thit nhdt) Vi D # @ nén quay lai Budc 1.

Buoc 1 (1dn thit hai) Vi 8(D,) = 3.5 > 5(D;) = 2.5 nén ta chon tap D, dé chia.
Chia 46i tip D, b bién chia nhdnh 23 = 1.5. Tacé (73] = 1 va

Dy ={z€Dylry, <1}, Dy:={re Dy|z,22}.

Put D = (D\{DQ}) U {Da, D¢} = {D1, Ds, Dy}
Budrc 2 (ldn thit hai) (xem Hinh 5.8)
o Gial bai todn ndi long (L P3) v6i
D .= {z € D}* | 1, < 1} = conv{(2,0), (2, 1)T, (2.25, )7, (2.75, O)T}

duoc nghiem 6i ru 2% = (2.25 , 1)7 va gi4 trj t6i m f(z*) = 3.25. Ta c6 can trén
cua (IPQ) la B(Dg) =3.25> a.

o Bai toan néi long (LP,) khong chdp nhan duge vi D} = {z € D} | 2, >
3} = 0. Do ds, D := D\ {Dy} = {D,, D3} (theo Tiéu chudn 1).

Buorc 3 (ldn thit hai) Vi D # @ nén quay lai Bude .
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“.’EQ
3 20
25T A
47N @ = (3,17
1 4 <5
L
/ [ -
0
N1 2 u1‘3 Iy
4 4
Hinh 5.8

Budc 1 (ldn thi ba) Vi 3(D3) = 3.25 > 3(D;) = 2.5 nén ta chon tap D; d€ chia,
Chia déi tap D bai bi€n chia nhinh z3 = 2.25. Ta c6 [z]] = 2 va

D5:='{I€DJIIIS2}, D62={I€D3|1123}A

Dﬁ[D = (D\ {Dg}) U {Ds, D(;} = {D1, Dy, Dﬁ}

Bugrc 2 (lan thit ba) (xem Hinh 5.9)
o Giai bai toén ndi long (LF;) véi

D := {z € D} | 1, <2} = conv{(2,0)T, (2, 1)7}
dugc nghiém 61 wu 28 = (2, 1)7 va gid t t6i wu f(z%) = 3. Vi 2% nguyén neén
tinh lai gia tri ky luc o := max{a, f(z*)} = f(z°) = 3 trong tng véi ky luc
z=u"=(2, 1)T.Dat

D :=D\ {Ds} = {Dy. D¢} (theo Tiéu chuén 2)

Ty

T = (1,3)7
3 a
23t \ &
2 *V \ I5=(2,1)T
. /
L
/// v | _
0
i 12 ufs 7
4 4

Hinh 5.9



Chuong 5. Quy hoach nguyén 203

o Bai todn néi l6ng (LP:) khong chap nhan duoc vi D2t = {z € D} | z, >
3} =0.Vivay D:= D\ {Ds} = { D} (theo Tiéu chuén 1).
6 ViB(D,)=25<a=3nenD:=D\{D,} = 0 (theo Tieu chudn 3).

Buoc 3 (ldn thit ba) Vi D = 0 nén két thic thu4t todn. Ta c6 nghiém t6i vu 77 =
Z=(2,1)T (ky luc) va gia i t6i wu f, = o = 3 (gid tri ky luc).

Qu4 trinh tinh todn gidi Vi du 5.7 dugec mo ta qua cay phan nhianh & Hinh 5.10.

(LRy)) : 2% = 1.5;15 =25
B(Dy) = f(2") =4

a = —00
(LP):zp =123 =135 (LP):2f=225=15
B(D)) = f(z))=25>a B(Ds) = f(z?) =35 > a
/V/’\zg > 2
(LPQ) : l':lk = 225,1:% =1 (LP4) khOng Chgp nhﬂ.ﬂ dUQC
A(Dg) = f(2?) =3.25 > « viD, =90

msyh“““““‘---aggﬁﬂ

LP) :z}=2,13=1
5

=25 o= f(z%) =3

(LPs) khong chip nhan duge
vi De = 0

B o~

(Ky luc va gid tri ky luc)

Hinh 5.10
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5.5 Thuat toan nhanh can gidi bai toan balo 0 — 1

Bai todn ba 16 1a bai todn quy hoach tuyén tinh nguyén véi mét rang bude chinb duy
nh4t dang dang thic hay bAt ding thiic tuyén tinh. V& mat hinh thic, bai todn ba 16
¢6 vé don giin nlimg né thudce 19p bii todn NP - khé. C6 thé néi bai todn ba (6 13
mot trong c4c bai todn t6i wu rdi rac duoc nghién cdu nhiéu nhat va né 1a moé hinh
toin hoc cho nhiéu bai fodn thuc 1€ (xem Vi du 2.8). Cho dén nay, di cé nhiéu thuat
todn dugc dé xust dé giai bai todn ba 16 st dung céc phirong phdp khac nhau nhir:
phuong phip nhinh cAn, phuong phap phuong trinh truy todn cua quy hoach dong
hay dua bai todn ba I6 vé bai todn 1im dudng di ngin nhét trén d6 thi... Muc nay
danh dé trinh by thuat todn nhanh c4n gidi bai todn ba 16 0 — 1. Thuat todn nhdnh
can diu tien gidi bai todn nay dugc Koleser [21] dé xvat nam 1967. Ban doc quan
tam c6 thé tim hiéu thém vé bai toin ba 16 va cic thuat todn khic d€ gidi né trong
(2], (10], (307 .[33).

Xét bartodnbalo 0 — 1

flx) = Z ¢,T; — max (KP)
=1

n

vdk.zeD={zeR"| > ar; <b z;€{0,1} j=1.2,--- ,n},

=1
trong d6 ¢j, a,. j = 1,--- .n va bla cic s6 thuc cho trudc. Tir ¢ nghia thuc tién cua
bai todn, c6 thé gia thiét ring
b >0, ¢ >0, b>0,;,>0, véimoi 7=1,2,--- ,n

va ¢4 thé d4nh s6 cdc do vit sao cho

91222)& (5.5)
a (53 Ay .

Thuat todn nhdnh can giai bai todn ba 16 0 — 1 cing theo lugc d6 chung nhu da gidi

thiéu & Muc 5.3. Trudc hét, ta gidi thiéu cong thifc tinh c4n trén coa bai todn ba 16

(K P) dé tir d6 suy ra cong thic tinh can trén cho cdc bai todn con.

5.5.1 Cong thirc tinh can trén cua bai todn ba 1o (KP)

B4 44 sau cho ta nghiém t6i wu cla bii todn ba 16 (K P) trong mat trudng hgp dac
biet. Hién nhién ring gid tri t6i vu chinh la c4n tren ddng cha bai todn, Hon nia, két
qua nay con 13 co s& dé xay dimg cong thite tinh cAn trén clia bai to4n ba 16 trong
truomg hop téng quat.
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Bo dé 5.1. Gid sit diéu kién (5.5) dugc théa man va tim duoc s6 nguyénr (0 < r < n)
sao cho

ai+a+---+a. =b (5.6)

Khi do, ta c6 mét nghiém (61 wu cua bdi todn ba 16 (KP) la

= (L1, 1,00, ,0)T,
O

"

Chitmg minh: Gia sir diéu kien (5.5) va (5.6) dugc thdba man. Xét mot phuong 4n
chdp nhan dugc bitky = = (21,22, - ,za) € DVéiz;, =35, =+ = x5, = 1
vaz; =0véimoije€{1,2, - ,n}\{j1,J2, 75} DEching td z* 12 nghiem
t6i wu cla bai todn (K P) ta s&€ chimg minh ring

fE) =) a>fl@) = o, (5.7)

That vay, dat
Hh=Al,--,r}, J={hJda,d}, J=IN.

Ta ¢6 (J,\J) C{r+1,-- n}wa

(55) cr
Y= 22 Y Z0-2(To-Ya)
JEM\J jeN\J a; e\ T " jeh jed
=b
Cr <3 (55>
25 (Ta-Ya)=2 T o2 ¥ Za- Y o 69)
j€J2 jed JeJ,\J FEJNT a; jeJa\J
<b

R{ rang, néu thém 3~ ; ¢, vio cd hai biéu thic & ddu va cudi chudi biéu thic (5.8)
ta s& nhan duogc biéu thic (5.7). 0

Chd y 5.2. Néu gia thi€t cia B8 dé 5.1 khong théa mén thi cAu tric cha nghiém t6i

wu c6 thé s khac, nic cic thinh phin clia nghiém t8i wu s& c¢6 cic s¢ 0 va 1 xen ké
nhau chif khéng tu4dn ty nhu da thdy & BS dé 5.1.

Két qua sau cho ta cich xdc dinh mot can trén clia bai todn ba 16 (K P).
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BG dé 5.2. Gid sit bai todn ba 16 (K P) thda man diéu kién (5.5) va

r+1

iaj <b< ZaJ
1=1 J=1

voi v la s6 nguyén théa man O < r < n. Khi dé

r

fe Szr:cj-l- (b-zaj) CTH,
=1 1

3= Qrt1

trong dé f. = meax{f(z) | ¢ € D} la gid tri t6i wu cua bai todn (K P).
Chimg minh. Xét bii todn ba 16 0 — 1 sau

n+1
max (Zy) = ¥ & (K P
i=1
n+]

vd.k. Zajy,- <b
J=1

y €{01}, j=1,-- ,n+1,

trong d6 ¢; = c¢j,a; =a,vé6imoi ) =1,--- 7,
r ¢ r
= +1 _
Cre1 = (b - Zaj) y o e =(b— Ea)-)
i Qr+1 T
73=1 i=1
VACi41 =¢Cj, Gj41 =0; V6imoi j=r+1,-.- n Tacd
S d c i z
o ((b— ZGJ) .r+1)/(b_ zaj) e Lrt2
a'f+1 1=1 ar+] 7=1 aT+l ar-l—‘)

va bai todn (K P') théa min diéu kién (5.5), cu thé

Pl

> +1___Cr+22_'_2

r+1  Org2

1 +1

>2 >

2|
iy

S

Sl
]

Ellol

n+1
Vi

e+ 8+ argy = zr:aj + (b— zr:aj) =b (diéu kién (5.6))
5=1

1=1
nén theo B dé 5.1, nghiém t6i wu clia bai todn (K P') 12
T = 1)1)”' )1)010a"' 10 T‘
y" = )

r+1
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Goi Y 1a tap nghiém chip nhan dugc cia bai todn (K P'). Gid tri t6i vu cia bai todn
nay 12

T+1
vy )=> 8=
Jj=1 J

r r

Cey _ - .
; b— a-) = max(c,y) = max (C.y). (9.9
1CJ+( Eﬂ’ — ﬁy(y>_gb$(v>( )

= Yr+1=

Nhan xét ring, néu bd di bién y, ., (tic cho y,,; = 0) trong bai todn (K P’) thi ta
nhan lai duge bai todn (K P). Do dé

max (¢, y) = max{c, 7). (5.10)
yr+1=0
Két hop (5.9) va (5.10) 1a c6 diéu phai ching minh. a

5.5.2 Tinh can trén cua bai todn con

Mai tap con cua tap chdp nhan duge D c6 dang
Dm={l‘| IGD, 51:61) I2:62)"' ,I_,:(S,}\

trong d6 1 < s < n va §;,8,,...,8, 12 cdc hing s6 cho trude ¢6 gia tni 0 hoic 1 thoa
man

} b— Z O,j(Sj > 0.
i=1

Bai todn con

max{f(z) = (¢, ) | r € Do}, (K Peo)
dugc viét tudng minh nhu sau
Zc,éj + Z €;T, — max (K P.,)
=1 J=s+1
vdk a3 <b- a5,
j=s+1 J=1

z; €{0,1}, j=s+1,5+2,- - ,n.

Xét bai todn con { K P,,). Bai todn ndy chi ¢6 thé thudc vio mot trong sdu trdng
hagp sau.

Trudmg hop 1. Bai todn khong chép nhén duoc, tirc 12 D, = 0.
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Truomg hop 2. Cé

ak>b—2aj6j, Vek=s5+1,s+2,--,n.

=1

Khi d6 bai toan (K P.,) c6 phuong 4n t6i wu duy nhat z* = (4, 8s,...,8,.0,0, ...,0)7
N’

n—s

Vi gia tri t6i wu (hay c4n trén ding) 12

B(De) =Y ¢,6;.

j=1
Truomg hop 3. Cb

i ay Sb—ia,éJ.

Bai todn (K P.,) c6 phuong 4n t6i wu z* = (65,6,....,6,, 1,1, ..., 1T va gid tri 61 ru
s’

Yy UEy Ay T

n—a

(hay can trén diing) cua (K P,,) la

i3(Dw) = ECjéj + Z Cj.
=1

j=8+1

Trudomg hop 4. Ton tai chi s6 r théa man s + 1 < 7 < n sao cho
8
Qsp1+-+a,=b— Za)o’,
i=1

Theo B8 dé 5.1, bai toan (K P.,) ¢6 phuong én t6i uu

" = (51,52, ,..,65) _[,- ,1,0‘. .. )O)T

r—3s n—r

va gid tr1 t6i uu (hay c4n trén ding) cia (K P,,) 12

ﬂ(Dw) = z‘: Cj5_7 + Zr: C;-
y=1

j=s+1

Truong hop 5. Tapchis6 I°#@vaI° C {s+1,---,n}, trong d6

r={ke{s+1.- ,n}|ak>b—;‘aj5j}.
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Khi d6, thay vi bai toin (K P.). ta xét bai todn con nhod hon (K Pz) véi tdp chip
nhan dugc tuong img la

Dg:={z|z €D, 21="0;, - ,2s =4, rk=0v6‘ik€I°}.

Truomg hop 6. Téa tai s6 nguyén g thdbamin s+ 1< g < nva

q+1

ZaJSb Za5<ZaJ

J1=s+1 1=s8+1

Pay chinh 1a diéu kién (5.6) tuong img véi bai todn ba 16 (K P..). Theo B8 dé 5.2,
bai todn (K P.,) ¢6 mét can trén 12

ZCJJ + Z cj + ( ZQJ Z j) “orl (5.11)

a
J=a+1 =21 9+l

Chd y 5.3. Khi tinh can trén ciia cdc bai todn con, ta nén xét 14n lugt Trudmg hop |,
Trudng hop 2, Trudng hop 3, Truong hop 4, Trudng hap 5 (d€ rit gon s6 bien) réi
méi dén Truong hap 6.

5.5.3 Thuat toan
Sau day 13 chi ti€t thuat todn nhénh can giai bai todn ba 16 0 — 1

T) = chzrj — max (K Py)

Zaj:z:j Sb) Zz, c {0)1}J= ]-vza"' ,TL},

=1

vdk re D, = {z € R™

trong d6 b, ¢; >0, b>a, >0, j=1,--- n lacdc s6 thue cho tnrde sao cho diéu
kién (5.5) dugc thda man.

Thuat toan 5.2
Budc chudn bi.

o Xudt phdt tir tap

iaJIJ <bzx;€{0,1},7=1, - ,n}

j=1

Dy = {IERn

(Tai budc nay, chua biéh nao dugc gan gid tri O hay 1).
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o Dbat f(Dg) = +o0; {cdn trén cua bai todn (K Py))

o If Bi€t mot phuong 4n Z € Dy Then Dat o := f(Z)
Else Dit @ = —o0;

(a la gid tri ky luc, T la ky luc (néu cé))
o Pt D = {Dy}; (danh sdch cdc tdp con cua Dy cdn xem xér tiép)
Budc 1. (Chon tdp dé chia)

¢ Chon D, € D la tap chdp nhan dugce cha bii todn con (A ;) ma bai todn nay
6 can tren 8(Dy) 16n nhat trong céc bai todn con ¢4 tap chip nhan dugc thude
D.

¢ Chia tap D;. thanh hai tap con bing c4ch gdn cho bién tr do c6 chi s6 nhd nhAt
gid tri 0 hay 1. Ching han, néu

Dk:{IED0| I =4y, 332:52"",%—1:55—1},

trong d6 cic 4,, ) = 1,--- ;s — 1, dd duge gan c6 dinh gid tr1 0 hodc 1, thi Dy
duoc chia thanh hai tap la

Dy ={z€Di| z,=1}={z €Dy | 21 =268, ,Ts_1 = b4-1,2s = 1};
Dy, ={z€Dy| z,=0}={z€Dy| 21=61, + ,Zeu1 = 6s-1,2, = 0}.
obatD= (D\ {Dk}) U {Dx,.Ds,}; (danh sdch cdc 1dp con cia Dy cdn xem
Xét tiép theo)
Buorc 2. (Loai bo céc 1dp con )

(2y) Véi médii € {1,2}, xét bai toin con (K FPy,). C6 thé xdy ra moét trong sdu kha
nang sau:

(211) Bai 104n khong chdp nhan duge (Trudong hop 1), ttc Dy, = ©. Loai D,
khoi viec xem xét ti€p theo (theo Tieu chudn 1), tdc D := D\ {Dy }.
(2y2) C6

5
a,->b—Zaj5j, YVi=s+1,5+2,--+,n,

a=1

tiic bai todn con (K Py,) thuoc Trudng hgp 2. Do d6 bai todn niy cé
phuong 4n t6i wu duy nhét 13

Ik‘- = (51952)"' aés)O)O)"' ,0 T

n—sa
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va gid tri t61 uu la
8
D)= ¢4,
J=1

Tuy nhién, trong trudng hop nay ta khong cai thien dugc gid tri ky luc.
Loai Dy, theo Tiéu chudn 2, tire

D =D\ {Ds}.
Co6
Z ar < b— Za, I
k=s+1

tic bai todn con (K P;,) thubc Trudng hqp 3. Vi vay, né c6 phuong én 161
wu
ki = (61162)”' ,65,1,1,"‘ ’l)T
N———

n—»s

va gid tri t6i uu 1a

f(z* )—Zc,d + Z cy.

I=8+1

Tinh lai gid tri ky luc o := max{a, f(z*)} vA goi % 12 ky luc tuong
tmg v&i gid tri ndy, tic f(Z) = a. Loai Dy, theo Titu chufn 2, tdc
D:=D\{Dy}

Bai todn con (K P, ) thuéc Trudng hop 4, tite t6n tai chi s6 r thda min
s+ 1<r<nsaocho

]
a,+1+‘~+a,=b-za15j
1=1

Khi d6 né c6 phuong 4n t6i wu 5 = (61,65,...,8,,1,---,1,0,--- ,0)T
N —

r—8 n—r

va gia tri t81 uu (hay can trén diing) cua (K P,,) 12

B(Dew) —ché + Z c;.
j=s+1
Tinh lai gid tri ky luc o := max{a, f(z%)} va goi Z 1a ky luc tuong
Umg véi gid tri ndy, tic f(Z) = a. Loai Dy, theo Titu chudn 2, tic
D:=D\ {D}
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(215) Bai todn con (K P,) thudc Trudng hop 5, nic

:{ke{3+1)... ,n}|ak>b—iaj§j}#0
=1

vaI°C {s+1,--- ,n} Dat

D:= (D\{Dx}) U {Dg),
trong do
c={t€Dslz, =0, ,x,=05s,2x =0v3i k € I°} C Dy,.

Quay lai Bude 2; xét bai todn con (K Fp) vdi tap chap nhan duge tuong
tmg 1a Dr.
(216) Tim dugc s8 nguyén ¢, saochos+1<g<nva

Q+1

Zaj<b Za,é < Zaj,

J=s+1 i=s+1

tic bai toan (K Py,) thu6c Trudng hop 6. Can trén cda bai todn ndy dugc
tinh theo cong thitc (5.11), cu thé

K= S+ 3 6w (o- Loah = 3 )

j=s+1 j=a+1 Gq+1

(22) Loai bd khoi D (theo Tieu chudn 3) 4t cd cdc tap con tuong Ung vdi bai todn
con ¢6 can trén bé hon hoidc bing gid tri kY luc (néu ¢b).

Buoc 3 (Kiém tra diéu kién dimg)
If D = () Then Dimg thu4t toin.
(zP' .= I - ky luc hién tai, va
gid tri t6i uu 2 fo = f(T) = @)
Else Chuyén Budc 1.

Chi y 5.4. Truée khi giai bai todn ba 16 0 — 1 theo Thuét todn 5.2 ta phai loai bo
cdc d8 vat c6 trong lugng 16n hon tai trong cla ba 16 va déi bién (néu c4n) d€ diéu
kién (5.5) dugc thda man.,
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554 Vidu
Vi du 5.8. Gii bai todn ba 16
7zy + 320 + 273 + x4 — max (KP)
v.dk. 5r, + 3z + 6x3 + 4z4 < 12
z,€{0. 1}, j=1,2,34.
Céc dit liéu cia bai toan nay théa mian diéu kién (5.5). Cu thé

(&)]

)

Cn 3 C3 2 C4 1

a, 3 a3 6 ay 4

(AR EEN

Sau day 1a chi tiét qu4 trinh gidi bai todn nay theo Thuat todn 5.2.
Bucoc khoi ddu. Xudt phat tir tap

Do = {z € R* | 5z} + 3z + 623 + 44 < 12, r, €40, 1}, 7 =1.2,3,4}.

bat 8(Do) = +o0; (cdn trén ciia bai todn (K P})
a 1= —oo; (cdn dudi).
D = {Do}; (tdp cdc tdp con cdn xem xét)

Buorc 1 (1dn thir nhdt) Chon tap Dy d€ chia. Chia Dy thanh hai tap con
={I6D0|I1=1} VAD21={I€D0|1'1=0}.
Dit D = (D\{Do}) U{Ds, Dy}.
Budc 2 (ldn thit nhdt)
Buoc 2,.
o Xét bai todn (KP!) (c6s=1, 6, =1)
"7x 1+ 323+ 223+ 4 — max (K P

v.d.k. 3y + 623 +4z4 <12 -5x1=7
T3, 13, 24 € {0, 1}.

Ta c6 o413
2 a,<b—zaj5< E a;.
j=atl= j=s+1=2
Cu thé

a2<b—a161<a2+a3
3<12-5x1<3+6.
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Nhu vay, bai todn (K P|) thudc Truomg hop 6 va can trén 4(D)) cha (K Pl) duge
xédc dinh bai

s q=2 q=2
C
BDy) =Y b+ Y Cj“'( Z“J 2. a ) -
5=l 1==5+1 j=a+) Qg+t
:C1X51+CQ+ (b——al X(sl—(lg)ca
Qa3
2 4
—7x1+3+ (12—5x1—3)6=10+§.
o Xét bai toan (KP)) (c6s=1, 6 =0)
7% 0+ 3z + 223+ 74 — max (I\’PQI)

v.d.k. 3rq+6rg+4z4 < 12-5X 0=12
I9, 73, z4 € {0, 1}.

Dé thdy
q=3 a=1 g+1=4¢
E a,»Sb—Zaﬁ(Zch
j=s+1=2 i= j=s+1

art+a3<b—-a xb <ay+aiz+ay
3+6<12-5x0<3+6+4.
Do d6, bai todn (K P}) thuéc Truang hop 6. Can trén §(D,) cha bai toin nay la

B(D2) :=§Cj51+ § c:'*‘( zayé - Z A)CQH

j=1 J=8+1 ymert Qe

=01x5l+(@+03)+(b—(a1 XJ[)_(G2+(13))Z_‘:
=7x0+(3+2)+(12—5x0—(3+6))%

3
=5 - = — .
+4>a 00

Budc 2,. Vi B(Dy) = ]0+§ >a=—-00vafB(D,) = 5+%> a = —oo nén khong
loai duoc tip ndo. Chuyén sang Buéce 3.
Buoc 3 (ldn thie nhdt) Vi D = {D,, D,} # 0 nén quay lai Budc L.

Buéc 1 (Idn thit hai) Chon D, dé chia vi (D) > B(D3). Chia D; thanh hai 14p con

D32={I€D1lI2=1}={I€D0|I1=1, I2=1}
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va
Dy:={z€Dy|23=0}={z€ Do |21 =1, =0}
Pit D = (D\ {Dl}) U{Da, Dy} = {Ds, Dy, Dy}.

Buoc 2 (ldn thiz hai)
Buorc 2,.
o Xét bai todn (KP;) (¢co 8 = 2, (51 =1, (52 =1)

7x14+3x1+2z3+ T4 — max (KP})
vd.k. 63 +42,<12-5x1-3x1=4
I3, T4 € {0, l}x

Vi a3 = 6 > 4 nén bai todn (K P}) thuoc Trudng hop S. Thay vi xét bai todn
con (K P}), ta xét bai toin con nhé hon (K P}) véi

Ds:={x €Dy |z1=1, 2,=1,23 =0} C Ds

va dat
D= (D\ {D;,}) U{Ds} = {Ds, Dy, Ds}.
o Xét bai todn (K P)

7x1+3x1+2x0+ 24— max (KPR
v.d.k. 44 <12-5%x1-3x1-6x0=4
146{0,1}.

D& thay bai todn (K P}) thugc Trudmg hop 3 vA né ¢6 nghiem t6i wvu z° = (1, 1,0, 1)7
va gié tri t6i wu 14 f(28) = 11,
bat
a = max{ao, f(z*)} = f(z°) = 1L

Ta cé ky luc Z := z° = (1,1,0,1)7 va gid tri ky luc o := 11.
= Loai Ds theo Tiéu chudn 2, titc

D= (D\ {D5}) = {Dy, Dy}.

o Xétbaitodn (KP}) (c6s5=2,68,=1, 8,=0)
7x14+3%x0+2x3+ x4 — max (KP})

v.d.k. 623 +424, <12-5x1-3x0=7
z3, z4 € {0, 1}.
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Vi
a3=6<7<az3+a4=10
nén bai toan (K £}) thudc Trudng hop 6 va

8=2 =2 =3

B(Ds) ‘Zc,ﬁ + 2 ¢ + ( Zaij— Z aj)f;—+];
j=a+l j=1 j=s+1 q+1
=(C1X51+CQX52)+CQ+(b (a1><51+a2><52)—a3)c4
47

1
—(Tx1+3x0)+2+ (12~ (5x1+3x0) - )4

1
—-9+Z.

Budre 2,. Vi 3(D,) -‘5+ < a=11va A(D,) —9+ < a = 11 nén loai D, va
Dy theo Tiéu chuén 3, tIIC

D= (D\ (D, D,}) = 0.

Budc 3 (ldn thit hai) Do D = @ nén ThuAt to4n két thic. Ta ¢ nghiém t6i wu cba
bai todn ban ddu 1A 27 = z = (1,1,0,1)7 vi gif tri t68i wu 13 fo, = @ =11,

Vi du 5.9. Giai bai to4n ba 16

5y + z2+9z3+ 324 — max (Kpaz)

vidk 4z 4222+ 723 +324 < 10
z; € {0, 1}, 1 =1,2,3,4.
Vi

$ie
1
| ©
vV
2o
]
| on

W w
\Y
0=

S &
a

g1e

nén ta ddi bién

Z1'=12X3, Ta:=1Iy, I3 .=1I4 VAZI4 =T

va bai todn ba 16 trén trd thanh

9z, + 525 + 323+ z4 — max (K P?)
vdk 7z +4z9+ 323+ 224 < 10
z; €0, 1}, j = 1,2,3,4.

Bai tosn (K P?) théa min didu kien (5.5). Qu4 trinh gidi bai todn ndy theo Thuat
to4n 5.2 nhu sau:
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Buirc khoi dau. Xudt phét tr tap

Dy = {z € R*| 7z1 + 425 + 323 + 224 < 10, x; € {0, 1}, 1=1,2,3,4}.

Dat B(Dy) := +oc; (cdn trén cia boi todn (K Py)
a = —o0; (cdn dudi).
D := {Ds}; (tdp cdc 1dp con cdn xem xét)

Buoc 1. (Idn thir nhédt) Chon D, d€ chia. Chia D, thanh hai tap con

Dy:={zxe€Dy|zy=1} va Dy :={z € Dy | 2, =0}.

Pat D := (D\ {Do}) U {Dy, Dy}.

Budc 2. (ldn tha nhdt)
Buoc 2.
o Xét bai todn (KP?) (c6s=1, 6 =1)

9%x14+529+323+ 74— max (KP]T)

v.dk. 4o + 322+ 22, <10-7x1=3
zy, T3, 4 € {0, 1}.

Vi a; = 4 > 3 nén bai toén (K P?') thuoc Trudng hop 5. Thay Wi xét bai todn
con (K P?), ta xét bai todn con nhd hon (K P#) v6i

Dy:={z€Dg[z1=1, 29=0}C Dy
va dat
D= (’D\ {D,}) U {Da} = {Da, D).
o Xétbaitodn (KPY) (c65=2, 8, =1, §,=0)
9x1+5x0+3z3+ I4— max (KP¥)

vdk, 3z3+224<10-7%x1-4x0=3
T3, T4 € {0, 1}.

Bi todn nay thudc Trudng hop 4 vi c6 a3 = 3 (as bing ding tii trong cdn lai cia
ba 16). Do d6 né c6 nghiém t6i mu 1a 23 = (1, 0, 1, 0)T. Ta c6 ky luc ddu tien
T:=23=(1, 0, 1, 0)7), twong (mg véi gif tri kY luc @ := f(T) = 12. Loai D3
theo Tieu chudn 2, ttc D := D\ {Ds} = {D,}.



218 Cdc phuong phdp 151 wu
o Xét bai todn (KP?) (c6s=1, §, =0)
9x 045z +3x3+ x4 — max (szz')

vdk., 4z, +3z3+2z,<10-7x08=10
z2, T3, x4 € {0, 1}.

Dé thdy a3 + a3 + a4 = 9 vAn nho hon tdi trong con lai cha ba 16 12 10. Nhut vay, bai
todn ndy thuéc Trudng hop 3 va nghiém t6i wu cta n6 A 2 = (0,1,1,1)7, tuong
Ung v6i gid tri t6i wu f(x?) = 9. Tinh lai gi4 i ky luc:

a:=max{q, f(z?)} = a =12

véi ky luc twong tng vin 12 7 = (1,0,1,1)T. Loai D, theo Tieu chudn 2, tic
D= D\ {D;) = 0.
Buérc 3 (ldn thit nhdt)

Vi D = 0 nén Thuat tosn ket thiic. Ta c6 nghiém t4i ra clia baj todn (K PY) 1a
=2=(10,1,00T vagidtrit6i wu 1a f, = a = 12.

D¢ 14y nghiém cho bai todn ban ddv (K P2), ta d6i lai bién

¥ =14 =0, 2¥:=1}=0, :cgpt:=:r.1=1, P =15 =1

Vay, nghiém t6i uu chia bai todn (K PZ) 1A 22 = (0,0, 1,1)T v2 fope = 12.

Bii tap Chuong §

1. Sir dung thu4t todn nhinh c&n Land-Doig, giai cdc bai todn quy hoach nguyén
sau (d& nghi minh hoa bing hinh hoc).

i) ' zy + T3 — max
vdk 2z,+5x,<16
6xy + 5x5 < 30
zy, T2 > 0 va nguyén.

i) 22y + 3z — min
vdk o1+ 2923
71+ 37, <6
Ty, T3 > 0 va nguyén.
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iii) 7z, + 3z5 — max
vdk. 2z + 51, <30
81, + 3z < 48
r1, T2 > 0 vA nguyén.

2. Hay phdt biéu bai todn xép hdng lén tdu sau day thanh quy hoach nguyén:
Ngudi ta cdn chd 5 loai hang bing mot tdu ¢é tdi trong 12 112 va thé tich 109.
MBbi don vi hang loai j c6 trong luong a;, thé tich b; va gi4 tri s& dung c;,
j=1,---,5 dugc cho ¢ bang sau.

Loai hAng | a; b; c;
1 5 3 4
2 8 5 7
3 3 8 6
4 2 5 3
5 3 7 4

Hiy x4c dinh lugng don vi cdc loai hang x&p 1&n tdu sao cho t(;ng gid tri su
dung 16n nh4t ma khéng dugc virot qué tai trong va dung tich tdu.

3. Néu mot s6 mo hinh thyc t&€ ¢c6 mo hinh todn hoc 1a bai todn ba 16.
4, Giai c4c bai todn ba 10 sau bing phirong phép nhénh can

) z =Tz, + 61y + 623 + 574 + Ty — max
vadk. 2ry+4+3zs+423+ 524+ Tz < 14
1, %9, 73,4, 25 € {0,1}.

i) z= T1+ 3zy+ 523 + 924 — max
vdk. 2z,+3z:+423+ 724 <10
Iy, Z2,Z3,T4 € {0)1}

iii) z =6z + 5z + 323 + Tx4 — max
vdk. 5zy+4zy+6x3+ 524 <10
Ty, T9,T3,T4 € {0, 1}
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iv) z = 8zy + 523 + 3z3 + T4 — max
v.d.k. 4171 + 3172 + 2173 + z4 S 8
I, X2,T3,T4 € {O| l}

v) z = 182, + 145 + 823 + 474 — max
vdk. 15zy + 1225 + 723 + 424 < 50
Z1, Z2,T3,%4 € {0, 1}



Chuong 6

Quy hoach phi tuyén

"Vé dep cua todn hoc ciing nhu cia moi vt khdc
chi c6 thé cdm nhdn chi khéng gidi thich duge.”
Cayley!

6.1 Bai toan quy hoach phi tuyén khong rang buéc

Bi todn quy hoach phi tuyén khong rang budc duge phat biéu nhu sau:
min f(z) vdk zeR", (P
trong 46 f : R® — R 12 ham phi tuyén.

6.1.1 Diéu kién t6i vu

DPinh ly 6.1. (Diéu kién bac nh&t) Cho ham f xdc dinh, khd vi trén R". Néu
r* € R" 1a nghiém cuc tiéu dia phuong cia bai todn (P*®) thi V f(z*) = 0.
Chimg minh. Theo Ménh dé 1.2 va do z* 12 nghiém cuc ti€u dia phuong nén

1. » T f(:c*+td)—f(z")
f(I9d)_il_£Ig]_i_ t

Suy ra Vf(z*) = 0. ' (W]

= (Vf(z*),d) > 0 Vd € R".

Diém z* € R™ théa man Vf(z*) = 0 dugc goi diém dimg cha ham f. Chi
ring, Dinh ly 6.1 chi 12 diéu kién c4n cho nghiém cuc tiéu dia phuong ciia bai todn
(P*™) chit khong phai 12 diéu kién di (xem minh hoa & Hinh 6.1). Nghiém cyc tiéu
dia phuong (t.ur., nghiém cyc tiéu ho3c nghiém cuc tiéu todn cuc) cha bai todn (P*)
cdn dwge goi 12 diém cuc tiéu dia phuong (t.u., diém cuc tiéu hodc diém cuc tiéu
1odn cuc) cia ham f trén R™.

'Anhur CAYLEY (1821 - 1895): Nh2 todn hoc Anh. San Euler vA Cauchy thl ong 1a ngwdi c6 nhidn cong
inh ndi ti€ng. ToAn b4 khdi (wong cong trinh nghién cdu todn hoc ciia dng gém c6 970 bai in thanh 13 tap, mdi
1ap diy 600 trang.

221
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dé thi ham s6

ol y = f(z)

VA

Hinh 6.1. D6 thi va céc diém dimg cua ham mot bién f(z)

Dinh ly 6.2, Gid s« f la ham 16i kha vi trén R™. Khi d6 z* € R™ la nghiém cuc
tiéu todn cuc cuia bai todn (P*™®) khi va chi khi V f(x*) = 0.

Chimg minh. Do di c6 Dinh 1y 6.1, ta chi cin chimg minh ring néu V f(z*) = 0 thi

z* 12 nghi@m cyc ti€u toan cuc clia bai todn (P*). That vay, do f 13 ham 16i kha vi

tréen R" nén né c6 dao ham theo moi huéng d € R™ tai z* va theo He qua 1.4, thi
(Vf(z*),d) = f'(z",d) < f(z" +d) - f(z*), VdeR™

Do dé, véi diém bat ky z € R", ta c6

0=(Vf(z*),x - 2") < flz*+ (z — ")) - f(z7) = f(z) - f{z*).
Suy ra
f(z*) < f(z) Vz € R",
tifc z° 1A diém cuc tiéu cla f trén R, O
Nhan xét 6.1. Ta 43 biét, néu A 12 ma trn cip n X n d6i ximg, nita x4c dinh duong,
b€ R" va ¢ € R, thi him ton phuong f(z) = 27 Az — bTz + ¢ 12 ham 16i kha vi.
Trong trudmg hop ndy, vi Vf(z) = Az — b nén, theo Dinh ly 6.2, viéc gidi bli todn

quy hoach 16i
min{ f(z) | z € R"}

twong duong v6i viec tim nghiém cua mot hé phuong trinh twyén tinh

Az = b.
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Dinh Iy 6.3. (Diéu kién bac hai) Gid s ham f khd vi lién tuc hai ldn trén R™. Khi
do:

i) Néu z* € R™ la diém cuc tiéu dia phuong cia f trén R™ thi

Vf(z*)=0 va
V2f(z*) niza xdc dinh duong;

il) Nguoc lai, néu
Vii*)=0 va
V2f(z*) xdc dinh duong

thi z* la diém cuc tiéu dia phuong chdt cua f trén R™,

Chimg minh. i) V6i moi d € R* ma 0 < ||d|| < & v6i € dit nhd, khai trién Taylor
cia ham f tai z° la

f(" +d) = f@7) + (V1) d) + 5d 1) (61)

voiE = Xz"+ (1 —A)d va0 < X < 1(hay || —z*| < ||d|| < €). Vi z* 12 diém cuc
tiéu dia phuong cha f trén R™ nén, theo Dinh 1y 6.1, V f(z*) = 0 va biéu thic (6.1)
trd thanh

f(a* +d) = f(z) + 37V S(E)d. (62)

Bay gid ta ching minh V2f(z*) nita xéc dinh duong, tic v7V2f(z*)v > 0 véi
moi v € R™. That vdy, gid st phan chiing ridng tén tai 7 € R", 5 # 0, sao cho
5TV2f(z*)5 < 0. Ta c6 thé gia thiet 1a ||3]| < e. Khi d6, vi f 13 him khi vi lien tuc
hai 14n tai z* nén cic thanh phén cla ma tran Hesse V2 f(z) 12 cdc ham s6 lién tuc
tai z*. Do d6 o7 V2 f(z)v cling 13 him lién tuc tai z*. Theo tinh ch4t ctia ham lién
tuc ta c6 77 V2 f(£)0 < 0 v6i moi £ sao cho || — z*|| di nhd. K€t hop diéu nay va
(6.2) suy ra f(z* + ©) < f(z*), mau thuln véi tinh cyc tiéu dia phuong cha z”.

ii) Gid sit Vf(z*) = 0 va dTV2f(z*)d > 0 v6i moi d € R". Vi chc thanh phén
cia V2f(x) 1a cdc ham lién tuc tai z* nén d? V2 f(z)d ciing 12 ham lién tuc tai z*.
Do d6 tac6 dT V2 f(£)d > 0 véi moi € sao cho ||€ — z*|| < £ v6i £ &l nhd. Theo Khai
trién Taylor (6.1) cha f tai z*, ta c6 thé chon £ d0 nhd sao cho f(z* +d) > f(z*)
véi moi 0 < ||d|| < £. Piéu d6 ching td z* 13 diém cue tiéu dia phuong chit cta f
trén R™. O

Nhén xét 6.2. Vi hai bai todn min{f(z) | z € R} va max{—f(z) | = € R"}
tiwong duong véi nhau theo nghia tip nghiém cua hai bai todn 1a trding nhaun va gid
tri t6i wu nguge ddu nén
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i) Néu z* € R" 12 diém cuc dai dia phuong cda f trén R”™ thi

Vf(z*)=0 va
V2f(z*) nita xac dinh am;

i) Nguogc lai, néu
Vi(z®)=0 va
V2f(z*) xéc dinh &m

thi z* 13 diém cuc dai dia phuong chit cda f trén R™,

Vidu 6.1. Xét ham s6 f(z1,22) = €¥2 — 371672 + 23. Ta c6

~3e™2 4+ 32} 5 6z, —3e
Vi(z) = ( 30351 _ 31:1612) va V*f(z) = (*36“ 9e372 — 3z,e%2 )
T@i ID = (1) O)T\

V() = (g) Vi V2f(z0) = (_63 ‘63).

Vi V(2% = 0 va V2£(z°) 1a ma tran x4c dinh duong nén, theo Dinh 1y 6.3(ii),
diém z° = (1,0)7 1a diém cyc tiu dia phuong chit clia f trén R?, Tinh todn truc
tiép ta ¢6 f(1,0) = —1 > f(=3,0) = —17. Vay z° khong phéi 12 di€m cuc tiéu
todn cyc cia f trén R?, ‘

Vidu 6.2. Cho ham sd f(z1,z2) = z] + 22 — 32y — 275 + 12.

Vf(z) = (3$§:§’> vi V2f(z) = (63‘ g)

2.’&'2

Ta ¢c6

Gidi hé phuong trinh Vf(z) = 0 ta dugc hai diém dimg 12 ! = (1, 1)7, 2% =
(-1, 1)T. Tacé

V2f(z') = (g 2) va v2f(z°)=(‘06 g)
Vi

i) V2f(z!) 12 ma tran x4c dinh duong nén z' 13 diém cyc tiéu dia phuong chat
cla ham f tren R?;

if) V2 f(z?) khong 1a ma tran nira x4c dinh duong ciing khong 12 ma tran nita x4c
dinh 4m nén z? 12 khong phai 13 di€m curc dai dia phuong ciing khong phai 12 diém
cyc tiéu dia phuong cia him f trén R2,
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Chuong 6. Quy hoach phi tuyén 225
Vi du 6.3. Giai bai to4n t6i uu khong rang budc (P*™) véi n = 2 va ham muc tidu
flzy,23) = 23+ 229 + 22 + 3(2; + 73 ~ 2).

Gidi. Tacb
_ 2151 + x5+ 3
Vf(l') o (1'1 + 215 + 3) ’

Gidi he phuong trinh V f(z) = 0 ta nhan duge diém dimg cba f én R? 1a z* =

(-1, —-1)T. Vi
Vi f(z) = (f ;)

12 ma tran d6i xing, x4c dinh duong nén f(z) 12 ham 18i chit (Dinh 1y 1.11(i)). Theo
Dinh ly 6.2, diém ding z* = (—1, —1)7 14 nghiém cuc ti€u cla bai todn dang xét.
Hon nira, z* 12 nghiém cuc ti€u duy nhat cla bai todn ndy (theo Ménh dé 2.1(ii)).

6.1.2 Phuong phiap huéng giam
Xét bai todn quy hoach khong ring budc

min f(z) vdk reR" (Pkrb)

trong d6 f : R™ — R 13 hAm phi tuy&n, kha vi trén R".

Theo Dinh 1§ 6.1, n€u f 1a ham kha vi trén R” thi diéu kién c4n cia nghiém cuc
tiéu dia phuong z* 13 V f(z*) = 0. He phuong trinh V f(x) = 0 ¢6 n 4n, n phuong
trinh. Tuy nhién, ngoai trit mot s6 trudmg hgp don gidn, néi chung viéc gidi truc ti€p
hé nay 12 khé thuc hién duge. Vi du xét ham mot bién f(x) = e* + 2%+ cosz vata
khong c6 cong thidc tinh nghiém cta phuong trinh f'(z) = €* + 2z — sinz = 0.

Y tudng co bin cha phuong phdp huong gidm (descent method) dé giii bai todn
(P*%) v6i hAm muc tieu f kha vi 12: Xuat phat mot diém bat ky 1° € R", ta xay

dung mot diy diém z!,z2,--. ,z*,--- sao cho

J(2°%) > f(z') > f(z®) > -

v ddy {z*} hoi tu dén diém ding z* € R cla ham f, tic Vf(z") = 0. Trudng
hgp f 13 ham 16i, thi diém z* ciing chinh 12 nghiém cuc tiéu toin cyc cia bai todn
(P*r®) (Dinh 1y 6.2).

Muc ndy danh d€ trinh bay luge d6 chung cia phuong phdp huéng gidm va céc
kh4i niém lién quan.
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a. Luroc dé chung
Buoc khoi ddu. Xuit phée (it mot diém tiy ¥ 2° € R™. Gén k := 0;
Bwec ldp k, (k=0,1,2,--+ )
(k1) If z* thdoa min diéu kién dimg Then Dimg thuat todn
Else xdc dinh z*+! := z* + #,d* sao cho f(z**!) < f(z*);

(k2) Gan k := k + 1, Quay lai Budc lap &.

Trong luge d6 trén, diéu kién dimg cla thu4t todn tai Buge (k) thuong 12
Vf(z*) =0 hodc |z* — zF~!|| di nho.

Tai mot buée 13p k dién hinh, n€u diéu kién dimg chua duge thdéa man thi ta phai
x4c dinh diém

¢ = g% + t.d* saocho f(z**) < f(2F),

trong d6 d* € R™ 12 hudng gidm cua f tai z* vA s6 thuc t; > 0 1a d6 dai bude. Su
lua chon huéng dich chuyén d* va d6 dai buéce t, khéc nhau cho ta cdc thuat todn cu
thé trong mg véi cdc phuong phép huéng giam khic nhau. Muc 1.3 va 1.4 s& trinh
bay mot s6 thuat toin theo hai phuong phip hudng gidm duogc sir dung nhiéu nhat:
i) Phuong phap gradient (Gradient method) hay cdn goi 12 Phuong phép giam nhanh
nhit? (Steepest descent method); ii) Phuong phdp Newton® (Newton's method).

b. Huéng giam

Pinh nghia. Cho z° € R™. Ta goi d € R" 1A hudng gidm cla ham f tai z° néu tén
tai ¢ > 0 520 cho v6i moi ¢ thoaman 0 < ¢ < £ tac6 f(z% + td) < f(z°).

Sau day 12 diéu kién db d€ mot véc to d € R™ 12 hudng giam cla ham khé vi f
tai mot diém z° € R™.

Ménh dé 6.1. Cho ham f khd vi trén R™, diém z° € R™ va huomg d € R". Néu
(Vf(z°),d) <0 thi d la huong giam cia f tai z°

Chimg minh. VA f kha vi tai z° nén theo Ménh dé 1.2 vA gia thi€t cia Ménh dé
6.1, ta céh

f’(lfo d) = lim f(zo + td) — f(zo)

1
—0+ !

= (Vf({z°),d) <0.

Do d6, f(z° + td) — f(z°) < 0 vé6i t &l nhd. Ménh dé di duge chiing minh. a

2Phuong phip ndy do Cauchy dé xudt nam 1847, san phuang phép Newton khodng 200 nam.
saac NEWTON (1642 - 1727): Ong 12 nhA vat 1y, nha thien van hoe, nha i€t hoc va nha 104n hoc vi da
ngudi Anh. Ong vA Leibniz duoe ngudi dovi t6n vinh 12 hai nha séng 1ap ra phép tfnh vi phan vi tich phan.
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Y nghia hinh hoc: Cho huéng 4 € R™\ {0}. Kf hieu a 12 géc gita d va V f(z°). Ta
cod
(V£(z%),d) = |V ()] [ld]| cos e

Nhur vay, néu a 13 géc til thi d 12 huéng gidm cha ham f tai 2°. Xem minh hoa &
Hinh 6.2.

Chii ¢ ring Ménh @€ 6.1 chi 12 diéu kién di dé d € R™ 12 huéng gidm cia ham
f tai di€ém z° € R™ chit khong phai diéu kién cén, tifc néu ta cé mot huéng gidm d
ctia ham f taj z° thi kheéng chéc c6 (Vf(z°),d) < 0.

Vi du 6.4. Xét ham mot bién f(z) = 73. D& thdy d = —1 12 huéng gidm cha f tai
7° = 0, nmmg ta ludn c6 f(0).d = 0.

V(=

cdc mdt miuc
cta ham f(z)

Hinh 6.2. Huong gidm cia hom f tai £°

Ménh dé 6.2. Cho ham l6i f khd vi trén R", diém z° € R™ va huong d € R™. Khi
ds, (V f(z°),d) < O khi va chi khi d la huong gidm ciia f rai 2°.

Chimg minh. Do d3 c6 Ménh dé 6.1, ta chi cdn ching minh diéu kién cdn. Gia s&t
d € R™ 1a huéng giam clia hAm f tai 29, nic '
3¢ > 0sao cho f(z°+td) < f(z°) Vt: O<t<e. (6.3)
Vi ham f 16i khd vi trén R™ nén theo He qua 1.4, ham f c6 dao ham theo moi huéng
d tai moi diém 1° € R™ va
£z +td) — £(2°) 2 £/(s°,1d) = (VF(z%), td) = {Vf(2%), ).
K&t hop diéu nay va (6.3), véi0 <t < etacd

f(2° + td) — f(2)

(V/(@),d) < t

< 0. O
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Sau day 1 hé qua tmyc ti€p cia Ménh dé 6.1.

Hé qua 6.1. Cho ham f khd vi trén R™ va diém z° € R*. Néu Vf(z°) # 0 thi
d = —V f(x°) la mét huomg gidm ciia f tai z°

Vin dé dit ra 13, trong t4t ci cdc hudng giam d cia ham f tai z° (gia thiét
V£(z°) # 0) thi hAm f gidm nhanh nh4t theo huéng ndo, tic v6i hiéng gidm d n2o

thi ¢6 (V f(x%), d) 12 bé nh4t. Mu6n so sénh, ta cdn chudn héa cic véc to d sao cho
lldll = 1.

Ménh dé 6.3. Gid sit ham f khd vi rén R™ va V f(z°) # 0. Trong cdc huong gidm d

ctia ham f tai 2° c6 ||d|| = 1 thi ham f gidm nhanh nhdt theo huong d = — “g;éo)".

Chimg minh. Xem Nhan xét 1.2 (Chuong 1). O
¢. Xac dinh d6 dai budc
Gia sir ta da bi€t huéng gidm d* cha ham [ tai di€ém z*. Theo lugc 46 chung cba
phuong phédp hudng gidm, diém lZip ti€p theo duge x4c dinh b& cong thic
o = * + 1, d,

v6i ty, 1A mot s6 thuc duong. Nhu vay, %! 1a mot didm nam trén tia {z* 4 td*, ¢ >
0}. Vin dé 1a x4c dinh do dai bude t; > 0 nhu thé ndo? Thong thudng, c6 hai cich
Ira chon d6 dai budc ¢, tuong @ng véi hai thi tuc khic nhau 1a thi tuc tim chinh xdc
theo tia (Exact line search) va thit tuc quay lui (Backtracking).

o Thu tuc tim chinh x4c theo tia
Cho diém z* € R" va hudng gidm d* cha ham f tai z*. Thu tuc ndy chon dé dai
budc chinh xdc t;, > 0 13 nghiém cyc tiu ca hAm f theo tia {z* + td*, ¢ > 0}. Dat

() = f(z* 4 td*).
Khi dé, t, 12 nghiém cyc ti€u-ciia ham mot bi€n ¢, (t) vé4i t > 0, tic
t, = argmin{p(t) | t > 0}.
C6 nhiéu c4ch (xem Muc 6.1.5) ¢¢ gidi bai todn cuc tiéu him mot bién, Trirdng
hop don giin, ta c6 thé ding d4nh gid o, (t) va . (t) nhu di biét € Gm cuc tiéu
ham mot bién. Dac biét, n€u ham muyc tiéu f(z) 12 ham toin phuong 18i chat thi véi

moi huéng giam d* cia ham f tai z* ta c6 cong thiic tudng minh dé€ x4c dinh ¢, nhu
sau:

Ménh dé 6.4. Cho ham toan phuong 16i chat

f(z) = %xTAx — bz + ¢
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trong d6 A la ma trdn cdp n x n, d6i xung, xdc dinh duong, véc tob € R™ vac € R.
Cho z*F € R™ va hudng gidm d* ciia ham f tai =*. Khi d6, do dai budc chinh xdc 1,
dwoc xdc dinh boi

(Az* — b)Td*

—(dk)TAdk > 0.

fk=—

Chiing minh. Vi f(z) 1 ham 18i nen @i (t) = f(z* + td*) 12 ham 16i mot bién. Neu
t 12 di€m cuc ti€u ctia ham i (t) thi
' d(t) (e + 1) — o(tk)
O (t)e=t, = Tlt:tk = %1_{% :
F((z* + txd*) + td*) — f(2* + 1d¥)

= lim

t—0+

t
= f'(z* + txd*, d¥) = (Vf(*1),d*) =0.  (6.4)

zk+1
Vi Vf(r) = Ar — bnén
(Vf(z**1),d*) = (A(z* + £xd*) — b, d¥)
= (Az* — b, d¥) + t,(Ad*,d*) = 0.
Do d* 12 hudng gidm cta ham f tai z* vd f(z) 12 ham 16i nén theo Ménh dé 6.2,
(Vf(z*),d*) = (Az* — b, d*) < 0. Hon nita, i ma tran A xéc dinh duong nén
(AzF — b)T g

ke g\ (kT 4k - _
(Ad*,d%) = (d*)'Ad" >0 = = @ TAG

> 0. O
e Thii tuc quay lui

Trong nhiéu oudng hop, viéc giai bai todn cuc ti€éu ham mot bién dé x4c dinh d6 dai
budc theo thl tuc tim chinh x4c theo tia ciing khong dé dang va chi phi tinh todn
cao. Trong thuc t& tinh todn, ngudi ta thudng sir dyng thi tuc quay lui.

Meénh dé sau 1A co s& cha thi tuc quay lui xdc dinh diém z**! khi d3 biét hudng
giam d* cla ham f tai z*.

Menh dé 6.5. Cho ham f khd vi trén R™, diém z* € R™ va véc to d* € R” thda
mdn (V f(z*), d*) < 0. Cho s6 thuc m; € (0,1). Khi dé

3ts > 0 sao cho f(z* + td¥) < f(z¥) + mit(Vf(z5),d*) Vt € (0]

Chimg minh. Vi (Vf(z¥),d*) < 0 nén d* 12 huéng gidm cha f tai z* (Ménh dé
6.1). Theo Ménh dé 1.2,

f'(zk dk) — lim f(z’c + tdk) — f(zk)

t—0* t

= (Vf(a*),d")
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nén

f(aF 4 ) — (k)
T UV (o), )

Do d6, t6n tai s@ thuc o > 0 di nhd sao cho v6i moi ¢ € (0, £o] ta c6

f(z* + td*) ~ f(z¥)
(Vi@ 2

Két hgp diéu ny véi gia thi€t (V f(z*), d*) < 0 ta c6 diéu phai chimg minh. [
Pbidu kién
f(zF + tid®) < F(2¥) + mite(Vf(2F),d*) véim, € (0,1) vty >0

dugc goi 12 diéu ki¢n Armijo. Ménh dé 6.5 da chi ra ring difu kién nay duoc thoa
man v6i £ di nhd.

=1>m,.

Thi tuc quay lui sau day cho phép xdc dinh diém 1ap ti€p theo z*+! sao cho diéu
kien Armijo thdéa man nhung do dai bude ti. khong qué bé.
Thu tuc quay lui (Quy tdc Armijo)

o Ddu vao: diém z* € R™ va huéng gidm d* ciia ham f tai 2*;

o Pdura: diém r**1 trén tia =¥ + td¥, t; > 0 thda man f(zF!) < f(z*).
Buoc 1. Tiy chonm, € (0,1) v o € (0,1) (ching han, o = ). Dt t; := L
Bugc 2. Tinh zK*!:= ¥ + 14" va f(z**1);

Buoc 3. Y f(z**') < F(2%) 4+ mt(V f(2*), d*)
Then Dimg thi tuc (ta c6 z**' )
Else t;. := at, va quay vé Buée 2;

Nhan xét ring, trong thi tuc quay lui, 4 xdc dinh di€m ti€p theo, ta khéng cin
phii gidi bai todn cyc ti€u ham mot bién,

d. Téc dé hoi tu
V6i cdc thuat rodn sir dung chién luge xay dung mot diy diém ti€n ddn dén
nghiém, ngudi ta thudmg phai tra 131 hai cau hoi:

- Thuat to4n cé hoi tu khéng? (tic day diém do thuat toédn sinh ra c6 hoi tu dén
nghiém c4n tim khong?)

- Né thuat todn hoi tu thi hoi tu nhanh hay cham thé€ nio?
Dinh nghia: Cho diy {z*} C R" hoi tu dén z* € R”". Ddy {z*} dugc goi Ia:

- hoi tu d€n z* v6i tdc do tuyén tinh (linear) n&u

30 <y <1, ko saocho Vk > kp: ||Jz¥* — 2*|| < 4lizk — z°)|;
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- hoi tu dén z* v&i t8c do trén tuyén tinh (super linear) néu
Yk ||z" — 2*|) < cif|zF - z*|| va o — O;
- hoi tu dén z* V6 tdc db hoi tu bde hai (quadratic) néu
Iy > 0, Jkg sao cho ||zF+! — z*|| < y|lzF — z7||® Yk > ko.

Nhan xét 6.3. Dé& thay ring, néu diy {r*} hoi m dén x* véi t6c d6 trén tuyén tinh
thi n6 hoi ty d€n x* v6i tdc d6 tuyé&n tinh nhung diéu ngirge lai khong ding (Bai tap).
Tuong ty, néu diy {z*} hoi tu d€n z* véi téc 0 bac hai thi né héi tu dén z* véi téc
dé trén tuyén tinh vi

251 = 2*|| < All2* ~ 2 llli2* — 27| = callz* ~ 27,

trong d6 ¢ = 7||z* — z*|| — 0. Tuy nhién, diéu nguoc lai khéng ding. Vi du, cho
diy {z*} — z" va

a PaTe s .
||x'°+1 - < 'y||:z:k —z*||3 =')’”:17k - ]|2|]1;k -zl

Vi ¢, = v)jz* — z°||2 — 0 nén day {z*} hoi tu dén z* v6i 6c do trén tuyén tinh
nhimg rd rang d6 khong phai 12 hoi tu véi téc do bac hai.

6.1.3 Phuong phép gradient

Day 12 phuong phép thong dung nhat d€ gidi bai todn cuc tiéu khéng rang budc
(P*r®) vi n6 r4t don giin va c6 thé 4p dung dugc cho nhimg 16p ham r4t rong.

Trong céc thu4t toan gidi bai tadn ( P¥®) theo phuang phap gradient, tai méi budc
12p k, ta chon hudng gidm d* cha bam f tai di€m 7* 1A d* = —V f(z*). Nhu di biét
(Menh d¢ 6.3), d6 chinh 12 huéng ma theo d6 ham muc tiéu f giam nhanh nh4t tai
z*. Vi vay, ngudi ta cdn goi phuang phap gradient 12 phuong phdp gidm nhanh nhdt.

Sau day 1a chi ti€t thuat todn gradient tuong vng v&i hai cach xdc dinh d¢ dai
budc khic nhau, _

a. Thuat toan gradient v6i thi tuc tim chinh xdc theo tia

Trong thuat todn ndy, tai mdi budc 13p k, diém lap 1i€p theo dugc xic dinh bai
=1k — 4,V f(25),
trong d6 ¢ 12 nghiem cyc tiéu ciia hdm mot bién p(t) := f(zF -tV f(z¥)) véit > 0.

Thuit todn 6.1 (Thudt todn gradient véi thu tuc tim chinh xdc theo tia)

Buic khdi ddu Chon trude s6 € > 0 di nhd. Xudt phat tir mot di€m thy y 2° € R™
c6 Vf(z%) # 0, Datk :=0;
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Budc Mpk (k=0,1,2,-)
(k1) Tinh 251 .= z* — ¢,V f(z*), trong 46

t, = argmin{y:(t), t > 0};

(k) Tinh V f(z**1);

(k3) If |V f(z**1)|| < € Then Dimg thuat todn (!dy diém dimg =* =~ z*+1)
Else k := k + 1 va quay lai Buéc lap k.

Chii ¥ 6.1. Theo Ménh dé 6.4, néu ham muc tiéu clia bai todn (P*®) 12 ham toan
phuong 16i chat

flz) = %ITAI -z +ec
thi ta c6 cong thdc tinh do dai budc chinh x4c ¢ tai m&i Budc 1ap k 1a

_ (At - )TV ()

b= AV

> 0.

Hinh 6.3. Minh hoa hinh hoc Thugt todn 6.]

Y nghia hinh hoc. Trong mdi buéc 13p k, 46 dai bude £y 13 nghiém cye tiéu cla
ham mot bién
Y: R+ - R I
t > gp(t) == f(z* —tVF(zF)).
Theo diéu kién c4n t6i v, ta cé

GBlemt E F( 25 =tV F(z*) , =V H(2¥) = (VF(z*), -V f(z")) =0,

g}
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titc véc ta V f(z**!) va véc to d¥ = —V f(z*) 1a truc giao véi nhau. Néi cich khic,
xudt phat tix ¥, di theo hudng d* = —Vf(z*) dén mot didm nam trén mot dudng

mutc nao d6 chia ham f mai nhan d* 13 ti€p tuyen thi dimg. DG chinh la diém z*+!
cdn xéc dinh trong Budc 13p k. Xem minh hoa & Hinh 6.3.

Vi du 6.5. Xét bai todn (P* %) v&i him muc tiéu 13 nhu & Vi du 6.2, tic
f(z1,m2) = 9:? +z§ —3z; — 2r; + 12

Qud trinh giai bai todn nay theo Thuat todn 6.1, xu4t phat tr z¢ = (1,2)7, nhu

sau: Ta co \
3z7; -3 0
Vit = (30 25) = i = (3) #o
1 0 )|
eeroren= (1) ()
Dat

oolt) = f(2° — tVF(z%) = f(1,2 — 2t) = 4t? — 4¢ + 10.
Ta c6 ¢y(t) = 8t — 4. Do d6

1

Vi gy () = 8 > 0 nén tg = 3 12 nghiem cuc tiéu clia o(t) v6i ¢ > 0. Do d6, ta c6
diém lap ti€p theo 12

=2 -, Vf(z®) = (i) :

Vi Vf(z') = (0,0)7 neén z! 12 diém dimg cia ham f(z). Dimg thuat todn. Nhu di
biél trong Vi du 6.2, diém z? ciing 12 nghiém cuc tidu dia phuong chjt cha him f.

Vi du 6.6, Gii bai todn min{f(z) | z € R®}, trong d6
1 7 T
f(z)=§:t Az —b'z

vGi

0 -1
0 vi b= -1
25

o Ut O
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Do A 12 ma tran d6i xing x4c dinh duong nén f(z) 12 ham 16i chit. Vi vay, theo
Nhan xét 6.1 va Ménh dé 2.1, nghiém cuc tiéu duy nh4t cha bai todn niy la

~1.00
" =A""b=|-020].
-0.04

Bay gid, ta s€ tién hanh gidi bai todn nay theo Thuat todn 6.1, xuat phat tir di€m
z% = (0, 0, 0)T vachon e = 10~%. Tai mdi diém z*, ta c6 Vf(z*) = Az* —b. Theo
Chid ¥ 6.1, d6 dai bude chinh x4c ¢ tai m8i Budc lap k dugc xéc dinh bai

_ (Az*-p)TVf(zh)

b AV

Tai z° ta ¢6
1
f(z®%) =0, V%= (1) , IVF(2®)|| = 1.732051.
1

~0.096774
z' = | —0.096774 | .

Do d6 t, = 0.096774 va

—0.096774
Tai z! ta c6

0.903226
f(z!) = —0.145161, Vf(z') = | 0516129 |, ||V f(z!)| = 1.759765.
—~1.419355

Do dé t; = 0.058973 va

—0.150040
z* = | ~0.127212 | .
—0.013071
Tai 2% ta c6
0.849960
f(z?) = —0.236474, Vf(z*) = |0.363%41 |, |IVf(z?)| = 1.143730.
0.673226

Sau 217 buéce lap, ta s&€ nhan ducc

—0.999999994
27 = { ~0.200000000 | véi || Vf(z*T)| < 1078
—0.040000000

Dimg thuat todn véi diém dimg z* ~ 227,
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Dinh Iy 6.4. (Dinh ly hoi tu) ([26], trang 41) Cho z° € R™ va ham f khd vi lién tuc
rén R™ va ¢6 tdp mic dudi {x € R™ | f(z) < f(z°)} bi chdn. Khi d6 méi diém tu
x* cda ddy {z*} duoc chon nhu trong Thudt todn 6.1 thda man ¥V f(z*) = 0.

b. Thuat todn gradient vdi thi tuc quay lui

Trong thuat to4n ndy, tai mdi buée 1ap k, chon huéng gidm d* = —V f(z*) v
d6 dai budc t; duge xdc dinh theo thi tuc quay lui.

Thuét todn 6.2 (Thudt toén gradient vai thu tuc quay lui)

Budc khdi dau. Tuy chon my € (0,1) vi a € (0,1). Chon s6 thuc € > 0 di nho.
Xud4t phét tir mot di€m ty y z° € R” ¢6 Vf(z°) # 0. Pat k := 0;

Buoc ldp k, (k =0,1,2,-+)
(k) batt, =1,
(k2) Tinh o' = 2% — (U f(z*) va f(a¥*);

(k3) If F(z**Y) — f(z*) < mite(V F(2%), =V f(2¥)) = —mate]| V(2|2
Then Chuyén Buéc k4
Else t; := at) va quay vé Budc k,;

(ks) Tinh U f(z5+1);

(ks) If ||V f(z*¥*+1)|| < € Then Ding thuat todn (Idy diém dimg z* ~ r*+1)
Else k£ := k + 1, quay vé Budc lap &

Vi du 6.7. Xét bai todn (P“"b) nhu ¢ V{ du 6.2, uic cb
flzr,z2) = I? + Ig —3zy — 22, + 12.

Qui trinh giai bai todn nay theo Thuat todn 6.2 nhu sau: Chon m; = 0.01,
o = 0.5, Ciing xu4t phat tir diém z° = (1,2)T vA ta c6

V5(z%) = (0,2)7 # (0,0)7.

bat tg = 1. Suy ra
2 =209 = () - (5) = (5) F)=s)=10

fla) - f(a®=10-10=0> —7711t0“Vf(:zo)||2 = —0.04
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nén dat
fn =l = Q.5.
Tinh la
1 0 1
1_ 0y 0y _ _o. _
I =z oV f(z") (2) 05(2) (1)
va

fgh) = f(@) =9 - 10 = —1 < —myto|| V()] = —0.02.

Do dé ta chon z! = (1. 1)7. Vi Vf(z!) = (0,0)7 nén dimg thuat ton véi di€m
dimg z* = (1,1)7.

Pinh ly 6.5. (Dinh 1y hoi w) Gid sw ham f(x) bi chdn dudi, gradient V f(z) thda
mdn diéu kién Lipschitz®, 1 ton tai L > 0 sao cho

IVS(x) = Vil < Lilz -y, Yz,y €R™

Khi do, voi bdt ky diém xudt phat °, ddy {z*} dugc chon nhu trong Thudt todn 6.2
6 tink chdt ||V f(z¥)|| — 0 khi k — oo.

Chimg minh. Xem [36]), trang 375-376. O

6.1.4 Phuong phiap Newton
Phuong phdp Newton giai bai todn t6i wu khong rang budc
min{f(r) | z € R"}, (Pk™)

v6i ham muc tiéu phi tuyén f kha vi hai 1dn trén R™, chinh 13 viéc ¥ng dung phuong
phdp Newton c¢8 dién gidi hé phuong trinh phi tuyén n 4n, n phuong trinh dé tim
diém dimg ctia ham f, tic gidi hé phuong trinh

Vf(z)=0.

Dé tién theo ddi, phuong phdp Newton giai hé n 4n, n phuong trinh s& dugc trinh
bay ngay sau day.
a. Phuong phip Newton c6 dién giai hé phuong trinh phi tuyén®
o Truimg hgp n = 1. Xét phuong trinh mét bién s6
flz)=0.
“Rudolph Outo Sigismund LIPSCHITZ (1832 - 1903): Nha toén hoc Dite. Chuyen nginh nghién ctu cha ong

12 Gidi 1fch vA Hinh hge
$Phuong phdp ndy do Newton dira ra via nhilng ndm 60 cia the ky 17.
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Gia sir nghiém ciia phuong trinh ndy 1A z* € R. Thuit todn Newton tim nghiém z*
s& xudt phét tir mot di€m z° &t gdn z* va sinh ra mot ddy nghiem x4p xi z°, z*, z2, - - -
hoi tu dén z~.

Xét £ 12 mot diém thudc ddy ndy. V6i p € R va |p| di bé, x4p xi Taylor bac
nhdt ciia ham f(z) tai z* la:

f(a* +p) = f(z*F) + pf'(zF).

Dé thdy

y = f(a*) +pf' (")
13 phrrong trinh ti€p tuyén tai diém (z*, f(z*)) v6i d6 thi ham y = f(z). Gia si
F(z*) # 0. Khi d6, gidi phwong trinh

F@®) +pf (5 =0

ta duoc
__f@)
T PR
biat
o S R ka)
fi(zk)

R& rang z**! chinh 12 giao diém cla ti€p tuyén nay va truc hoanh Oz. Gén k = k+1
va 1ap lai qud trinh tinh todn d6i véi diém z* méi... Hinh 6.4 cho 1a minh hoa hinh
hoc cha thuat toan trén.

Hinh 6.4. Biéu dién hinh hoc cia thudt to4n Newton gidi phuomg trinh f(z) =0
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Dinh 1y 6.6. (Su hoi fu cita thuat todn Newton) Gid sit rang:
i) Ham f(x) khd vi lién tuc cdp hai;
ii) ° la nghiém cua phuong trinh f(z) =0, nc f(z*) =0;
i) f'(z*) # 0.
Khi d6, néu |z° — x*| di nhd thi diy {z*} xdc dinh bdi
kel ok _ f(z*)
)

hoi tu dén x° vori toc do bdac hai va hé s6 v = ‘

X

(6.5)

f! (.7:

Chiig minh. Gia sit ta dimg thuat todn v 14y nghiém x4p xi 12 z*. Nhu vay, sai s6
la e = z* — z*. Khai trién Taylor cta ham f tai z* 13

0=f(z") = f(z" —e*) = f(z*) — ¢ f(r’“)+ (ex)? £7(8),

trong d6 £ 1a diém gima =% va ¥ — €*. Néu f/(z*) # 0 thi

k_ fla*) 1 )2 £ (€)
€ - — 6.6
e =2 Pl 169)
Thay e* = z* — z* vio phuong trinh (6.6) ta dugc
k_f(xk)_ ._l k_ 2f(f)
T () zt = 2(1: z" Pl
»k+1
Neéu diy {z*} hoi tu thi £ — z*. Do d6 khi z* di1 gin z* ta c6
1 £ (z¥) 2
k+1 * k .
-zt = - (=" —z*)",
2 ) )
tic day {z*} hoi tu cdp hai dén z° v6i he s6 vy = 2!!,(2'.) 0

Cha y 6.2. i) Theo cong thic (6.5), néu f'(z¥) = 0 thi di€m z*+! khéng duoc xic
dinh. V& mat hinh hoc, sy kién f'(z*) = 0 c6 nghia 12 ti€p tuyén tai diém (z*, f(z*))
v6i d6 thi ham y = f(z) song song véi truc hoanh Oz;

i) New f'(2%) # 0 V& = 0,1,2,-- va f"(z") # 0 nhumg (") = O thi he s6
v trong c6ng thirc ddnh gid hoi tu ti€n dén oo va thuat todn khong cb t6c d6 hoi
bac hai;

iii) Trong ching minh su hoi tu cda thuat todn Newton doi héi diém xu4t phat
ban d4u z° phii di gin nghiém z*. Né&u giA thidt nay bi vi pham, thuat toén c6 thé
khong héi .
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Vi du sau cho ta thay gia thi€t “diém xudt phdt ban ddu z° phdi di gdn nghiém
z* " quan trong dén mic nao.

Vi du 6.8. Giai phuong trinh sau bing thu4t todin Newton

-

e —e
@)= a0
Gidi. Trude hét nhan xét ring f(z) chinh 1A ham tang hyperbolic®, f(z) = thz, nén
nghiém cla phuong trinh nay 14 z* = 0. Bay gid ta s& giai phuong trinh nay theo
thuat todn Newton. Vi

4
!
)= ———
f ( ) (e: + 6_1)2
nén cong thitc cua thuat todn Newton 13
rk _ Dk
Ik+l=xk_ f(Ik) =Ik_ 82 —e 2z
f'(z*) 4 '
/'
$3 1'0:-_;/

Hinh 6.5. Trudmg hop thudt todn Newton khéng héi tu
Xu4t phét tr 2° = 1.0, ta tinh nim di€m ti€p theo,

= 1.0 72 = 0.409402313 ‘= 7.0602x 10°°
z! = —0.813430203 2 = —0.047304915 z° = 1.95 x 10712

Do d6 day z°,- - , z° hoi tu dén nghiém. Tuy nhién, néu xut phdt i z° = 1.1 thi

= 11 2= 1.234131133 ' = 5.715360097
! = —1.128552585 z2 = —1.69516598 3 = —23021.35634
C4c ham hyperbolic:
shz = e e’ chz = e’+e""‘ thz:sh—x e e ccnth::E = €te”

2 ! 2 ch::=e-‘-‘+e—" shr e —e~=
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va cing tinh tiép, c4c di€m lap 1i€p theo cang xa nghiém. Do dé, thuft toin Newton
khong hoi tu. Hinh 6.5 minh hoa d6 thi clta ham f(z) va cdc di€m z°, 21,22 »2
trong truong hgp "x&u” nay.

o Truomg hop t6ng qudt (n > 1) Trude hét, ta nhic 1ai dinh nghia ham véc to.
Ham véc to F la mot 4nh xa

F . R* —R™
hHi(x)
t — F(z) = f2FI) |
fm(2)

trong d6 f, : R® — R, i = 1,--- ,m, la cdc ham thyc n bi€n. Gia thiét ring céc
ham toa d6 f; ¢6 chc dao ham rieng ZX. Khi d6, ma tran

5h L. 24
31‘1 BIA
DF(I) = : - :
Ofm ... Om
8.1‘1 BIR

dugc goi 1a ma trdn Jacobi’ cia F tai z. Nhan xét ring, dong thif ¢ clia ma tran
Jacobi chinh 1a [V f,(z))7.
Bay gidy, 1a xét hé phuong trinh » 4n, n phwong trinh

F(z) =0, (6.7)

trong dé F(z) = (fi(z), fa(z), -+, fa(z))T 12 hAm véc ta (thc m = n).

Gia st z* € R™ 1a nghiém cda he phuong trinh (6.7). Tuong ty truong hgp n = 1,
thuat todn Newton giai hé (6.7) ciing xu4t phat tir mot diém z° € R™ di gdn nghiém
T* va x4y dung mét diy cic diém z!,x2,-- - héi tu dén nghiem z°.

Tai diém z* € R™ thudc day ndy, khai trién Taylor cta F tai z* la

F(x* +p) = F(z*) + DF(z*).p + o(ilp{}),

trong dé véc to p € R™ ¢6 ||p|| &0 nhd, DF(z*) 12 ma tran Jacobian clia F tai dim
z* € R™ va o(||p||) 1a vo ciing bé so véi |p|| khi p — 0. Khi 46, x4p xi Taylor bac
nh4t ham F 1ai z* 1a

F(z* + p) = F(z*) + DF(z%)p.

"Carl Gustav Jacob JACOBI (1804-1851); Ong bio vé thanh cong ludn 4a (ién sT nam 21 méi. Nam 24 wéi,
6ng d3 dvoe coi 13 nhi tosn hoc Y hai ctia Dnie (sau Gawss). Ong dura ra kh4i niém ma tran Jacobi nam 1829,



Chuong 6. Quy hoach phi tuyén 241

Gia slt ma tran Jacobi DF(z*) khong suy bién. Gidi he phuong trinh

F(z*)+ DF(z*)p =0
ta dugc véc to

p = —[DF(z*)] 7' F(z*)
va di€m lip tiép theo 1A

ot = ¥ + p = 2F — [DF(z%)| 7 F (o).

Pat z* ;= 2**! va lap lai qué trinh tinh todn d6i véi diém 2* méi...
Chi y 6.3. Dé giai dugc hé phuong trinh (6.7) theo thuat todn Newton thi phai xyat
phét tir mot diém z° dit gin nghiém cha he va gia thiét: “ma trdn Jacobi DF(z*)

khong suy bién tai moi budc ldp k" phai dugce thoa man. Néu khong, thuat todn s
khong thuc hién dugc.

b. Phuong phip Newton thuéan tiy (pure Newton) giai bai todn téi vu khong
rang bugc

Xét bai todn t6i tu khéng rang bude
min{f(z) | z € R"}, (P*)

trong d6 f 12 him s6 kha vi hai {4n tren R" va V2 f(z) xdc dinh duong véi méi
e R"
Nhu d3 néi, phuong phip Newton thudn tdy chinh 1a {ing dung phuong phdp
Newton c8 dién d€ gidi he n 4n n phuong trinh
T
\Y =
0= (2@, 2. JI

dé tim diém dimg cia ham f tréen R™, Dé thdy, ma tran Jacobi cha anh xa V()
chinh l1a ma tran Hesse V2 f(z) ciia ham f,

DV f(z) = Vf(z).

Tai diém z*, néu ma tran Hesse V2f(z*) khong suy bién thi ta c6 diém ti€p theo
g = - [V (24T ().

Thong thudng, ta viét

kel k
oh*t = gk P,

trong dé véc to p* 12 nghiém cia hé phuong trinh
(V2 f(z")]p = -1 (z¥) (6.8)
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va viéc gidi hé phuong trinh tuyén tinh (6.8) 1a don gidn hon viéc tinh ma tran nghich
ddo cia ma tran Hesse. He¢ phuong trinh (6.8) dugc goi hé phuong trinh Newton va
véc to

Pt = (V2 f(z")] T V5(2")
dugc goi 12 huomg Newton cia ham f tai z*.
Ménh dé 6.6. Néu ma tran Hesse V? f(z*) xdc dinh duong thi huong Newton p*
ctia ham f tai z* ciing la huong gidm ctia ham f tai z*.

Chiing minh. That vay, vi V2 f(x*) x4c dinh duong nén ma tran (V2 f(z*)]™! ciing
Xac dinh duong va

(Vi) 7t = [viEH] 2
= VATV IS <o
Theo Ménh dé 6.1, p* 12 mot hudng gidm coa ham f tai z*. 0

Noi dung Ménh dé 6.6 cho ta bi&t 1§ do clia gia thi€t V2 f(z) xic dinh duong vdi
mbi z € R” cha bai todn (P**) dang xét. Trong thuat todn Newton thudn niy giai
bai todn nay, tai mbi budc lap k, diém z**+! dwac x4c dinh theo cong thic

o= gF 4 pF,

trong d6 p* 12 huéng Newton cla ham f tai z*. Nhu vy, 46 dai buéc ¢, = 1 tai moi
buée 13p k.
Thuat todn 6.3 (Thudt todn Newton thudn tity gidi bai todn (P*))

Budc khdi ddu.  Xuit phat tr mot didm fdy § z° € R™ a0 gin diém dimg z* va
V f(z°) # 0; Chon truéc s € > 0 &l nho. Dat k := 0;

Buér ldp k (k =0,1,2,--+)

(k1) Tinh huéng Newton p* clia ham f tai z* bing viéc giai he phrong trinh tuyén
tinh

[V2f(z")).p* = -V f(z¥).
(k9) X4c dinh z*kt+1 .= z*F + pk vA Vf(:c““)

(k3) If ||V f(z5*1)]| < € Then Dimg thuat toén (Idy didm dimg x* = x*+1)
Else k := k + 1 vA quay lai Buéc lip k.

Chi ¥ 6.4. Di€m xu4t phat z° trong Thu4t todn 6.3 phai ddm bio "dd gén" di€m
ding z° cia ham f (xem Vi du 6.8).
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Dinh Iy 6.7. (Dinh 1§ hoi ta) Gid sik:

i) Ham f khd vi hai ldn trén R™;

iy Ham V2 f(z) 1a lién tuc va Lipschitz trong lan cdn cua diém dieng z* cua ham
f, nic ton tai lan cdn B{z* €) va s6' L > 0 sao cho

(V2 f(z) = V2 f)ll < Lz -yl ¥ z,y € B(z",¢);

iii) Ma trén V2 f(z) xdc dinh duong tai moi x € R,
Khi d6, néu xudt phdt tic mét diém du gdn z* thi ddy {z*} sinh ra boi Thudt todn
Newton thudn tiy hoi tu t6i x* theo t6c dé cdp hai.

Chimg minh. Xem [35}, trang 38 - 39, d
Vi du 6.9. Sir dung thuat todn Newton thuin iy gidi bai todn
min{f(z) =z* -~ 1| z € R}

v6i diém xu4t phéat 2° = 4, Tinh 3 diém tiép theo z',z? va z°. Chimg minh ring,
ddy {z*} sinh bdi thuat todn ndy s& hoi tu dén nghiém cuc tifu clia bai todn dang
Xét.

Gidi. D& thdy bai to4n cé nghiém cue tiéu duy nhat 1A z* = 0. Ta c6 f'(z) = 42° va
f(z) = 1222 > 0 v6i moi z € R\ {0}. Do d6, huéng Newton p* clia ham f tai
mot diém z* ciing 12 hudng gidm clia ham f tai z* va

k f‘[Ik) 1 k

A i R

Gia sir biét z*, theo thuat todn Newton thuin tiy, diém tiép theo z*+! duwoc x4c dinh
boi 1 2

= k k = k. _ gk = 2k

=z +4p z 3.'5 31: .

k
$+1

Xust phét tr z° = 4, ta c6



244 Cdc phuong phdp 161 uu

s Cac vu, nhuoc diém ciia Thuat toan Newton thuin tiy

o Uu diém:
1) Néu ham muc tiéu f 12 ham toan phuong

1
flz) = §xTAm — b’z +c,

trong d6 A 1a ma trdn cdp n X n, d6i xing, x4c dinh duong, khong suy bién, thi
Thuat toin 6.3 cho ta ngay mét nghiém cuc tiéu toan cyc clia bai todn (P*®) chi san
mét vong lip, khong phu thudc va di€ém xudt phit ban ddu. That vay, trong trudng
hop niy ta c6 V2f(z) = A. Theo Nhan xét 6.1, diém cyc tiu toan cuc z° cua f trén
R" 12 nghiém ctia hé phuong trinh Az = b. Do d6 * = A~'b. Bay gio, xuft phit
tir mot diém bat ky z°, theo Thuat todn 6.3 ta dén dugc 2! = 2% — A71( A0 - b) =
A% =17

ii) Neu xust phat tir mot diém z° di gin diém dimg va ma tran V2 f(z*) khong
suy bién 1ai moi budc lap k thi thuat todn hoi tu r4t nhanh (hoi tu cdp hai).

o Nhuoe diém:

i) Tai diém x*, néu ma tran V2f(x*) suy bién thi diém lap tiép theo khong xdc
dinh duge;

ii) Tai di€m z*, néu ma tran V2£(2*) khong suy bién nhung V2 f(z*) khong xdc
dinh duong thi huéng Newton p* twong iing khong phai hudng giam cla ham f tai
z*. Thuat todn c6 thé hoi tu dén diém dimg x* € R™ nhung d6 khong phai 12 diém
cuc tiéu dia phuong;

ii1) Tinh todn va luu trit cdc ma tran cAp n x n rdt t6n kém khi n 16n.

¢. Phuong phiap Newton voi budce diéu chinh hay phuong phap Newton suy
rong

Trong thuat todn Newton thudn tiy (Thuat toin 6.3), viéc phai dam bao yéu cdu
xuét phit tir mét diém z° @i gin diém dimg z* gy khé khian cho viéc thuc hién
thuat todn. Khéc phuc han ch€ nay, phuong phdp Newton suy rong cho phép xuat
phét tir mot di€ém tuy ¥ 2° € R™. Tai méi Budc lap k, diém z**! dugc x4c dinh b

o = F - td”,
trong dé d* van 1a huéng Newton ciia ham f tai z¥, titc &* = —[V2f(z¥)] 7'V f(z)
va d6 dai budc t; duoc tinh theo thil tuc quay lui.

Thuét todn 6.4 (Phuong phdp Newton véi budc diéu chinh hay phuong phdp Newton
suy rong)

Buoc khdi ddu. Xudt phat tir mot diém z° € R™ c6 V f(z%) # 0; Chon trusc s6
£ > 0 danhd. Dat k := 0;
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Buwoc ldp k (k=0,1,2--+)
(k1) Tinh huéng Newton d* bing viéc gidi hé phuong trinh tuyén tinh
[V2f(z")]d" = =V f(z*).

(k2) Tinh 2%+ := z* + t,d* theo thi tuc quay lui; Tinh V f(z*+!).
(kz) If ||V f(z**')|| < € Then Dimg thuat toan (ldy z* ~ z*+!)
Else gin k := k + 1 va quay vé Budc lap k.

Dinh 1y 6.8. (Dinh Iy hoi t) Gid si ham f(z) khd vi hai ldn trén R™ va f la ham
16i manh voi hé s6'16i manh m > 0 trén tdp mic duo

L(f(2"),f) = {z € R* | f(2) < (=)},

e 10 véi moi T,y € L(f(a:o),f), X € (0,1), ta cd

FO@ + (1= 00) S A(@) + (1= V@) — 3mM1 - Ny — 2]

trong d6 z° la diém xudt phdt ciia ddy {z*} sinh boi Thugdt todn Newton suy rong
(Thudt todn 6.4). Goi z* la diém cuc tidu duy nhdt cia f va gid st rang V*f(z) lién
tuc Lipschitz trén L(f(xo), f) Vot hdng s6 Lipschitz L > 0. Khi dé:

i) Tén tai k sao cho véi moi £ > k ta c6
m?
L y
ii) Day {f(z%)} hoi tu dén f(z*) vai toc db bdc hai.

Chimg minh. Xem [35], trang 42-43. U

IVF(zD)| <m véi m <

d. Phuong phap twra Newton (Quasi Newton Methods)

Xét bai todn (PF™) v6i gia thi€t ham muc tiéu f kha vi hai 14n trén R™. Theo
phuong phdp Newton, & mdi budc lap k, ta cdn tinh huéng Newton

P = [V (")) TV f(zh).

Day 1 cong viec khé khan vi ta phdi tinh ma tran nghich d3o (V2f(z)]~'. Hon
nita, n€u ma tran V2 f(z*) khéng suy bién nhung khéng x4c dinh duong thi huéng
Newton d* twong ting khong phai huéng gidm clia ham f tai z*. Vi vay phuong phip
Newton it dugc sir dung trong thuc t€ khi n > 1 mic dit phuong phap nay cé téc do
hoi tu bac hai.
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Chi€n luge cla phuong phép tua Newton 1A thay vi huéng Newton 7* tai méi
buréc 13p, ta tinh huéng

d* = —H,\V f(z*),

trong d6 H;, 1a ma tran khong suy bién, d6i xing, x4c dinh duong. Ma tran H,.; s&
duge tinh truy héi theo Hy, V f(z*) va V f(z*¥+!) (xem cong thic (6.9) dudi day).
Ma trdn Hj, cling 12 ma tran d6i xing, xac dinh duong (xem [26), trang 47). Tuy
phuong phap tya Newton cé t6c do hoi tu khong con 13 bac hai nita va phdi thue hién
nhiéu buée 13p hon phuong ph4ap Newton nhung tinh todn tai méi budc lip don gidn
hon. Thuat to4n 6.5 mang tén Davidon-Fletcher-Powell® trinh biy sau day la mot
thuat to4n tiéu biéu cho phwong phdp ndy, ¢ t6c do hoi tu trén tuyén tinh.

Thuat toan 6.5 (Thuat toin D.F.P)
Buoc khdi ddu.

- Xu4t phat @y ¥ t¥ mot diém z' € R™ c6 Vf(z!) # 0.

- Chon tuy ¥ ma tran d6i xtng xdc dinh duong H, (Thuong chon H, 1a ma tran
don vi I).

- Datk:=1.
Buoc lgp k (k = 1,2,...)
(k1) Pat d* := —H,Vf(z*);
(k2) Tinh £ := argmin{yp(t) = f(z* + 1d*), t > 0}.
(k3) Tinh z5+1 .= 2% + i d*;  o* = 2% = 2F va U f(zFH).

(ks) I |V f(z*+!))| = 0 Then Dimg thugt todn  (Idy z* ~ z*+1)
Else Chuyén budc (ks);

(ks) Tinh u* := Vf(2%+1) - Vf(z¥) va

k(vk)T _ (Hkuk)(Hkuk)T.

v
Hi g =
ket o= He + (uk, v*) (uk, Heu*)

(6.9)

(ke) Dat k := k + 1 va quay vé& Buée 13p k.

*Thuat tosn nay do Davidon 8¢ xut ddu tien vio nam 1959, san d6 duoc Fletcher va Powell phét trién (1963).
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Nhic lai ring, v* € R" 1a véc to cot. Do d6 v*(v*)T 1a ma tran cdp n X n. Cu thé

kok .k k ko k

! o e i S A

Uy ok K _ | P2Y0 Vaty Vv,
(Ul U2 e ’UTI) - M

k k. ok ko k ko k

vn vnvl vn"‘2 z"nvn.

Tuong t, (Hyu*)(H,u*)T 12 ma tran cfp n x n.

Vi du 6.10. Giai lai bai toan d3 xét & Vi du 6.6, min{f(z) | z € R?*}, trong d6
f(z) = 32T Az - bTz va

10 0 -1
A=105 0 va b=1|-1].
0 0 25 -1

Ta c6 Vf(r) = Az — b va két qui gidi bai todn ndy theo Thuat todn 6.5 nhy sau.

|

Buoc ldp k =1

0 1 1
(o) w<>() H(
0 1 0

d'=-—HVfiz)=] -1 | ¢ =0.006774

o~ o
-0 O

—0.096774
=z +t,d = | -0.096774
—0.096774

—0.096774 0.903226
=1 -zl =] -0.09677 Vi) = 0.516129
"\ —0.096774 —1.419355
—0.096774
u' = Vf(z?) - V(=) = | —0.483871
—2.419355

1.030722  0.024578 —0.006144
0.024578  0.993856 —0.159754
—-0.006144 —0.159754  0.072197

H,

Butc ldp k = 2
~0.952381

d? = -H,Vf(z®)= | -0.761905

0.190476
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—0.040467
t; = 0.323077 ¥ =2% +t,d® = | —0.342928

—0.035236
—0.307692
V=1 -r?=| -0.246154

0.061538
0.595533 —0.307692
Vi(z®) = —0.714640 u? = Vf(z®) - Vf(2?) = | —1.230769
0.119107 1.538462
1.131584 —0.071580  0.009053
Hy={ —0.040811  0.209795 —0.000326
0.193668  0.153520  0.001549
Buoc ldp k=3
—0.726129
d® = —H V f(z?) = 0.174271
—0.005809
—1.000000
ts = 0.820149 =¥ 4+ 1:d° = | —0.200000
—0.040000

Vi Vf(z%) = (0, 0, 0)” nén dimg thuat todn. Ta nhan dugc nghiém
* =(~1, 0.2, —0.04)T

diing nhir mong muédn (xem Vi du 6.6).

6.1.5 Cuyc tiéu ham mot bién

Trong nhiéu bude tinh todn cha bai todn quy hoach nhiéu bién, ta thudng phai tim
cyc tiéu cia ham theo mot huéng ndo d6, tifc tim cuc tiéu ham s6 mot bién. Muc
ndy trinh bay hai phuong phép don giin d€ gidi bai tosn

min f(z) vdk z € [e,b] CR, (P™)

trong 46 f : [a, ] — R 12 ham don mot (unimodal function) va gia sk bai todn (P*)
c6 nghiem cye tidu z* € (a,d).

Pinh nghia. Ta néi mot ham s6 thuc f xéc dinh trén doan [a,b] C R 1a ham don
mot néu;
i) Ham f dat cyc tiéu tai z* € (a,b)
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ii) Trong khoang (a,b), ham f(z) hoi w gidm ddn dén f(z™) khi z hoi tu don
diéu dén z*.

Dé thdy ham 16i 12 hAm don mét. Nhung ham don m6t ¢6 thé khong phii ham
16i, khong phdi him 16m. Xem minh hoa & Hinh 6.6.

Hinh 6.6. M¢: s6 ddng diéu cia 46 thi ham don méi

Mot tinh chét quan trong cla hdm don mét trén doan [a, b] 14: Gid s nghiém cuc
tiéu =* thuéc khodng (a,b) va a < ' < 22 < b. Khi d6:
i) Néu f(z') < f(z?) thi z° € [a,27;
ii) Néu f(z) > f(z?) thi z° € (z',b).
Xem minh hoa & Hinh 6.7.

Hinh 6.7

M6t khodng chita nghiém cyc tiéu z* duoce goi 1a khodng bdt dinh (uncertainty).
Ky hiéu gi4 tri t6i vu cla bai todn cdn gidi 13 f,. Ta c6 f. = f(z*). Hai phuong
phép trinh biy sau day ciing nhu hdu hét cdc phueong phédp khic d€ tim cuc tiéu cha
ham mot bién cé tinh chit cua ham don mét déu dura trén ¥ tudng thu hep ddn mién
chira nghiém.

a. Phuong phap chia déi
Thuat todn 6.6 (Thudt todn chia doi)
Bugc khéi ddu. Lay € > 0 dunhd; Pata! :=a; b ;= b k:=1;
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Buoclipk (k=1,2,---)
(k1) Dat

o at+b*

= :

N ™

(cé a* < 7% < y* < %)
(k2) Tinh zy = f(zk); 2y = f(yk);
(k3) If z; < z; Then Chuyén (k;) Else Chuyén (ks);

(kq) (C6 z* € [a*, ¥*))
If y* — a* < ¢ Then Dimg thuat toén (/dy z° == z* va f. := z)
Else Dat oa*! 1= a*; 3*+' := %, k= k + 1; Chuyén vé Buéc lap k;

(ks) (C6 z* € [z, b%])
If b* — ¥ < ¢ Then Ding thuat todn (Idy z* := y* ve f. := zo)
Else Dat o' := z¥; b*+! .= b*; k := k + 1; Chuyén vé Buéc ap k;

Nhén xét: Sau méi bude [ap, khodng chita nghiém gidm x4p xi moét nira so vdi budc
trude nd.

b. Phuong phép lat cdt vang

Phuong phdp ndy st dung tinh chat clia day s6 Fibonacci {F,}. Nhic lai, ddy
(F.}ladiyss: 1, 1,2, 3. 5 8 13,---, tic Ia:

Fl = FQ = l;

F.=F,_ \+F,3v8n= 3,4,‘-'

(Mbi s6 hang, ké tit s6 hang thif ba, bing téng cla hai s6 hang ding-ngay trudc
nd)

Diy s6 Fibonacci ® {F,,} ¢6 tinh chit dic biet dang chi ¢ 1a: ¢y 6 gitta hai 56’
ké 1iép nhau cua ddy s& nay tién 101 ty 56 vang

1i Fn—l_\/g_l
e F. 2

*Leonardo FTBONACCI (1180-1250): Nha 104n hoc ngui ltaly. Tén that cia ong (3 Leonarda De Pisa. ¢4
nghia 12 Leonard & thAnh Pise. Fiboracci 12 ngudi ¢6 cong trong viéc trayén b& nhimg tfnh wu viét cha todn hoe
A 14p vio chau Au thoi Phuc himg. Dy sé mang ten ag dugc ong dua ra nam 1202, bét ngudn o bai todn “thé
dé" nhu sau; Xudc phit 1y mot c3p thd. Hoi san mot s6 thdng ta c6 bac nhisu cip thd bi&t ring méi cdp thd, mébi
thing 8¢ ra mot c3p VA cip méi ndy sau 2 thang lai bit ddu d&.
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Thuat todn 14t cit vang giai bai todn (P'®) dugc mé ti nhu sau:
Thuat toan 6.7 ( Thudt todn ldt cat vang)
Buoc khdi ddu. Ly € > 0 di nhd; Datal :=q; bl :=b, k:=1va

V-1

o= ;
2

Buoclap k (k=1,2,--+)
(k1) Chia [a*, b*] bdi cic diém chia z*, y*, trong d6
% = a* + (1 - a)(b* — a*);

¥* = a* + a(b* — a¥).
(k2) Tinh z1 := f(z“‘); 2= f(y*),
(ka) If z; < zy Then Chuyén Budc &, Else Chuyén Budc s;

(k) (C6 z* € [a*, y¥))
If y* — a* < £ Then Dimg thuat todn (Idy z* := z* va f, = 2))
Else Dat a*+! ;= o*; b*+! = ¢*; k:= k + 1; Chuyén vé Budc lap k;

(ks) (C6 z* € [z*,b%])

If b* — z* < € Then Dimg thuat todn (Idy z* := y* va f. := z,)
Else Dat g*+! := z*; b**1 .= b*; k.= k + 1; Chuyén vé Budc lap k;

Nhan xét 6.4. i) Trong ca hai trudng hap, ta déu ¢é
bk+1 . ak+1 — Q(bk _ ak).

ii) Mot trong hai diém chia & buéc sau tring v6i di€m chia & bude truée. Do dé
thuat toan nay cho phép giam s6 phép tinh.

Vi du 6.11. Tim min{f(z) = z*+ 2z + 2| z € [-5, 3]} véi ¢ = 0.001.
Két qua giai bai todn nay theo Thuat todn 6.7 v4i € = 0.001 dugc trinh bay &

Bang 6.1. Thuat toin dimg & Budc 1ap 19 va ta 18y nghiém t6i wu z* = 1.000163 va
gia tr1 t31 wu f, = 1.000000027.
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Bing 6.1
Bude k ak b* zx T
i -5.00000 3.00000 -1.944272 -0.055728
2 -5.00000 -0.055728 -3.111456 -1.944272
3 -3.111456 -0.055728 -1.944272 -1.222912
4 -1.944272 0.055728 -1.222912 -0.777088
5 -1.944272 -0.777088 -1.498447 -1,222912
6 -1.498447 -0.777088 -1.222912 -1.052622
7 -1.222912 -0.777088 -1.052622 -0.947377
8 -1.222912 -0.947377 -1.117667 -1.052622
9 -1.117667 -0.947377 -1.052622 -1.012422
10 -1.052622 -0.947377 -1.012422 -0.987577
11 -1.052622 0.987577 -1.027771 -1.012422
12 -1.027777 -0.987577 -1.012422 -1.002932
13 -1.012422 -0.987577 -1.002932 -0.997067
14 -1.012422 -0.997067 -1.006557 -1.002932
15 -1.006557 -0.997067 -1.002932 -1.000692
16 -1.002932 -0.997067 -1.000692 -0.999308
17 -1.002932 -0.999308 -1.001548 -1.000692
18 -1.001548 -0.999308 -1.000692 -1.000163
19 -1.000692 -0.999308 -1.000163 -0.999836

6.1.6 Phuong phip tim kiém truc tiép

Muc ndy danh d€ trinh bay hai thuat todn gidi bai todn (P*™)
min f(z) vdk ze&R" _

theo phuong phdp tim ki€m truc ti€p 12: Thuat todn ciia Hooke va Jeeves'® va Thuat
todn tim ki€m theo don hinh!! (Sequential simplex search algorithm)

Céc thuat todn ndy duge sir dung dé gidi bai todn (P*™) khi hAm muc titu f(z)
khong kha vi ho#c c6 kha vi nhung viéc 14y cdc dao bam niéng 1A khé khin do f(z)
cfu triic phic tap hoac khi c6 it thong tin vé& f(z).

“Thuat todn nay do Hooke va Jeeves 48 xust nam (961.
Y'NAm 1962, thuat todn ndy duge dua ra bdi Spendly, Hext va Himsworth va duoe Nelder vA Mead cii tién
vao nim 196S.
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a. Thuat todn cia Hooke va Jeeves
ThuAt todn 6.8 ( Thudt todn gidm theo toa dg)

Buic 0. Xuad phét tﬁmot dlém tﬁy )” Il = (31)32).. . ,I")T € R". Chon chc véc
tc
'U'v,—__(o)...’o, ) ,0,...’0)7" ’L.=1)---)n,

trong d6 & > 0 12 s6 cho trude. Chon trude s6 € > 0 di nhd.

Buwoc 1. Dat z'° = ). Trong 3 diém z'° v z'° £ v!, chon mot diém ma tai 46 gi4
tri him muc tiéu bé nhit, ky hiéu diém d6 1a z*. Dé don gian ta viét: Tim

't = argmin{ f(z'), f(z'° +v?), f(z'° — v')} (theo toa d8 thi nhat),

z'7 = argmin{f(z!1), f(z!' + v2), f(z!* — v2)} (theo toa db thit hai);

gl = argmin{f(z'~~1), f(z!»* + v"), f(z'"-1 — v™)} (theo toa db thit n);
Gin y' := z'~;

Buoc 2. If z' = y' Then Chuyén Buée 3 Else Chuyén Buéc 4;

Buoc 3. 1If § < e Then Dimg thi tuc (Idy z° = z')
Else Dat v* = %', i=1,--+,n va quay lai Budc 1;

Buéc 4. Ditz? =z +2(y' - z'); z':= z? va quay lai Budc 1.

Vi du 6.12. Xét bai todn
min{ f(z) = z} + 23 | z € R*}.
Bai todn ndy ¢6 n = 2. Xudt phat tir z' = (1.0, 1.0)7. Lay § = 0.5, ta ¢6
v = (05, 00T, »2=(0, 0.5)T

Chon & = 0.5. Qu4 trinh tinh to4n gidi theo Thuat todn 6.8 nhu sau:
Butc 1. (Idn thit nhdt) Gén z'® = z' = (1.0, 1.0)7; Tinh tryc ti€p ta c6:
f(z') = f(1.0, 1.0) = 2.0;
f(z" +v") = f(1.5, 1.0) = 3.25;
f(z' — ') = £(0.5, 1.0) = 1.25.

Do d6 min{f(z', f(z'® + v!), f(z'e — )} = f(z'* —v') = 1.25. Suy ra
" = (0.5, 1)T.
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o Lip lai vé6i z!t,

f(z) = f(0.5, 1.0) = 1.25;
flz'* + ) = f(0.5, 1.5) = 2.5;
flz" —v?) = f(0.5, 0.5) = 0.5.
Do d6 min{f(z!, f(z!* + %), f(z"' = v?)} = f(z' = v?) = 0.5. Suy ra
!z = (0.5, 0.5)T.
bat y! ;=22 = (0.5, 0.5)7. Viy! # z' nendit
=z 20y — )= (0, O)T; z':=2%
Quay lai Buée 1.
Busc 1 (1dn thit hai)
Génz'e =2' = (0, 0)T; Tacé

min{ f(z', f(z' +v'), f(z’ - ")} = f(z'°) =00

va
gt =gl = (0.0, 0.0)T.
Tié€p tuc
min{f(z", f(z" +v%), f(z" —*)} = f(z") = 0.0
va

2 = 1 = (0.0, 0.0)".
Gén y' = z'2. Vi y! = 2! vd § = ¢ n&n ding thuat todn va coi z' = (0,0)7 Ia
nghiém cuc tiéu dia phuong.
D& thdy ring, trong vi du don gian nay, diém (0, 0)7 chinh la cic tiéu toan cuc
cha ham 16} f(z, z2) = 23 + z3.
b. Thuat toin tim Kiém theo don hinh
Thuit toan 6.9

Buoc 1.
o Tao mot don hinh ¢6 (n + 1) dinh al, .- 2™ e R™.
o Tinh f(z}),i=1,--- ,n+ 1L

Buoc 2. Tinh
o= f(zm) =max{f(a:‘) |i=1, ,n+1}, iy € {1, -- ,n+ 1},
7= (e =min{f(z')|i=1,- ,n+1}, imn € {1, ,n+1}.

Da[ ™aT . — IiM; Imin — Ii"‘.
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Budc 3. (Tiéu chudn t6i uu)
If | f™e* — fmin| < ¢ Then STOP
(x™™ 1a nghiém t6i wu dia phuong va f™" 13 gid tri t6i wu tuong vng)
Else Chuyén Budc 4.

Buoc 4. (Tinh diém trong tam)

n+1

s lf(z‘” q : se s N

' =) —/5——=z' (t6hgplichaz’, i=1,---,n+1)
iX=l: 21:11 |f(Ix)|

mazr marxr
™=, f

min fmin
)

Hinh 6.8
Buoc 5. Chi€u d6i xding 2™ qua 25 dugc
1 1
.’L'R — Imaz + Q(xs o xma.r) (tl:l'C J:S — §Ima:|: + ExR):

bt /R = f(zR). |
Bude 6. If f® < f™ Then Chuyén Budc 7 Else Chuyén Budc 8.
Budc 7. Chigu d6i ximg z° qua ® duge

28 = 25 + 2(z® — 25);  (Xem Hinh 6.8(a))

bt f€ .= f(F).

If ff < f™" Then Dit 2™ := zF (tic thay £ = zF),
dugc don hinh méi (Hinh 6.8(b)) va Quay vé Budc 2
Else Dit z°¥ := z® (tic thay 2™ := z®),
dugc don hinh méi (Hinh 6.9(a)) va Quay vé Budc 2.
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Budc 8. (Pd cé6 fR > fmin)
If fR < f™* Then Pat r'™ := £ (tic thay ™ ;= zF),
dugc don hinh méi vA Quay vé& Buée 2
Else Chuyén Buéc 9.

mar

Hinh 6.9

Buoc 9. (Pd cé R > ™) Tinh

1
X = 1:5”“‘”-!— —z° wva fK .= 5%
2 2
If f¥ < f™* Then Dat '™ := 2K (1 thay 2™ := z¥X),
dugc don hirh méi (Hinh 6.9(b)) va Quay vé Buéc 2
Else Thu hep don hinh theo cong thitc

1 .
™ vie {1, - ,n+1}\ {in}

Ii._l ‘y
o 2

523
Quay lai Buée 2.

Nhan xét 6.5, Trong thuc hanh tinh theo Thuit toidn 6.8 (t.r., Thuat todn 6.9), ta
chon diém xu4t phét z° ngiu nhién (t.ur., chon don hinh xudt phét c6 n+ 1 dinh ngiu
nhien). Véi cic dir litu ddu vao khéc nhav, cé thé din dén cic nghitm 16i wu dia
phuong khéc nhau, Cuéi cing, ta chon nghiém t6t nhit c6 thé.

6.2 Bai toan quy hoach phi tuyén c6 rang buéc

Bai toAn quy hoach phi tuyén cé rang budc tdng quat dugc phat bi€u nhu sau
min{f(z) | ¢ € X}, (P

trong d6 X C R"™ va ham s6 f xdc dinh trén X,
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6.2.1 Diéu kién tdi wu

Trubc hét, ta 1am quen véi khéi nieém nén ti€p xic.

a. Non ti€p xic (Tangent cone)
Pinh nghia. Cho day {z9} C R™ hoi tu dén z° € R™. Ta néi diy {7} hdi tu
dén z° theo huéng v € R™, k¢ hieu 12 {z7} = 20, néu ton tai day s6 duong {t,},
limg_.o t; = 0 sao cho

29 = 20 + tu + o(t,).

N6i cach khdc, {z9} = z° néu tén tai day s6 duong {¢,}, limy . t; = 0 sao cho

z7 — x°

lim

=7,
g~ 1,

Nhan xét 6.6. i) Néu {z7} 5 z° thi {z%} 23 2° v6i moi A > 0 (Bai tap):

ii) Khong phai moi day hoi tu déu hoi tu theo huéng nhung v6i mdi day hoi w
luon ¢é mot day con hoi tu theo mét hudng nao 46;

iii) Hién nhien 12 20 2 2°.

Pinh nghia. Cho X C R™. Tap t4t ca cac huéng v € R" sao cho c6 mét day
{z9} C X hoi tu dén 29 theo huéng v tao thinh mot nén (Bai tap). Ta goi d6 1a nén
tiép xiic v6i X tai 2° € X, ki hitu 1a T(X, 2°), cu thé

T(X,2°) := {v € R | {2} C X sao cho {z7} = z°}.

Nhan xét 6.7. i) N&u 2° € int X thi T(X, z°%) = R™;
i) Neu X C R™ 12 tap 18i déng thi T'(X, z%) = cone{(z — z°) | z € X}.

B4 dé 6.1. Gid sit {29} la mét ddy thusc X C R™ héi tu dén z° € X theo huong v
va f la ham khd vi lién tuc cdp mot trén X. Khi dé

0 _ g f@) - £(z°)
(Vf(I )> v) - tqh—{{il* tq .
Chimg minh. Gia sit {z9} = z°. Theo dinh nghia, t6n tai day s6 duong {¢,},
lim,—... t, = 0, sao cho
q q R
limn
q—00

=
q

Khai trién Taylor chia him f tai 2° (véi ¢ dii 16n) 1a
F(z9) = f(2°) + (V£(z°), 27 — 2°% + o(||z® ~ 2°|)).

Suy ra
£(2%) - §(=) _ (V5("),3" =2 _ olllz* = 2°|)
tq tq td l
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Do d6, khi t, — 07 ta c6

(V%) v = lim LED) =S ()

tQ
" ' 0 | 0 0
4 — q_ e _
i izt =2 olllz? = 2% fla* =2t _
ta—0¥ tq te—0  [jze — 29| tq

b. Diéu kién t6i wu

BPinh 1y 6.9. i) Gid st f khd vi trén mot tap mo chia X, Néu z* € X la nghiém cuc
tiéu dia phuong cua bai todn (P") thi

(Vf(z*),v) =0 Ve e T(X,z°); (6.10)
ii) Nguoc lai, néu x* € X thda man diéu kién
(Vf(z),v) >0 Yo e T(X,z"), (6.11)

thi z* la mét nghiém t61 wu dia phuong chdt cua bai todn (P™).

Chimg minh. i) Xét bt ky v € T(X, z*). Theo dinh nghia, tén tai day {2} C X
va {z9} = 1", Theo B8 dé 6.1, ta c6

(Vf(z"),v) = lim M.

te—0+ tq

Vi z* 12 nghiém cuc tiéu dia phuong nén f(z9) — f(z") > 0 véi ¢ di 16n. Do d6
(Vf(z"),v) 20

ii) Gia thiét phan chimg ring 2" khéng phai nghiém cuc ti€u dia phuong chat cla
bai todn (P™). Khi dé, t6n tai mot diy {29} C X, 27 # z* va {29} — z" sao cho
f(z9) < f(z*). Trich mét day con (néu cdn), ta c6 thé gia sir ring day {z?} hoi tu
dén z* theo mot huéng v € R™. Khi d6, v € T(X,z*). Theo B dé 6.1, ta ¢

q — b 3
=1

q

(Vi(z7),v) =

lim
t,—0+

trdi gia thi€t (6.11). Vay =™ 12 nghiém cuc tiéu dia phuong chat cba bai todn (P7?).
O

Mot diém z* € X théa min
(Vf(z*),v) 20 Yv e T(X,z")

dugc goi 12 mot diém dimg hay diém t6i han cha ham f weén X. Chi y ring diéu
kién (6.10) chi 1a diév kién cdn nhung khong du.
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Vi du 6.13. Xét bai toan min{ f(zy,z2) = &1 — 2} | z} + 23 < 1}.

Tap chip nhan duge cha bai todn 12 hinh tron déng B(0, 1) ¢6 1am O va ban kinh 1.
Tacé Vf(z) = (2x,, —225)7 va VF(z%) = 0 v6i 2° = (0, 0)T. Vi z° € intB(0, 1)
néen T(B(0,1),2°%) = R? va

(Vf(a%),v)=0, ve T(B(o, 1),3:0)»

Tuy nhién z° = (0, 0)7 khéng phai nghiém cuc ti€u dia phuong cba bai todn dang
xét vi f(0,%e) = —¢? < 0 véi mai &.

Heé qua 6.2. Gid s z* € int X va z* 1a diém cuc tiéu dia phuong ctia bai todn (P™).
Khido Vf(z")=0.

Chimg minh. Do z* € intX nén T(X,z") = R". Vi z* 1a diém cuc tiéu dia phuong
nén theo Dinh 1y 6.9,
(Vf(z*),v) >0 Yv e R™.

Suy ra Vf(z*) = 0. 0

Pinh 1y 6.10. Cho f la ham 16t khd vi trén mot tdp mo chia 16p 161 X C R™. Diéu
kién cdn va du d¢ r* € X la diém cuc tiéu todn cuc cia bai todn quy hoach 15
min{f(z) |z € X} la

(Vf(z*),v) >0 Yo e T(X,z"). (6.10")

Chimg minh. Biéu thitc (6.10)' chinh 12 biu thtc (6.10). Do di cé Pinh 1y 6.9,
ta chi cdn chimg minh diéu kién du, titc néu z* € X thoa mian (6.10)' thi né 12
diém cuyc tiéu cha ham f trén X. Gi sl phan chimg ring z° € X thoa min (6.10)’
nhung né khong phai la diém cuc tiéu cha ham f trén X, tic tdn tai T € X sao cho
fZ)< f(z*).Patv=Z—z". ViX1atapléinenz* +tv € X vdimoi 0 <t <1
vav € T(X, z*). Theo He qua 1.4,

(Vf(*),v) < f(z* +v) - f(z") = f(z) - f(z*) <O,
mau thuln véi (6.10). Didu d6 chimg td z* 12 nghiém cuc ti€u cha f tren X. O

Vi du 6.14. Xét bai todn min{f(z;, z2) = 22 + 23 | 22 + 22 < 1}.

Tap ch4p nhan duogc cha bai todn 13 hinh trdn déng B(0,1). Ta c6 Vf(z) =
(2z4, 222)7 va Vf(2%) = 0 v6i 2° = (0, 0)T. DE thdy ma tran Hesse V2f(x) 1a
x4c dinh duong nén hAm muc tiéu f(z) 12 ham 16i chat (Pinh 1y 1.11(i)). Tuong tu
Vi du 6.12, nén ti€p xdc véi B(0, 1) tai z° 1a T(B(0, 1), 2°) = R? va

(Vf(z%),0) =0, ve T(B(O, 1),1-0).

Theo Dinh ly 6.10, z° = (0, 0)7 12 nghiém cuc tiéu cha bai to4n dang xét. Hon nira,
do hiam muc tiéu 12 16i chat nén z° 14 nghiém cuc ti€u duy nh4t (Ménh dé 2.1(ii)).
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Heé qua 6.3. Cho f Ia ham 16i khd vi trén mot tdp mo chiza tdp 18i X C R™. Diém
z° € X I@ diém cuc tiéu toan cuc cia bai todn quy hoagch 18i min{f(z) | z € X}
khi va chi khi

(Vf(z*),z-z") >0 Vr € X. (6.12)
Chiing minh. ~ Suy truc tiép ti Dinh 1y 6.10 v2 Nhan xét 6.7(ii). D
Y nghia hink hoc. Theo He qué 6.3, bai todn quy hoach 16i
min{f(z) | z € X}
nhan diém z" € X (cé Vf(z") # 0) 12 nghiém cue ti€n toan cuc khi va chi khi véc

to —V f(z*) x4c dinh mot siéu phing twa cha tap 16i ch4p nban duge X tai z* (xem
minh hoa & Hinh 6.10).

~Vi(z°

Hinh 6.10. z* € X I nghiém cuc tidu clia quy hoach I8 min{f(z) | z € X}.

Vi du 6.15. Xét bai todn min{f(z) = (z; —4)* + (2, — 6)* | o > 23, x5 < 4}
Diém z° = (2, 4)T c6 phii nghiém cuc ti€u ctia bai todn nay khong? Vi sao?

Gidi. D& thdy f(z) 12 ham 14i va

or=(278) = o= ()

Tap chdp nhan dugc X cua bai todn ndy la tap 16i (phdn gach chéo) va véc to
—Vf(2°) duoc minh hoa & Hinh 6.11. Ta thdy —V f(z°) x4c dinh mot siéu phing
fira véi X 1ai 29 Do d6 z° 12 nghiem cuc tidu cha bai toén dang xét.
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ko
4 o7 =V
0 2l
Hinh 6.11
¢. Dinh ly Karush-Kuhn-Tucker
Xét bai toan quy houch phi tuyén
min f(z) vdk. z€ X, (rh

trong d6 X C R™ {a tap nghiém cua hé

() <0, 1=1,---.m.
h{ry=0. j=1.- .k

VOl fog, i =1.-- mvah, ) =1.--.klacdc ham s6 kha vi bit ky xdc dinh
trén R”, ¢6 the khong 16i. Nhu thudng 1€, méi hé thic g, (x) < 0, i € {1,--- . m}
hodc h, () = 0, jo € {1.--- .k}, duoc goi 1a mot rang budc.

Nhan xét 6.8. 1) Néu ¢, (7). i =1,--- ,mlacic ham I6i va by (r), j=1.-- .k

1a cdc ham afin thi X 14 tap 161, ddng. Néu thém diéu kién f 13 hdm 161 thi bai todn
(PyY) 14 mot quy hoach 16i;

i) Do moi ham afin déu Ja ham 18i nén quy hoach tuyén tinh 1a mot truomg hop
ri¢ng cda quy hoach 16i.

Cho r® € X" 1a mét nghiém chdp nhan duoc cia bai toan ( P7%). Dat
(2% = [ue {1,-+- ,m} | gi(z®) = 0}

I tdp cdc chi s6 ciia cde rang buse g (x) < 0,1 = 1,--- ,m, thoa man chat tai »°,

Ky hi¢u S(x%) 1a tap hop cic véc to v théa mian hé tuyén tinh sau:

(Vh,(r®), 0y =0, j=1.---k
(Vo,(a").v) < 0. i€ I(2).
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Bé dé 6.2. Voi myi 2° € X ta 6 T(X.2") C S(20).

Ching minh.  Cho v € T(X.7"). Theo dinh nghia, tén tai diy {24} C X. ton tai
day s6 duong {t,}, lim,_..t, = 0 sao cho

=yt
hm —— =,
n—x "
ViaPe Xvar?e X nénh, (") =h(r") =0vdimoi)=1. kvag(z9) <D
véimoi s =1.---.m. Vi mae 1 € T tacd g,(x") = 0. Theo B dé 6.1, ta ¢6

} Ay _ ho( 0
(Vh,ir"y.m = lim L (27) ) (7)

1y —04 Ly

=0, V)y=1,-- K

Do dé v € S(r"). hay T(X,2") C S(29). C

binh nghia. Ta néi diéu kién chinh quy (regular condition) duoc théa man tai 2°
néu
T(X. 2% = 5"

Dinh 1y 6.11. ([26) - trang 23) Dicu kién chinh quy dvoc thoa man tai x° néu ¢o
mot trong cdc diéu kién sat:

yCdc ham by, j=1.--- kvag,. i=1,--- .mdéulacdc ham dfin:

W)y Cac ham h,, ) =1, -- klaafin; cdc ham g, § = 1.~ i la o1 va diéu
kien Slater’* sau ddy thda mdn

FJZeR" : g(T) <V v=1 - mvah(x)=0 7j=1--k

i) Cdc vée to Vg, (rO. i € I(Z%) va Chy(x. 7= 1.k la doc lap uyén
tinly,

Diéu kién thi nhat hodc thit hai cua Dinh Iy 6.11 dim bao di¢u kién chinh quy
duoc théa man tai moi diém chip nhan duge cua bai todn dang xét ma khong cin
chi rd diém z¥ nao, con diéu kién thif ba doi hoi phdi bict diém 2°.

Pinh ly 6.12, (Dinh ly Karush-Kuhn-Tucker') Cho c¢de ham f, g;, i = 1,--- . m
va hy. ) =1, Kk la cac ham khd vi lién tuc trén mor 1gp md chua X . Gid su ©”

"Diéu kién niy duac M. Slater dua ra nam 1950.
"'Dinh Iy nay duoe Karush dua ra ddu tién vao nam 1939 ntumg thiéu dién kién khong am cia cdc s6 thue
Aros A Sau do duee Kuhn v Tucker hoan thién nam 1951.
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la diém cyc tiéu dia phuong cia bai todn (PrP) va diéu kién chinh quy duoc théa
madn tai z*. Khi d6 diéu kién KKT (diéu kién (6.13)-(6.15)) sau ding:

)gi(z?)<0,i=1,--- , mvahy(z*)=0,5=1, -,k (6.13)
ii) Ton tai cdc s6' A\, >0, i =1,--- ,mvacdcsé yu;, 3 =1, -+ ,k sao cho
m k
(z*) + Z AVg(z*) + Zp,-th(z') =0 va (6.14)
W) Aigi(z*) =0, Vi=1,--- ,m. (Diéu kién bir) (6.15)

Chimg minh. Gia st z* 1a di€m cyc ti€u dia phirong cha bai todn (P7?) va diéu kién
chinh quy thoa man tai z*. Do z* phdi 12 nghiém ch4p nhan duoe cliia bii todn nén
n6 phii thdéa min (6.13). Theo Dinh 1§ 6.9(1), ta ¢

(Vf(z*),v) >0 VeeT(X,z").
Do T(X,z*) C 5(z*) (B6 dé 6.2) nén moi véc to v € T'(X,z*) déu thda mian

{ (Vh(z*),v) =0, j=1,---,k
(V%(I‘)“U) <0, 1€ I(I').

biat A 1a ma tran cdp (2k + [I(z”)]) x n v6i cdc hang 1a Vh;(z*), j = 1, | k;
—Vh(z*),j=1,--- Jkva —=Vg/(z*), 1 € I(z*), trong d6 |I(z*)| 1a ky hitu s6
phdn ur cta tap I(z*). Vi diéu kien chinh quy théa min tai 2* nén T( X, z*) = S(z*)
va ta c6 thé viét

T(X,z*)={veR"*| Av > 0}.

Theo B8 dé Farkas ta cé
(Vf(z*),v) >0, YoeT(X,z")

khi va chi khi ton tai cdc s6 khong am «; > 0, 3; 2 0,5 = 1,- -k, N
i € I(z"), sao cho

v
=

Vf(a:>—2<aJ B;)Vh;(= Z \Vgi(z

j=1 ief(z*)

Pat \; =0, Vi & I(z") vd —p, = o; — B, ¥j = 1, , k ta dugc biéu thic (6.14)
va (6.15). a

Chd § 6.5. i) Diém z* € R” thba man diéu kién KKT duoc goi 12 mot diém KKT
ciia bai todn (P}%) twong ting;

ii) Néu z” 12 mot nghiém cuc tiéu dia phuong cia bdi todn (P7®) va tai d6 thda
man diéu kién chinh quy thi z* 14 diém KKT, nhung diéu nguoc lai chua chic ding,

263
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Vidu 6.16. Xét bai todn
min —(zf+z2) vdk z; <1
Bai todn nay c6 m = 1, k = 0 vi hdm muc tiéu f(z) = —(z? + 22) 12 hdm 16m

chit. Vi g1 = z; — 1 1a ham afin nén diéu kién chinh quy thda min tai moi diém
ch4p nhan dugce cua bai todn. Ta c6

Vi(z) = (:ZD v Vgi(z) = (é)

Diéu kien KKT tuong ing cuia bii toin ndy la

[ -1 <0
qi{z)=2,-1<0 a -
—211 +/\1 0
Viz)+MVagq(z)=0
S < — 219 =0
/\19](.’5) =0
>0 /\1(1:1 — 1) =0
= LN >0.

Gii hé ndy ta nhan dugc hai diém KKT 12 di€m z' = (0,0)7 ung véi A; = 0 va
diém z? = (1,0)T ¥ng v6i A, = 2. DE thdy z' = (0,0)7 12 nghiém cue dai todn cuc
cuia bi todn dang xét cdn di€m z? = (1,0)7 khoéng phii nghiém cyc ti€u dia phuong
ciing khong phai nghiém cuc dai dia phuong.

¢ Dinh ly Karush- Kuhn-Tucker cho quy hoach I6i
Xét bai todn quy hoach 161

min f(z) vdk. z € X, (F™)

trong d6 :

X={z|g(z)<0,i=1,--- ,m},
va fvdg,i=12+,m,]acdc him 16i, kha vi lien tuc trén moét tap ma chiya X,
Trong bai todn quy hoach I8i, n€u xuit hién rang budc h;(z) = O thi h;(z) phai 1a
ham afin. Hon nifa, vi

hi(z) =0 tuong duong v6i h;{z) <0, —h;(z) <0,
nén ta chi c4n xét rang budc dang bt ding thirc.

Dinh 1y 6.13. (Dinh 1y Karush- Kuhn-Tucker cho quy hoach 16i) Gid si cdc ham f,
gi, i =1,-+- ,m ld cdc ham 16i khd vi trén mot tdp md chita X va diéu kién Slater
dugc thoa man. Khi d6 z* € R™ 1a nghiém cuc tiéu ciia bai todn (P{™) khi va chi
khi x* thda mdn diéu kién KKT (diéu kién (6.16)-(6.18)) sau:



Chuomg 6. Quy hoach phi tuyén 265

)gi(z)<0,i=1,---,m; (6.16)
) Tén rai cdc sé \; >0, i=1,--- ,m sao cho
Vi(z*) + Z AiVgi(z*) =0 va (6.17)
i=1
i) Aigi(z*)=0,Vi=1,--- ,m. (6.18)

Chimg minh, Do di c6 Dinh 1y 6.12 nén ta chi c4n chimg minh diéu kién du, nic
néu z° thda man (6.16) — (6.18) thi z* 1A nghiém cyc tiéu ciba bai todn (PF).
That vay, vi f vi gi, i = 1,--- ,m, la cdc ham 16i nén f + > -, Xigi, V&I X, > 0,
t=1,--- ,m, cling 12 ham 161 (Ménh 48 1.12). T (6.16) suy ra z* € X. Lay b4t
ky z € X. Theo He qua 1.4, ta c6

o=V [V1E) + SoAVaE) | < [f@r 3 Na@)] - [+ e

i=1

~ N
=0 do (6.17) <0do z€X =0 do (6.18)

Do d6
f(z%) < f(=),
ching td z* 12 nghiém cuc tidu cia bai todn (PF™). O

Chii ¢ 6.6. Theo Dinh ly 6.13, viéc giii bai todn quy hoach 16i (P{™*) twong duong
véi viec tim nghiém cua hé KKT (6.16)-(6.18) tuong dng.

Vi du 6.17. Xét bai todn quy hoach 61 todn phuong

min f(z) = %ZZTQI +c'z

véi didu kien Az < b,
trong dé Q 12 ma trin c4p n X n d6i xi¥ng va nira x4c dinh duong, A 1a ma tran cp
mxn,beR™ ¢,z €R™

Theo Dinh 1y 6.13, thay vi giai bai todn ndy, ta ¢6 thé gii he KTT twong ting véi
nd 1a
Az <b

Qr+c+ATA=0
A>0
M(Az —b) =0.



266 Cdc phuong phap 161 uu

Chd ¥ 6.7. Diéu kién chinh quy trong Dinh 1y 6.12 va Dinh 1y 6.13 khéng bé qua
dugc. Néu z° 12 nghiém cuc tiéu dia phuong nhung khong thoa mian diéu kién chinh
quy thi diéu kién KKT chua chic da dugc théa man tai z°,

Vi du 6.18. Xét bai todn'

min z; vdk z}—-z2=0.

Ta c6 hAm muc tigu f(z) =33, m =0, k=1vahi(z) =z} -2 =0. Wi
moi nghiém ch4p nhan dwoc (z;, )7 cia bai todn ndy phai thdéa man z} = z3 nén
z; > 0. Do d6 z° = (0, 0)7 1a nghiém cuc tiéu. Ta c6

Vi(z) = (é) . Vhi(z) = (_Zi) = VF(z°) = (é) Vhy(z®) = (3)

Neu z° thoa man diéu kien KKT thi phai tdn tai s6 p; € R sao cho

Vf(2®) + 1 Vhy(z°) = 0 aic ((1)) = (8)

Mau thudn ndy ching td z° = (0, 0)T khong Ia diém KKT. Ly do 1a véc to
Vhi(z%) = (0, 0)7 khong doc 14p tuyén tinh, titc diéu kién chinh quy bi vi pham
tai z° = (0,0)7.

6.2.2 Phuong phap nhan tir Lagrange
Ham s6

m k
L(I, )‘11 T s/\map'la e )#k) = f(I) + ZAigi(I) +Eﬂ1h](l)‘
i=1

=]

véi cdc s@thuc Ay > 0,--+ , A > 0, iy, -, l, AUOC goi 12 ham Lagrange'® tuang
ing v4i bai todn quy hoach phi tuyén :

min f(z) vdk z€ X, (Pr%)

trongd6 X = {z € R*| gi(z) < 0,4 =1,--- ;m, hj(x) =0, j=1,---,k}. Céc
56 khong am Ay, - , A, VA cdcC S6 py, -+, ui duoc goi 12 cdc nhdn tit Lagrange.

Ky hieu V. L 1a gradient ctia hdm LL theo z. Khi d6, Dinh Iy 6.12 dugc phdt biéu
lai theo ngdn ngit ham Lagrange nhu sau

“theo [34], rang 34,

Josgph Louis LAGRANGE (1736 - L813): Nha ton hoc ngudi Italy g6c Phdp. Ong 12 ngudi sing 1ap ra
Vien Han 14m Turin & Italy. Sau d6, dng duoc vua Phé Friedrich IT vdi d&n 1am vic tai Berlin véi 131 mdi khiem
16n;"Nh2 todn hoc 16n nh4t chan An cdn s6ng bén canh 0ng vua i6n nhat". Nam 1788, 6ng d4 x4y dyng phuong
phap ndy 82 gii bai todn t6i wu véi cic rAng budc déu 1 ddng thifc.
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Dinh 1y 6.14. Cho cdc ham f, ¢;, i = 1,--- ;mva h;, j = 1,--- k la cdac ham
khd vi lién tuc rén R™. Gid s diém x* € R™ la nghiém cuc tiéu dia phuong ciia bai
todn (P7%) va tai dé diéu kién chinh quy dugc théa mdn. Khi dé diéu kién KKT sau
la dung
)g(z*)<0,i=1,---,m va h{z")=0,j=1,-- k;
ii) Ton tai cdc s6' thuc A\ > 0, i = 1,--+ 'mvap; j=1,--- k sao cho
VI]L(J‘.') Al) S A71'“[4“.) e 1’“&:) = 0 va

i) Aigi(z*)=0,1=1,--- ,m.
Chii § 6.8. i) Dé thdy

m k
Vx]L(I')Al) Tty AT"I)I‘Lla T !“k) = Vf(xt) + Z Aivgi(z‘) + Z#JVhJ(I.),

=1 =1
i) Giasua f, g, i=1,--- ,mvah;, =1+ klacdc ham kha vi lién tuc
c4p hai trong lan can cha diém z* v z* 13 mot diém KXT cua bai todn ( P[%). Khi
ds, v6i d € R” ¢ ||d|| di nhd, khai trién Taylor cha hAm Lagrange tai z* 1a

L(z" +d,\ p) = L(z", A, 1) + & V. L(z", A, p) + %dTWus, A p)d
1
=L{z*, A\ n)+ Edfvﬂm(g, A p)d,

trong d6 £ ndm gita z* va z° +d, A = (M1, An) T = (1, )T Nhu da
biét, néu ma tran V2L (2", A, &) nita x4c dinh duong thi V2L(£, ), ») cling nilra x4c
dinh duong va z* 12 mot nghiém cyc tiéu dia phuong chat coa ().

Sau day 1a phét bi€u lai ciia Dinh 1y 6.13 cho quy hoach 16
min {f(z) | g:(z) <0, i=1,--- ,m}. (Pron)

Pinb ly 6.15. Gid st cdc ham f, g;, i = 1,--- ,m la cdc ham 16i khd vi trén mot
tap mo chita X va diéu kién Slater dugc théa man. Khi dé z° € R™ la nghiém cuc
tiéu cua bai todn (P™) khi va chi khi £* thda man diéu kién KKT sau:
1)g:(z°)<0,1=1,--- ,m;
ii) Ton tai cdc s6 thuc A\ > 0,--- , A\, > 0 sao cho

V.L(z* M, Am) =0 va

lll) )\,-g,-(a:') =0, i= 1,---,m.
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268 Cdc phuomg phdp 16i uu

Trong trudng hgp diéu kién chinh quy thda man, theo Dinh 1y 6.14, thuat todn
sau cho phép x4c dinh dugc cdc di€m KKT cha bai todn (P}®).

Thuat tosn 6.10
Bwoc 1. 1.ap ham Lagrange

m k
H‘(:r! ’\1) e )’\muu'l) e Hu'k) = f(I) + Z ’\fgt'(z) + Z#ﬁh.’(z)‘
=1 =1

Buoc 2. Gidi he KTT sau

[ VaL{z, Ay, Amypiay oo o k) = 0
A1 >0, An 20

¢ Mg(z)=0,1=1,---,m (6.19)
g,-(.‘l:) <0,i=1,---,m
hi(z) =0, j=1,--- k.

MBi mot nghiém Z clia hé ndy tuong Ung v6i mot bo tham s6 Ay, - -+, A, B1, -, Bk
12 mot diém KKT cua bai toin dang xét.

Chii y 6.9. i) N&u bai todn (P[®) chi c6 c4c rang bubc ding thic, tic m = 0, thi hé
(6.19) trd thanh hé n + k 4n, n + k phuong trinh sau

k
VoL(z,p1, ) = V(@) + 3 4 Vhi(z) = 0

j=1

h(z)=0,--+ ,he(z) = 0.

(6.20)

Trong trudmg hop nay bai todn (P?) thutmg dugc goi 14 bai todn tron véi rang budc
ddng thic;

ii) Néu k = 0, tifc bai toin chi c6 céc rang buodc bat ddng thic, thi he (6.19) trd
thanh

4

VL{z, A\, Am) = Vf(z) + z’": AiVgi(z)=0

i=1

< Migi(z)=0, Vi=1,---m (6.21)
Al 20)'” ))‘mZO
~ g1(z) €0, ,gm(z) < 0.

Thém vao 46, néu cdc ham f, g;,i = 1,--- ,m 12 16i thi bdi todn (P]®) trd thanh bai
todn quy hoach 14i (Pf™). Khi d6 ngudi ta thudmg goi bai todn ndy 12 bai todn 16i
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vdi rang budc bdt ddng thirc. Trong trudng hop ndy, mdi nghiém z* cda he (6.21)
tuong tng véi mot b A3, - - -, A7, 1a mot nghiém cyc ti€u clia bai todn (Dinh 1y 6.15);

iii) N&u bai todn (P7®) chi c6 mot rang budc m = 1 (hoic k = 1) thi didu kién
chinh quy thda mén véi moi £ ma tai d6 Vg, (z) # 0 (hoic Vhi(z) # 0).

Vi dy 6.09. Xét bai todn
min{f(z) = 23 + 3 + 23 | 2 + 2} + 2% = 4}.

Tap chip nhan duge ctia bai toin ndy 12 mot mit cdu trong R3 nén né 12 t4p
compac. Haim muc tiéu 1a ham lién tuc. Do 46, theo Dinh 1§ Weierstrass (Hé qua 2.1),
bai todn ndy c6 nghiém. Tac6n =3, m =0,k =1, hy(z) =z} + 22+ 22 -4 =0,

32% 213(
Viz)=|323| va Uh(z)=| 2z, | #0 Vz #0.
3z} 223

Vi vy diéu ki¢n chinh quy dugc théa mén ta moi diém chdp nhan dugc cha bai
todn. Qu4 trinh tinh todn gidi bai todn nay theo Thuat todn 6.10 nhu sau:

e Lap ham Lagrange

L(z,i11) = f(z) + phi(z) = 2} + 23 + 23 + pu(z? + 22 + 22 — 4).

o Giai he phuong trinh n + k = 4 4n, 4 phuong trinh

]L:’:, = 3:5% + 2z, =0 (31‘1 + 21 )z =0

V.L{z,p) =0 L;, = 323 + 2mz, = 0 (3z2 + 2i1)z3 =0
< [ 2 A4 =

h](l‘) =0 ]I“.cg = 3.’53 +2u3z3 =0 (31’3 + 2[.L1)I3 =0

B2 +ri=4 1+ 2t 43l =4

Ta xét cdc trudng hgp c6 thé xay ra:
1. Nghiém z = (z,, 23, 23)¥ c6 mot toa A6 khdc 0, hai toa do bing 0. Ching han,

T #0, 29 =13 =0 = z' =2 tuong tng v6i p; = F3.
Nhu vay, trong trudng hop nay ta c6 céc diém KKT sau
(£2,0,0)7, (0,£2,00", wva (0,0,+2)T.

2. Nghiém z = (z,, 23, 73)T c6 hai toa 44 khic 0, mot tga 36 bing 0. Chéng han,
x1 # 0, 2 # 0, zz = 0. T hai phuong trinh ddu suy ra £, =z = —%pl. Két hop
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diéu ndy v6i phuong trinh cuéi, ta cé z,; = z, = £/2 tuong Ung véi 1y = :F%.
Vay, trong trudmg hop ndy, ta c6 cdc diém KKT sau

(v2,v2,0)7, (v2,0,v2)T, (0,V2,V2)T,
(_\/i _\/§a O)T’ (_\/5) 0, -\/§)T, (0, —\/E, -\/E)T.

3. Nghiém z = (21,2, 73)7 c6 ci ba toa do khic 0. Tu ba phuong trinh ddu suy
Ta Ty = Iy = 33 = —5pn1. K&t hop dién nay vdi phuong trinh cudi, ta dwgc
2

Z«'[=12=I3=:|’_‘—‘-—‘,

V3

Truong hop nay c6 hai diém KKT Ia

(i 2 i)T (_i 2 _ 2)T
\/gv ﬁ) \/5 ] 3) 3; 3
tuong ting v6i p = FV3.

Vi tap chdp nhan dugce cia bai todn dang xé€t 12 tAp compac nén ham muc tiéu
f phai dat gid tri cuc tiéu va gi4 tri cuc dai tai cdc diém ndo d6 thude tip cic diém
KKT wvira tinh dugc & trén. Tinh todn tryc tiép va so sdnh gid i cia ham f tai cac
diém ndy ta cé gié tri cuc tién cha f 1a —8 tuong ing véi ba nghiém cuc tiéu cua bai
todn 1

(-2,0,007, (0,-2,0)7, (0,0,-2)T.

Vi du 6.20. Xét bai todn t61 wu cé rang budc
min f(z) vdk. z € D,

trong dé _

D:={zeR*|z}+2i<1}
va ham muyc tieu 16i chat f(z) = 22 + 1122 + 73 + 3(2) + 29 — 2) (nhr ham muc
titu trong Vi du 6.3).

Blitodnmdy c6n =2, m=1, k=0, gi(z) = z} + 23 — 1 < 0. D& thdy f(z)
v gi(z) déu ]a ham 16i va diéu kién Slater dugc thda man, tic tén tai T € D c6
¢1(Z) < 0. Do dé, diéu kién chinh qui dugc thda min tai moi di€ém ch4p nhan dugc
cha bai todn. Bai to4dn nay 13 mot bai todn quy hoach 16i. Theo Ménh dé 2.1, né c6
duy nh4t nghiem.

o Ham Lagrange trong mg vdi bai todn nay 1a

L(z,\1) = 73 + 122 + 23 + 3(z1 + T2 — 2) + M (2] + 75 — 1).
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Chuong 6. Quy hoach phi tuyén 271
¢ Giai hé¢

(L., =221+ 2+ 3+ 2021 = 0

VIL(JJ,Al):O L;2=$1+2{L‘2+3+2>\1I2=0

Y -
191(:[) 0 A[(T%"‘.’L’g—l)zo
M 20 M >0
nlz) <0 t=

+ri-1<0

(2(1+M)Zy + 22 = =3
Ty +2(14+ M\)zy = -3
& ¢ AT +zi-1)=0
A1 20
4zi-1<0.

Tir hai phuong trinh d4u tién ciia hé nay suy ra z; = z.

Néu Ay = 0thitacéd z; = 2, = —1. Vidiém (=1, —1)T khong phai 1a di€m
chdp nhan dugc cla bai todn dang xét nén két luan ring A; # 0.

Do \; # 0 nén tir phuong trinh thif ba ca hé nay ta c6 z? + 72 = 1. Két hop véi
sukién r; = Zo SUy 1a Iy = Iy = :I:%ﬁ.

o Néuzy =1 = 32@ thi \; < 0. Diéu kién A; > 0 khong dugc thdoa man nén
loai truong hop nay.

o Neuzy =23 = — thi A > 0. Vay z* = (—4, —¥2)7 1a diém KKT ciia
bai todn nay. Vi day la bai todn quy hoach 16i nén z” ciing 12 nghiém cuc tiéu
toan cuc (Dinh ly 6.15).

Nhan xét 6.9. Qua Vidu 6.3 va 6.21 ta thay ring véi cing ham muc tiéu f(z) nhing
nghiém cuc ti€u cha bai todn 16} vu khéng rang budc va bii todn tdi wu c6 rang buoe
kh4c nhau.

Vi du 6.21. Xét bii todn
: 1, 1,
min f(z) = 3TL ¥ 52 vdk. z €D,

trongd6 D:={r € R*| —z; + 2, < 1, 2y + 225 > 2, 7; < 3}.

Day 1a bai todn quy hoach 16i véi ham muc titu 16i chat nén né cé mot nghiem
cuc tiéu (ciing 12 diém KKT) duy nh4t. Trong bai todnnay,n =2, m =3, g1(z) =
T+ 22— 1<0; go{z) = -2y~ 22,4+ 2<0; ga(z) =1, -3<0.
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272 Cdc phuong phdp 16i 1
e Lap ham Lagrange
1 1
L(I, /\1, )\2, )\3) = '2':17% + —.’E% +A1(—Il + T — 1) + A2(_I1 - 2:52 + 2) + /\3(I1 - 3)

2
o Hé¢ KKT tuong iing véi bai todn nay la

(L., =a1— A — X2+ X =0

L, =23+ A\ -2 =0
VIL(I,A‘I‘AZ,A:‘) -0 )\1(—.’[1 +I‘2 bl ].) = 0
W\T) = L, = 1,4
9 ’ o M(zi—3)=0  (6.22)
A20, A 20, X320 j
i\ ) =1,
g - : -1 +13—-1<0
—131*21324-230

II“BSOA

Ta xét céc trudng hop cé thé xay ra
1. Néu Ay, = Ay = A3 = 0 thi tir hai phuong trinh d4u ta c¢6 z; = z; = 0. Kht d6,
phuong trinh thit tdm bj vi pham = Loai tnromg hop nay.

2. C6 XA #0, A\a = Az = 0. Khi d6, he (6.22) trd thanh

( 131_>U=0
1‘2+/\1=0
—r1+1—1=0

ﬁ A >0

—:1,'1+$2—150
—I1—212+2S0
1 —3<0.

Suyrazy, = —x; = A, cu thé 22 = 0.5, 71 = —0.53 vd A} = —0.5 < 0. Do d6 loai
trudng hop ndy.

3. G661 =0, A2 # 0, A3 = 0. Khi d6, he (6.22) tr& thanh

21—/\2=0
1‘2—2/\2=0

-1 —229+2=0
/\2)0

™,

—Il+IQ—'1$0
—1?1—2I2+230
L I1—3S0.
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DE thdy, 3 = 2ry va 11 = 2, 2, = £, )y = 2 > 0. Cic bst phuong trinh va

phuong trinh cla he (6.22) déu thda mén vé6i z = (2, 2)T. Ta nh4n duoc diém KKT

50 %
zt = (%, % T, Vay, z* ciing 12 nghiém cuc ti€u duy nhat cla bai todn.

6.2.3 Phuong phip tuyén tinh héa giai quy hoach 16i
Xét bai todn quy hoach 161
min f(z) vdk z€ X, (Pf™)
trong 46 X = {z € R | gi(z) < 0,2 = 1,--- ,m} 1a tap 16i compac va f,g,,
t=1,---,m la cdc ham 16i kha vi trén R™.
Bing viéc thém bi€n méi ¢ va rang bubc ¢ > f(z), c6 thé chimg minh ring (Bai
tap) bai todn ( Pf°") tuong duong véi bai todn sau

min ¢
vdk. gi(z) <0, i=1,---,m
gm+l($) S O)

trong d6 gm+1(z) = f(z) — t. Vi vay, ta chi cdn xét bai todn c6 dang
min (c,z) vdk z € X, (P5o™)

trong d6 X = {z € R" | ¢gi(z) < 0, i = 1,---,m} 1a tap 18i compac, g,
t=1,---,m, 1a cdc ham 161 kha vi trén R" vd c € R"™.

Y tudng cua phuong phdp x4p xi tuyén tinh 13 dua viéc gidi bai todn quy hoach
161 (P5°™) vé viéc gidi mot day céc bai todn quy hoach tuyén tinh

min{(c,z) | z € Xy},
vé Xy, k=1,2,3,---, Id c4c da dién 161 thda man

X;DXzD---DX,
ma diy nghiém t6i wu {z*} tuong (ing cita chiing hgi tu d€n nghiém cha bai todn
nayéau day 12 thuat todn x4p xi tuyén tinh gidi bli todn (P5;™) do Keylley dé xu4t
nam 1960:
ThuAt toan 6.11

Buoc chudn bi Xay ding da dién ban ddu X sao cho X; D X. (Cdch xdy dung
X, sé duoc trinh bay ngay sau khi mo td thudt todn) Dt k := 1.
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Buoc lap k, (k=1,2---)
(k1) Giai quy hoach tuyén tinh min{(c, z)|z € X;} duoc nghiém t6i wu z*.

(ko) If g,(z*) <0 Vi=1,--. ,m Then Dimg thuit todn
(Idy =* la nghiém 16i wu cia (P§o™))
Else (35 € {1,--- ,m}: gj(z") > 0) Chuyén Budc ks;

(k3) Xéac dinh g, (z*) = max{g.(z*) | 1 </ < m} va dat
Xinr = Xe 0 {z ]| (Vg (z5),z —~ 2*) + g, (z%) <O}

bat k := k 4 1 va quay lai Budc Jap k.

Luu y ring, tai Budc (ks) cua thuét todn trén:
i) Ta luén c6 Vg, (z*) # 0 vi néu nguge lai thi do g, 12 ham 16i nén theo He
qud 1.4 ta cé
g (2) > g0, (2%) + <Vg‘-,c(x'°),:c - x“> >0 Vr

va diéu ndy c6 nghia la tap ch4p nhan duge X cla bai todn dang xét bing rdng;
i) Sieu phing
{z € R | (Vgi(z*), 2 — z*) + g, (z*) = 0}
d€ xay dung da dién X, dugc goi 12 siéu phdng cdt. Day chinh 1a siéu phing tich
tap 16i déng X va diém z* ¢ X,
Sau day ta s€ trinh bay c¢4dch xay dung da dién 16i xuat phat X; D X.
Cho truéc diém Z € R™. Vi mdi ham g;, i € {1,--- ,m}, 12 hdm 16i kha vi nén
ta c6 (Hé qua 1.4)
(Vgi(Z),z — Z) < gi(z) — ¢:(T) Vz € R
Dit
hi(z) = (Vau(3),z - 1) + 9:(2).
R& rang, véi mdi ¢ € {1,--,m} ta cé hi(<) 12 ham afin thda min
hi(z) < gi(z) Vz e R”
h(z) = g:(Z)-

Pat X = {z € R" | h(z) <0, i = 1,--- ,m}. D& thdy X 13 14p 16i da dién va
X C X (Bai tap).
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Vé nguyén tic, ta c6 thé My p (p > 1) diém z',.-- , 2" € R” sao cho
X, ={z€R" | hy(z) 0, é=1,---,m; 5=1,---,p},
1a mot da dién 16i chita X, trong dé
h(z) = (Vgi(2),z — 27) + g:(F).

Vi du 6.22. Xét bai toan
min z; vdk. z € D,

trong d6 D := {z € R? | (z;, — 1)? + 22 < 4; 2} + 23 < 4}
Bii todn cé6 n =2, m = 2,

g(r)= (21— 1)?+12}-4<0, gfz)=1i+2;-4<0,
2 1T T

Vo = (") vaw - (50).

& Budc chudn bi (Xdy dung da dién xudt phdt Dy): Chon ba diém
z'=(0, )T, 2*=(0, -1)T va 3 =(2, 0)T.
o V& 7! = (0, 1)T:

Vo) = (7)) V@)= (3)i ale) =2 m@) -3

hu(z) = (Vai(@'),z - 2') + g1(3") = ~221 + 222 — 4 < O
ha(z) = (Vgo(z'),2 — ') + g2(3') = 2z — 5 < 0.

o Véi 22 = (0, —-1)T:

Vg (z?) = (:Z) , V(%) = (_(2)) ; gl-(i’) = -2 gz’ =-3

hia(z) = (Vg (z?),z — %) + g(TY) = =2z, — 21, — 4 < 0;
hQQ(I) = (VQQ(J_DQ),I - 1_?2> + 92(52) = '-2132 -5 S_ 0.

o V& 72 = (2, 0)T:

V(&) = (?)) , Vg = (;); q1(3%) = =3; g(z%) =0.
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h13(.’5) = (Vgl(a_::"),:z - 573> + gl(ia) = 21‘1 -7 S 0;
hgg(l‘) = <V92(.’i'3>,2 - .’2'3> + 92(573) =4z, — 8 <0.

Ta duge tap da dien Dy O D xdc dinh boi
Dy :={z € R? | hy(z) <0, i=1,2, =1,2,3}.
DE thdy rang budc hgy = 4z, — 8 < 0 14 thira. Vi vay ta c6é
Di={z€R?| -z +1,<2; 1o<25, ~1;, —22<2; 73> —25 <2}

(xem Minh hoa & Hinh 6.12). Dat &k := 1 va sang Buéc 13p & = 1;

T2 —z+ 29 =2

/ /I2=2.5

7 .
'éf// 2 /3 z,
g T, =2
f Iy = -2.5
—T1 — Iy = 2
Hinh 6.12

e Buoc ldp 1.
Budc 1y. Giai quy hoach tuyén tinh min{ f(z) = z; | z € D;} dugc nghiém t6i
w7t = (=2, 0)7.

Budc 15. Vi gi(z') = 5 > 0 nén chuyén Buée 13;
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Buoc 13. Tacé gi(z!) =5 > go(2!) = O nén chon i; = 1 va dat
Dy:=DiN{z eR*| (Vgi(z'),z — z') + gi(z!) <0}
7
=Dlﬁ{$ER2lll > —E}

bat k ;= k+ 1 = 2 v chuyén sang Buée 13p k = 2;

e Buoc ldp 2.

Buoc 2. Gidi quy hoach tuyén tinh min{f(z) = z, | ¢ € D,} duge tap
nghiém t6i wu 14 doan [(—%, 9T, (—%, —%)T]. Ta 14y mot nghiém t6i wu dai dién
az? = (-, o).

Buoc 25. Vi g1(2*) = £ > 0 nén chuyén Bude 23;

Bubc 23. V1 g1(z2) = 2 > go(2?) = —% nén chon i; = 1 va dit

Dy := Dy N {z € R?*| (Vgi(e?),z - 2%) + g1 (3?) < 0}
157

= 2z > ——)
Dgﬂ{IER |$]___ 156

Dit k := k + 1 = 3 va chuyén sang Buéc lap k£ = 3.

e Buoc ldp 3.

Buoc 3,. Gidi quy hoach tuyén tinh min{f(z) = z, | £ € Dj} va ldy mot
nghiém 16i wu dai dién 12 2° = (-2 0)T.

Budc 35. Vi g1(z®) = 0.025682 > 0 nén chuyén Budc 23;

Buic 33. Vi g1{z3) == 0.025682 > go(x*) ~ —2.98714 nén chon i3 = 1 vA A4t

Dy:=Dyn{z € R?| <V91($3)a33 —z*) + gy (z*) < 0}
= D3N {z € R?| z; > —0.9978886}.

Dit k := k + 1 = 4 va chuyén sang Buée 1p k = 4.

e Buodc ldp 4. . '

Budc 4,. Gidi quy hoach tuyén tinh min{f(z) = z; | £ € Da} va 4y mét
nghiém t6i wu dai dién 13 z* = (—0.9978886, 0)”.

Budc 4z. Vi gi(x%) = 0.008441142 = 0 va go(z*) ~ —3.0042183 < 0 nén Dimg
thuat todn va 14y nghiem x4p xi 12 z* = (—0.9978886, 0)7.

Bing biéu di&n hinh hoc, dé thdy ring nghiém t6i wu cha bai todn ny 1A (—1,0)7.

Pinh 1y 6.16. (Dinh )y hai tu) ([26], trang 53) Gid si rdng g1, - - , gm ld cdc ham
161 khd vi va tdp chdp nhdn dwoc X cua bai todn (P5™) la tdp compac. Khi dé,
ddy {z*} sinh ra bdi Thudt todn 6.11 c6 mot ddy con hgi tu dén nghiém cuc tiéu ciia
bai todn.



278 Cdc phuong phdp 167 wu

6.2.4 Phuong phédp hudng c6 thé gidi bai todn cue tiéu ham tron véi rang bude
tuyén tinh

Xét bai toan
min f(z)vdk. z€ X, (P

trong d6 f 1a ham kha vi trén R™ va X C R" 1a t4p 161 da dién khac réng xédc dinh
boi

X:={reR"| Az <b, Exz =e},

vdi A 12 ma tran cfp m X n vd6i cdc hang @' € R?, 4 = 1,--- ,m, E 12 ma trén cdp
Exn beR™viee€ Rk,

Y tudng cha phuong phdp huong c6 thé (Method of feasible direction) do Zou-
tendijk dé xut nam 1960 @€ gidi bai todn ( P®) la: Xu4t phat tit mot diém chdp nhan
duge bat ky z° € X, ta xay dung mot diy diém z', 72 23, - - sao cho:

= gk i d e X V6L £ > 0, f(.rk“) < f(a:k) (6.23)

va day {z*} hoi tu d¢n r* 12 mot diém KKT cla bai toin dang xét. Véc ta d* thoa
man (6.23) 12 mgt hudng gidm chap nhan duge cla bai todn (P5®) va ¢, 1a d6 dai
budc. Do tp chdp nhan duge 12 tdp 16i da dién nén néu ham muc tiéu f(z) 1a ham
16i thi diém z* ndy ciing chinh 12 nghiém cuc tiéu toin cuc clia bai todn dang xét
(Ménh dé 2.1).

a. Cosdly thuyét

Pinh nghia. Cho diém z° € X. Véc ta d € R" duoc goi 1a mot hudng cé thé
(hay hudng chdp nhdn duoc) (feasible direction) cla tap X tai z° néu t6n tai mot
s6 t. > 0 sao cho

P +tde X véimoi tthéamin0<t <t,,
nghia 4 khi di chuyén tir diém z° theo huéng d mot doan dii nhé ta sé khong di ot

ra ngodi mién ch4p nhan dugc X. Ky hieu F(X,z%) 12 tap cic huéng ch4p nhan
dugce clia tap X tai z°.

Nhan xét 6.10, i) Bao déng clia t4p cdc huéng chép nhan duoc cia X tai z° € X
biing nén ti€p xiic véi tap X tai 2, nic
lF(X,z% = T(X,2°%;

ii) Néu X 12 tap 16i thi = — 2° 12 huéng chdp nhan dugc cla tap X tai 2° € X
v6i moi z € X (Bai tap).
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Dinh nghia. Véc to d € R™ duge goi 12 hudng ditng duoc (usable feasible direction)
hoic huong gidm chdp nhdn duge (improving feasible direction) cha bai todn ( Py?)
tai ° n€u né vira 12 huéng gidm cha ham f tai 2°, vira 13 huéng chdp nhan duoe clia
tap X tai 2%, tifc t6n tai mét s6 ¢, > 0 sao cho

2 +td € X va f(2° + td) < f(z°) v6imoi tthdamin0 < ¢t < t..
Cho diém chip nhan duoe z*. Ky hiéu
I(zF) = {7’ e {1,---,m} | (a*,z*) = b,-}.

Meénh dé sau day chi ra difv kién cdn va dd d€ mot véc to d € R™ 1a huéng chap
nhan duoc cua tap X.

M¢nh 4é 6.7. Cho diém z* € X. Khi d6 vec to d la huong chdp nhdn dugc ciia X
tai z* khi va chi khi (a*,d) < 0vdi moii € I(z¥) va Ed = 0.

Chimg minh. (=) Gia slt d € R™ 1A huéng ch4p nhan dugc cha X tai ¥, Theo dinh
nghia, tén tai s6 thuc ¢, > 0 sao cho véi moi t € (0,t,]tacé z* +td € X , tite

(a', 2" + td) = (@', 2") + t{a',d) < b;, Vi=1,--- ,m, (6.24)
va
k — k —
E(z" +td) = é'a,:_,ﬂEd =e. (6.25)

=€

Tir (6.24) suy ra (a*,d) < 0 v6i moi i € I(z¥) vi (a*,z*) = b; véi moi i € I(z*) C
{1,--- ,m} vdt > 0. Con biéu thic Ed = 0 dé& dang nhan duge tir (6.25).
(<) Ngugc lai, gia st (', d) < 0 v6i moi ¢ € I(z*) va Ed = 0. Khi d6 ta c6

E(z* +td) = Ez*+tEd=¢ V teR.

Hon nita,
o V6imdiic I(zX) tacé

(@', z* 4+ td) = (a*,2*) + t(a",d) < (a',2¥) = b;, V£ > 0.
o V6imdii ¢ I(z*) tacé (a',z%) < b, va
(a*, 2% + td) = (a',z*) + t{a',d) < b; + t{a*, d).
Do d6, néu (a*,d) < 0 thi (a*,z* + td) < b; vé moi ¢ > 0. Cdn néu {a*,d) > 0 thi

b, — {a’, =*)

Pk +td ; véimoi t < )
(a*, 2% + td) < b; v6imoi t < @)



280 Cdc phuong phdp 161 uu

Bay gid, dat

bi_ ('l’-, k » .
t.=min{—ﬁ E i I(z*) va <a‘,d>>0}.

Ta c6 z5 + td € X v6i moi t € (0,1,], ching 1 d 12 huéng ch4p nhan duge cha X

tai z*. a

Nhan xét 6.11. Cho diém chip nhan dugec z* € X va véc to d* € R™. Ki hieu
r={ie (1, mpnE) | (o', %) > 0}.

Khi d6 z* + td* € X véi moi ¢ € (0,t,], rong dé

{min{% | ie]“}, néu I* # 0

+ 00, nén I" = {.

t, =

(6.26)

Ménh dé 6.8. Néu véc to d € R™ thoa man
(a',d) <0, Viel(z*); Ed=0

va

(Vf(z*),d) <0
thi d 1a huong gidm chdp nhdn dugc cia bai todn (P5P).
Chitng minh. Suy trrc ti€p tir Ménh dé 6.1 va Ménh dé 6.7. O

Ménh dé 6.9. Diém z* la diém KKT cua bai todn ( Py%) khi va chi khi bai todn quy
hoach tuyén tinh sau c6 gid tri 161 uu bdng 0

min (V f(z*),d), - (6.27)
vdk (o',d) <0, V¥ielI(z")
Ed =0,

-1<d;<1, Vi=1,--- ,n
Chimg minh. Xem (1], trang 411412, A
b. Thuat todn 6.12 (Gidi bai todn ( F3®))

Buoc khdi ddu. Xéc dinh mot dinh z° € X (cé thé ding pha I cia thuat todn don
hinh). Dat & = Q.
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Buocldp k, (k=0,1,2,---)

(k1) Giai quy hoach tuyén tinh (6.27) dugc nghiém t6i wu d*.
If (Vf(z*), d*) = 0 Then Dimg thuat todn (z* Ia diém KKT)
Else Chuyén Buéc (k) ;

(k) Tinh t. theo cong thitc (6.26);

(k3) X4c dinh z*+! := z* + ¢4, trong d6 t) 13 nghiém cha bai todn cuc tiéu ham
mot bién
min { f(z* +td*) | t € [0,1.]};

(k4) Diat k := k + 1 va quay vé Buéc lap k.

Chii ¥ 6.10. Nhu di thdy, Thuat toan 6.12 giai bai todn (P}°) rdt don gian, nhung rat
ti€c, néi chung, tinh hoi tu cha thuat todn khong duge dam bao. Nim 1967, Topkis
va Veinott da cai ti€n né va nhan dugc thuat todn hoi ty gidi bai todn nay (xem [1],
trang 423-432). Muc ti€p theo day s€ trinh bay mot thuat todn hoi tu thudng duge
st dung dé giai bai todn (P}®) trong trudng hop ham muc tiéu £ 13 ham 16i.

6.2.5 Phuong phiap Frank-Wolfe gidi bai toan quy hoach 16i v6i rang budc
tuyén tinh

Xét quy hoach 18i
min f(z) vdk. z€ X, (Ps™)

trong d6 f 1a ham 16i trén R" va X C R™ 12 tap 16i da dién x4c dinh bai
X ={z eR"| Az < b},
v3i A 1a ma trAn cdp m X n-va véc to b € R™,

Muc ndy trinh bay thuat todn Frank va Wolfe dé xu4t nim 1956 dé gidi bai todn
(P§o™) v6i gia thiét ham tuyén tinh (V f(Z), z) bi chin dudi trén X v6i méi £ € R™.
Hién nhién ring néu X 12 da dién thi gid thiét ndy luén dugc théa man.

Cho diém chip nhan dugc z* € X. Vi X 1a da dién 16i nén z — z* 12 huéng chdp
nhan duoe cha X tai ¢ véi moi z € X (Nhan xét 6.10 (ii)). Xét bai todn quy hoach
tuyén tinh

min{{Vf(2*),z — z*) | z € X}.
Gia sit u* € X 1a nghiém t6i wu ctia bdi todn ndy. Khi d6:

o Néu gif tri t6i vu (Vf(z%),u* — 2F) > 0 thi (Vf(z*),z — z*) > 0 véi moi

z € X. Theo He qua 6.3, z°" = z* 12 nghiém cuc tiéu clia bai toin dang xét.
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o Nguoc lai, né gid tri t6i wa (V f(z*), «* — ) < 0 thi u* — 2* 12 mét hudng
giam ch4p nhan dugc cua bai todan (P{™*) (Ménh dé 6.2).

Sau day 1a thuat toan Frank-Wolfe giai bai toin quy hoach 16i (Pyo™)
Thuat toan 6.13. (Thudt todn Frank-Wolfe)
Bucc khdi ddu. Tim mot didm batky z° € X. Dat k :=Q;
Buwoc lap k, (k=0,1,2,---)
(ki) Giai bai todn quy hoach tuyén tinh
min (Vf(z*),z — 2*) vdk z€X

dugc phuong 4n t6i wu u* € X;
(ky) (kiém tra diéu kién t6i vu)

If (Vf(z¥),u* —z*) >0 Then Dimg thuat todn (idy z°* := z*)

Else D3t d* := u* — z* va chuyén Buée (ks);

(ks) Xdc dinh diém z*+! := 2* + t,.d*, rong d6
t = argmin{cp(t) = f(zF +td*) |t € [0, 1]}

(kq) If Vf(z**') ~ 0 Then Ding thuat toan (z% := g*+1)
Else Dat k := k + 1 va quay lai Budc lap k.

Pinh Iy 6.17. Gid sit f la ham 16i chdt trén R™ va X C R" la da dién khdc réng.
Khi dé, xudt phar nr mot diém bat ky 1° € X, ddy {z*} sinh ra boi Thudt todn
Frank-Wolfe c6 tinh chadt: Day { f(z*)} 1a ddy s6 gidm, h6i tu dén gid tri (61 wu fop
cia bai todn (P5*™) va

0 < f(z%) = fop < (Vf(a*), ¥ —u¥) VE.
Chimg minh. Xem [31] (trang 116-117) hoac [36) (trang 356-358) . a

Vidu 6.23. X¢t lai bai todn da xét & Vidu 6.21,

1 1
min f(z) = 53:? + 513 vdk. z€ D,

trongd6 D= {z € R?| —z,+ 22 <, 21+ 215 > 2, 7, < 3}.



Chuonmg 6. Quy hoach phi tuyén

Ta cé
.T] 2 ]. 0 N A
Vi(z) = (Iz) va Vef(z) = (0 1) = f(z) la ham 16i chat.

Xudt phat nir z° = (0, 1)7 vé6i V£(z°) = (0, 1)T. Pat k = 0.
Buoc ldp k = 0.

0.1. Giai bai todn min {(Vf(:co),x) =z, |z € D} duge phuong 4n cuc bién
t6iwu 1a w® = (3, —1)7.

0.2. Vi

2

3
(V£(z%,u° - 2% = (VIO (® - 2% = (0 1) ( 3) ~ 3.4
2

nén z° chua phai nghiém t6i wu.

0.3. Pard® :=+° — z° = (3, —3)7. Ta c6 ¢° 12 huéng gidm chip nhan duge
cta bai todn dang xét tai z°. -

0.4. Tim diém chap nhan dugc z': Ta cé

0 3 3t
:z:o-l-tdo:()-l-t 3| = 3 |
1 —= 1——t
2 2

Xét ham 16i mot bién

3 1 2 ) 3 \2
t) = f{z° + td®) = -t} == ~(1-= i 0<t<l.
p(t) = f{z° + td°) f(3t,1 2t) 2(3t)+2( 2t) vai 0<t<1
Ta cé 45 3
W(t)=zt—-2‘.
Suy ra
2
') =0 & t= .
o' (t) T
Vay

2 1_ o (2 4\T
to—ls vi z =1 +t0d0-(g, g) .

T
ViVf(z!)= (%, g) # (0, 0)T nendat k := k+1 = 1 va chuyén Bu6c lap k = 1

283
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Buoc lgp k= 1.
1.1. Giai 0 s
. 1 _ 4 i
mm{ (Vf(z"),z) = sI1t T ‘ z € D}.
Bai todn nay c6 hai phuong 4n cuc bien toiw 1a (0 , 1)Tva (3 , —3)”. Giasirta
chonu! = (0, 1)7.
1.2. Khi do
2
T 2 4 X
1y .10\ 1 1_ (%2 2 5| —
<Vf(:z),u a:> (Vf(:n )) (u' —z') (5 5) 1 0
)
Vayz =gt = (2, 3T,
(Néu trong Bu6e (.1 tachonv! = (3 , —1)T thi
13
T 2 4 3
1 1 _ .0\ _ 1 1_ . I_ (=2 = 5 —
(Vi ut—a') = (Vi) ' =Y = (5 <) G| =
10
Do d6 ta ciing két luan duge nghiém t6i wu 7t = 2! = (2 , £)T.
6.2.6 Phwrong phiap ham phat
Xét bai toan
min{f(z) | z € D}, (F5%)

trong d6 D Ia tip compac xdc dinh badi
D={zceR"|g(r)<0,i=12,-,m},

fvag :R*"—R,i=1,.--,m,]la cdc hhm kha vi lién tuc.

Y wong co ban cia phuong phap ham phat 1a thay vi giai bai todn t6i ru cé rang
budc (P;?) ta giai mot day bai toin 6i wu khong rang buéc véi ham muc tiéu phu
thudc tham s6 o

min f(z) + ap(z) vdk z €R"

trong 46 p(z) 14 ham phat, sao cho diy nghiém tuong ing cla cdc bai todn khéng
rang buéc nay hoi tu dén nghiém t6i wu cia bii todn (P5Y).

Muc nay trinh bay hai cich ti€p c4n ciia phuong phdp ham phat: Phuong phip
ham phat diém ngoai (Exterior penalty function method) va Phuong phap ham phat
diém trong (Interior penalty function method).
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a. Phuong phip ham phat diém ngoai
Trong phuong phip nay, ham phat p(z) duge dinh nghia boi

p(z) = > ®(gi(z)),

i=1
trong d6 ¢ 1a ham moét bién lién tuc va thda min
d(y) =0néuy <0 va ®(y) >0néuy > 0.

Thong thudng, ham p(z) ¢6 dang

p(z) = ijmax {0, ()} hoze p(z) -5 [rax(0, 5:(2)}]

i=1

Ham muc tiéu ctia dy bi todn t6i uu khong rang budc tuong ting véi bai todn (P5%)
1A
p(z,a) = f(z) + ap(z),
trong d6 day tham s6 {ax} 12 day s6 duong, don diéu tang dén oo.
Dai lugng ax.p(z) 12 luong phat. DE th&y ring khi z 12 phuong 4n ch4p nhan duge
cha bai todn (P§®) thi né khong bj phat (luong phat bing 0), nhung khi z khéng phai
12 phuong 4n ch4p nhan dugc thi né phai chiv mét lwang 13 awp(x).

Vi du 6.24. Xét bai toan min{z | —z+ 5 < 0}.
Bai todn ndy ¢6 f(z) =z, m=1vag(z)= —z+5<0 bat

2

p(z) = [m&X{O, 91(33)}]

() 0 néuzx>5
z) = '
P (-1 +5)2 néuz<5.

Khi 46

Thuét toan 6.14

Buoc chudn bi. Cho 56 £ > 0 db bé (d€ ki€m tra diéu kién dimg cla thu4t todn).
Chon mot diém z' € R™. Chon mot tham 56 phat oy > 0 v mot s6 p > 1. Dat
k=1;

Buoc lap k, (k=1,2,---)

Buoc ky. Xuft phét tir ¥, gidi bi todn t6i v khong rang budc

min ¢(z,qx) v.dk z €R".
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Goi nghiém cia bai todn nay 1a z*+1,

Buvc ky. If app(z**') < € Then Dimg thuat todn
(dy *** la nghiém t6i wu ciia bai todn (P5%))
Else Chuyén Budc ks;

Buoc k;. Dt tham s6 phat méi @k := pay. Dat k := k + 1 va chuyén vé Budc
lap k.

Dinh ly 6.18. Thudt todn 6.14 cé cdc tinh chdt sau:
i) p(z,a) > f(z) véi moi o > 0;
ii) Ddy {p(z*, ax)} la don diéu tang;
iii) {p(z*, ax)} hot tu dén gid tri t61 wu ciia bai todn (Py®) khi {a} — oo,

Chimg minh. Xem [26], trang 59. . d

b. Phuong phdp ham phat diém trong

Phuong phdp nay dugc sir dung khi biét trudc mot diém trong ' cha tap chip
nhan duge, tic g;(z') < 0 véimoii = 1,--- ,m. HAm phat p(z) phai théa min tinh
chit:

i) khong am vA lien tyc trén 1ap intD = {z € R"|gi(z) <0, i=1,.-..- ,m}

ii) p(z) — +o00 khi g;(z) — 0.

Vi vy, ngudi ta cdn goi him phat p(z) nay 12 ham chdn (barrier function). Hai ham
chin dién hinh thudmg dugc sir dung Ja

p(@) = -3 In[g(z)
i=1

va

m

p(1)=_§:L

— gi(z)
Phuong phdp ham phat di€ém trong xudt ph4t tit mot di€m trong z! cua tap chap
nhin duge D, gidi mot diy cic bii todn toi vu khong rang bude
min ¥(z,ax) = f(z) + awp(z) vdk z €R",
trong d6 {a,} 1a day tham s6 duong, giam don dieu vé 0.

Thuat todn 6.15

Buoc chudn bi. Cho s6 € > 0 &l bé (dé ki€m tra diéu kién dimg ca thuat toin).
Xéc dinh mot diém z! € D théamidn g;(z') < 0,i=1,--- ,m. Chon mot tham s6
phata; > 0vamotsé p € (0,1). Datk=1;
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Budc ldp k, (k=1,2,--)
Buoc ki. Xudt phat tir 7*, gidi bai todn t6i wu khong rang buoc

min ¥(zr,ar) vdk. r€R®
nhan dugc nghiém r*+1;

Buoc ky. If app(z**!) < ¢ Then Dimg thuit todn
(ldy "1 1a nghiém t6i wu cia bai todn (P5%))
Else Chuyén Budc ks;
Budc k. Dit tham s6 phat méi gy := pay. Dit k := k 4+ 1. Chuyén vé Buéc 1ap
k.

Dinh 1y 6.19. Thudt toén 6.15 c6 cdc tinh chdt sau:
i) Y(z,0) > f(z) véi moi a > 0;
i) gi(zF) <0, 1=1,--- ,m;
iii) {{x*, cx)} hoi tu dén gid tri t61 wu cria bai todn (P§®) khi {ax} — 0.

Chitng minh. Xem [26], trang 57 - 58. O
Vi du 6.25. Xét bai todn
min f(z) =z, — 222

vdk. gi(z)=-1—x2 + :vg <0
gor) = -1, <0

Ta chon ham chén ¢cé dang
p(z) = —In[—g1(z)] + In[—gy(z)] = = In(1 + 21 — 3) - In(z,).
Khi d6, him muc tiéu ciia cdc bai todn khong rang budc tuong ing 12
Y(z,0) = 2y — 223 — aIn(l + 71 — 73) ~ aln(zy),

trong d6 a 14 tham s6 chdn, duwong v giAm don dieu vé 0.
V&i mbi tham s6 o cu thé, bai todn khong rang budce

min{¥(z,a) | z € R"}

¢6 ham muc tiéu 1(z, &) 12 hdm 18i chit theo bién z nén, theo Ménh dé 2.1 va Dinh
ly 6.2, né c6 nghiem cuyc ti€u duy nh4t cling chinh 12 diém dimg. Ta c6

o
' () =1 —————
wxl( ) 1+$1—IE%
201, o"

W)= -2 228 &
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Céc diém z = (z1,22)T thuoc phan trong clia tap chdp nhan duge ¢6
1+2z,—22>0 vad 77 >0.
Gidi he phwong tminh

o
l1-——=0
14+ 1 — 13
200z, o
1+z,-23 =

V¥(z,a) =

ta nhan duge di€ém dimg z*(a) = (x;(a), z;(a))T v6i

V1+20+3a - . 1+ V1+2a
7i(a) = T aye) = L

Vi tham s6 o > 0 va giam din vé 0 nén

V1 + 2(0) +3(0)—1

ull.% ri(e) = =0,
1+ 2(0)

li =1

Jim z3(a) = >

Ta c6 diém (0, 1)7 thuéc tap chap nhan duge va 12 nghiém t6i wu cdia bai todn cén
gidi.
Béng 6.2 trinh bdy gi4 tri cta r}(a) va z3(a) véi cdc tham s6 ay = 10, p = 107!
Ayl = U, k= 1,2,-- 16'
T
R& ring {z'(ak) = (z{(ak) , x;(ak)) } hoi tu d€n nghiém t6i wu cla bai todn
dang xét.

Bang 6.2

k| o z$ (o) x5 (o)

10° | 1.8660254 | 1.3660254
1071 | 0.1977226 | 1.0477226
1072 | 0.0199752 | 1.0049752
1072 | 0.0019998 ! 1.0004998
10~* | 0.0002000 | 1.0000500
107% | 0.0000200 | 1.0000050
10-% | 0.0000020 | 1.0000005

NN A LD -
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Bai tap Chuong 6

1. Xét bai toén

min f(z) = (z; — 4)* + (z2 — 6)°
vdk 1>z}
Iz < 4,

Vi€t diéu kién c4n cda nghiém t&i wu va ki€m tra xem né c6 thda man tai diém
7® = (2,4)7. Diém z° c6 phdi nghiém 16i vu chia bai todn niy khéng? Vi sao?

2. Cho diém z° = (2,1)T € R?, véc to d = (3,—1)7 va ham s6

f(z) = Loe~ (1 +21),

i) V& tap cdc diém {z = z° + td | t > 0);
ii) Véc to d c6 phai 12 huéng giam cla ham f tai 2° khong? Vi sao?

3. Cho ham toan phuong f(z) = ;27 Az + b7z + ¢, vé6i AlA ma tran cop n x n,
déi xaing, x4c dinh duong, véc to b € R™ vA s6 thuc ¢ € R. Né6i ring viec giai
bai todn min{f(z) | £ € R"} dugc dua vé viec dm nghiém cda hé phuong
trinh nuyé&n tinh

Az +b=0

c6 ding khong? Vi sao? Cho vi du cu thé,
4. Cho ham ton phwong f(z) = 32T Az — b7z, v6i A 12 ma trgn cfip n x 7, d6i
xiing, véc to b € R".

i) Vi€l di€u kién cdn bac mot vA bac hai clia nghiém t6i wu dia phuong. Véi
diéu kién gi thi ham f(z) c6 mot diém dimg?

ii) Khi ndo thi hAm f(z) c6 cuc tiéu dia phuong?
iii) V6i diéu kien n2o thi hAm f(z) c6 mot diém dimg nhung d6 khong phéi
cuc tién dia phuong, ciing khong phai cure dai dia phuong?
5. Cho ham s6 f(z) = az? + 22 — 21,29 — 2z,, trong 86 a 12 mot s6 thyc.
i) X4c dinh ¢iém dimg cba f(z) v6i méi gid tri cla o?

ii) X4c dinh diém cyc dai dia phuong va cuc téu dia phuong tuong \ing vé
mot gi4 tri cu thé ndo 46 cha . Ham f(z) 6 c6 diém cuc dai toan cuc hoic
cyc tiéu toan cuc khong? Vi sao?

6. Xét ham s6 f(z,y) = €% — 3ze¥ + z3. Chiing minh ring diém (1,0)7 1 diém
t6i uu dia phuong ciha ham f nhimg khong phai diém t6i wu to2n cuc.
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10.

11.
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. Giai min{f(z), r € R"} véi

i) f(z) = 15 — 12z — 2522 + 223 (tic n = 1);

ity f(r) = 3% + 72% — 152 — 3 (tic n = 1):

iii) f(z1, z7) = 822 + 37,22 + 722 — 25z, + 312y — 29;
iv) f(z1,23) = 223 + 12 — 2,25 + 233 + 2},

ChO ha.n') <8 f(Il)IQ) = Jj% — 1Ty +2Ig —_ QIl + 81'14-1:2.

Diém z = (0,0)7 c6 phéi diém cuc tiéu dia phuong cha ham f khéng? Néu
khong, tim mdt huéng d sao cho ham f gidm theo d?

. Cho f(z) 12 ham 16i kha vi, x4c dinh trén tap 16i da dien X C R™. Chimg minh

ring z* € X 12 nghiém cyc ti€u cta bai todn min{ f(z), z € X} khi va chi khi
0= rxnel)x(l(Vf(:c ),z —z").
Ké&t luan nay c6 ¥ nghia gi?
Neéu dinh nghia huéng giam cua ham f tai r°, diéu kién d\ d€ nhén bi€t hudng
giam.
Trinh bay phuong phdp hudng giam nhanh nhit.
1) Xét bai todn
min{f(u) = ul + 2u) : u € R?}.

Lay u® = (2,1)7. Tinh ba dim tiép theo u*, u?, u® theo phuong phap huéng
gidm nhanh nh4t. Chimg minh ring diy {u*} sinh ra b&i thuat toin huéng
giam nhanh nh4t véi tha tuc tim chinh x4c theo tia c6

uk = (%) ( (_Zl)k) w =1 (;‘k).

ii) Xét bai todn

min{f(z) = 422 + 2z} + 4z 2, — 3z, | 7 € R?).
L4y z° = (2,2)7. Tinh ba diém ti€p theo z’, z2, z° theo phuong phép giam
nhanh nhit.
i) Cho
1
f(z)= E:BTAa: — bz

vai
1

0
0 va b= |1
42 1

(=R
o O
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13.

14.

I5.

16.

17.

18.

19.
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Xu4t phit tr z° = (0, 0, 0)7, 4p dung Thuat todn 6.1, trinh bay 3 budc lap
gidi bai todn min{ f(z)|z € R3} v6i v = 1, 10, 100, 10600.

Név dinh nghia huéng chdp nhan duge tai z° € D ¢ R". Chimg minh ring
néu D 1a tap 16i thi £ —~ z* 12 huéng chip nhan dugce tai r* véi moi z € D.

Phit bi€u diéu kién cdn ciia diém cyc tiéu dia phuong cla bai toin
min{ f(z),z € R"}
vit bai to4n
min{ f(z) z € D C R"}.
Khi f 12 ham 16i va D 1a tap 16i thi ¢6 k&t luan gi. LAy vi du d€ cling ham muc
tién f nhung hai bai todn ndy cé nghiém 16i wu khic nhau.

Ham mot bién f(z) = —In(z) c6 phai ham 161 khong? Hay gidi thich bing it
nhdt 2 céich.

Xét bai dn min{f(z) = $27Qz + Tz | Az < b}, trong d6 @ 12 ma tran d6i
ximg xdc dinh duong, khong suy bién c4p (n X n), ma tran A cdp (m x n),
véc to ¢,z € R™ va b € R™. Viét diév kien Kuhn-Tucker cho bai todn nay.

Sit dung Dinh ly Karush-Kuhn-Tucker tim nghiém t6i wm va gid tri t6i wu cla
bai todn cia cdc bai todn sau. Gidi thich chi tiét timg didu kién dp dung va cdch
14y nghiém.

Hmin{f(z) =z1| (1 - 1)?+ 22 <1, 22 + 72 < 2}

ii) min{f(z) = 23 + 23 — 821 — 4z | 7, + 2 € 2, 71 2 0, 75 > 0}.

Trinh bay phuong phdp nhan tf Langrange giai bai todn tron véi rang buoc
ddng thic. Giai c4c bai todn

i) min{f(z) = 2? + 2 | ; + z, = 10}.

)y min{f(z) =23 — 2z, + 23 — 22 + 423 | T1 — 23 + 223 = 2}.

i) min{f(z) =3, + 42, | (1 + )2 +23=1, (z; - 1)?* + 23 = 1}.

Trinh bdy thuat toin Frank-Wolfe. Xét bai todn min{f(u) = sui + uj +

up [up >0, ug >0, uy +uy > 10} Cho u® = (1,1)T. X4y dung mét vai
phin tir cua day lap {u*)} theo thuat todn Frank-Wolfe.

Hay lap chuong trinh thé hién thuat toin tim ki€m theo don hinh (Thu4t todn
6.9) va gidi cdc bai tap sau dé dinh gid hiéu qua cha thuat toan.

i) f(z1,22) = (1 — 3.8)2 + (2 — 1.8)2 — min

i) f(2) = T, j(z; —10)? — min v6i n = 10,20,30,

iii) f(z1,22) = 2§ + 23 + 22222 — 42y + 3 — min
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20. Xét bai todn
min{ z; | — (23 — 2)® - 4(z3 — 2)> + 4 < 0}.

Di€m z% = (4,2)7 6 phii 12 diém KKT khong? Diém z° c6 phii nghiém t6i
uu dia phuong cia bai todn dang xét khong? Giai thich?

21, Chimg minh ring diém z° = (2,4,0)7 12 nghi¢m t6i wu dia phuong clia bai
todn

min{f(z) = 1} + 22 + 77 + T1Z7 + o33 | T1 > 2, 23 > 4, 73 > 0).

Diém z° cé phai 12 nghiém t6i wu todn cuc khong? Vi sao?
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tuyén tinh, 2
toc 44 hoi tu, 230
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co 58, 82
gia, 104, 106
gradient, 9
phi co sa, 82
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Cac Phwong phap Toi wu
Ly thuyét va Thuat toan

Tac gia:
Nguyvén Thi Bach Kim
Khoa Toan Tin dng dung. Dat hoc Bdich Khoa Ha Noi

Nha xuoat ban Bach Khoa - Ha Noi

S6 1, Dai C6 Viet, Ha Noi. Vict Nam

bién thoai: 4.8684569; 4.2410605; 04.24 10608
Fax: 04.8684570

Chiu trach nhiém xuat ban
Gidm déc: Lé Cong Hoa
Tong bién tap: Téng Dinh Quy
Bién tap vién: Ta Anh Son

Pham Hoang Quyén
Trinh bay bia: Nguyen Minh Thy
Ché ban: Ta Anh Son

In 800 cusn kho 16 ¢cm x 24 ¢cm 1ai Xudng in Tap Chi Tin Hoc va Dai Séng.
Gidy xdc nhan dang ky ké& hoach xuat bin s6 285-2008/CXB/08-57/BKIIN. cap ngiy 4/3/2008.
In xong va nop luu chiéu 15 thang 5 nam 2008.
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